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PREFACE. 



This volume is intended to be a continuation of that already 
published as Part I. in 1882. The time occupied in its pre- 
paration has been longer than I had anticipated. This is partly 
due to the want of sufficient leisure, and partly also because as 
I proceeded with the work new questions to which no sufficient 
answers had yet been given seemed continually to arise. The 
pleasure and labour of attempting to answer these, however im- 
perfectly, has delayed the book. 

Although a large portion of this volume has already appeared 
in the latter half of the third edition, yet much of this has been 
recast and new illustrations and explanations have been given 
wherever they appeared to be necessary. Besides this much 
new matter has been added. Exactly also as in the last edition 
those parts to which the student should first turn his attention 
are printed in a larger type than the rest. 

Following the same plan as in Vol. I., the several Chapters 
have been made as independent as possible. The object in view 
was that the reader should select his own order of study. His- 
torical notices and references have been given throughout the 
book. But it has not been thought necessary to refer to the 
author's own additions to the subject, except when they have 
been first published elsewhere. 

In this volume much use has been made of the new symbol 
for a fraction lately introduced by Prof. Stokes. The symbol 
R. D. II. b 



VI PREFACE. 

ajh for T is very convenient as it enables the algebraical formulae 

to be written on a line with the type. If some such abbreviation 
as this is not used two whole lines are required to write the 
simplest fraction. When the numerator or denominator of the 
fraction so written contains several factors, the rule adopted has 
been that all that follows the slant line up to the next plus or 
minus sign is to be regarded as the denominator. In the same 
way all that precedes the slant line up to the next plus or minus 
sign is to be taken as the numerator. When more complicated 
factors have to be written, brackets are used to indicate the 

numerator and denominator. Thus —^ •\ ^ would be written 

cd g — h 

ab/cd + (e+f)/{g-h). 

Numerous examples have been given throughout the book. 
Some of these are intended to be merely simple exercises, but 
many are important as illustrating and completing the theories 
given in the text. Sometimes when the principles of a theory 
had been explained numerous applications seemed to arise. In- 
stead of loading the text with these it appeared preferable to 
put them into the form of examples and to give such hints as 
would make their solution easy. Everywhere the results have 
been given, and care has been taken to secure their accuracy ; 
but amongst so many problems, it cannot be expected that no 
errors have escaped detection. 



EDWARD J. ROUTH. 



Fbterhouse, 

Aiiguit, 1884. 
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In order that the plan of the book may be understood the following short 
summary is given of the subjects treated of in Part I. 
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anemometer. 

Chap. 4/ General' principles of motion in two dimensions. Special considera- 
tion of stress, friction, impulses and relative motion. 

Chap. 5. Geometry of motion in three dimensions, with Euler's equations. 

Chap. 6. On Momentum, with the discussion of sudden changes of motion. 

Chap. 7.^ On Vis Viva and Work, with some general theorems by Camot^ 
Bertrand, Thomson and Gauss. 

Chap. 8^ Lagrange's equations. Theory of reciprocation, the Hamiltonian 
transformation and the Modified function. 

Chap. 9. Small oscillations. Several methods described. Lagrange's method, 
the energy test of stability and the Cavendish experiment. 

Chap. 10. Some special problems. Oscillations of rolling bodies, and La- 
grange's rule on large tautochronous motions. . 



ERRATA. 

Page 36, line 6, for a read, a^. 
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248, line 42, insert 6X after the integral sign. 

W dW 
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289, line 5, insert GO at the beginning of the line. 



DYNAMICS. 



CHAPTER I. 



MOVING AXES AND RELATIVE MOTION. 

Moving Axes. 

1. In many problems in dynamics it "will be found that the 
axes of reference suitable to the initial state of the motion are not 
well adapted to follow the body under consideration during its 
whole course of motion. It is therefore sometimes convenient to 
use axes which themselves move in space so that they always keep 
those positions which are most appropriate to the instantaneous 
position of the body. Thus to take a simple case; in dynamics of 
a particle we sometimes resolve our forces along the tangent and 
normal to the path. This is practically the same as using a set of 
Cartesian axes which move so as to be always parallel to the 
tangent and normal. This theory has been generalised in Vol. I. 
chap. IV. where the motion is referred to any two lines whatever 
which move in one plane. We now propose to extend the theory 
still further. We shall discuss the general equations of motion of 
first a particle and then a rigid body referred to any rectangular 
axes which move as we may find convenient. 

2. If we make the axes to which we refer the body move, it 
is clear that we must have some means of determining the posi- 
tion and motion of these axes in space. This might be effected 
by having another set of axes which are themselves fixed in space 
and to which in turn we might refer the moving axes. This is the 
course adopted by Euler; thus in the equations usually called 
after his name (Vol. I. Chap. V.) he uses two sets of axes. The 
advantage of giving motion to the axes is however greatly 
diminished if we must use a set of fixed axes as well through- 
out the motion. For this reason we shall now determine the 
motion of the moving axes by angular velocities 0^^ 6^, 9^ about 
themselves. In other words, we regard the axes as if they were 
a material system of three straight lines at right angles whose 
motion at any instant is given by three coexistent angular veloci- 

R. D. II. 1 



2 MOVING AXES. 

ties about axes which instaotaneously coincide with them. In 
this way we do not use any fixed axes except at the beginning or 
end of the solution and only in such a manner as we may find 
convenient. 

3. In order to understand how the motion of a body is re- 
ferred to moving axes let us first suppose that the body is turning: 
about a fixed point. Taking this poi^ as origin we determine thi 
motion of the body by three angular velocities ta^, ©,, o), about the 
axes in the same manner as if the axes were fixed in space. The 
position of the body at the time t-\-dt may be constructed from 
that at the time t by turning the body through the angles (o^dt, 
w^dt, {D^dt successively round the instantaneous positions of the 
axes. But it must be remembered that (o^dt does not now give 
the angle the body has been turned through relatively to the 
plane xz^ but relatively to some plane fixed in space passing 
through the instantaneous position of the axis of z. The angle 
turned through relatively to the plane of xz is {a>^ — 0^ dt. 

If there be no fixed point we follow the construction explained 
in Vol. I. Chap. v. We represent the motion of the body by the 
six components w, v, w; w^, Wg, 6)3 referred to anj'^ origin, the 
axes being treated as if they were fixed for the moment. Here 
u, V, w are the resolved parts in the directions of the axes of the 
velocity of the origin or base point, and o),, w^, ©g are the resolved 
parts about the same axes of the angular velocity of the body. In 
the same way the motion of the axes is given by the components 
of motion p, q, r; 0iy O^y 0^, the moving axes being themselves the 
instantaneous axes of reference. 

In most cases however the axes will be made to turn round 
some point which is either fixed or which may be treated as fixed. 
Their directions in space are made to vary in a manner suitable to 
the purpose we have in hand. We then have p, q, r all zero. 
Since any point may be reduced to rest by the method explained 
in Vol. I. Chap. IV. this supposition, which will be generally made, 
does not really limit our choice of axes. 

4. Velocities referred to Moving Axes. The position of a 
point P being defined by the co-ordinates x, y, z referred to rect- 
angular axes which turn rownd a fixed point 0, it is required to 
find the velocities resolved parallel to the instantaneous positions of 
the moving axes. 

The resolved velocities in space are not given by dx/dt, dyjdt. 
dzjdt These are the resolved velocities of the point relatively/ to 
the moving axes. To find the motion in space we must add to 
these the resolved velocities due to the motion of the axes. If we 
supposed the particle to be rigidly connected with the axes its 
velocities would be expressed by the forms 0^z — 0^, &c. given in 



ACCELERATIONS OF A POINT. 3 

Vol. I. Chap. V. Adding these together the actual resolved veloci- 
ties of the particle are 

If the origin be itself in motion with the resolved velocities 
p, J, r we must add these also to the right-hand sides of the 
equations to obtain the actual resolved velocities of P in space. 

5. Accelerations referred to Moving Axes. The instan- 
taneous velocities of a point P in space being u, v, w wlien resolved 
parallel to the instantaneous positions of the axes it is required to 
find the accelerations parallel to these axes. 

At the time t, let Ox, Oy, Oz be drawn from any point 
parallel to the instantaneous directions of the axes. At this instant 
u, Vy w are the resolved velocities in these directions. At the time 
t -\-dt the axes by their translations and rotations will have changed 
their positions in space. Let Ox, Oy\ Oz be drawn from the same 
point parallel to these new directions. At this instant, 

,du J. , dv , . , dw , . 
'^•^-jidt, v+jT^^j w-^-r:db 
at at at 

will be the resolved velocities in these directions. 

Describe a sphere of unit radius whose centre is at the fixed 
origin and let all these axes cut the sphere in the points x, y, z, 
x\ y\ z' respectively. Thus we have two spherical triangles xyz 
and x'y'z\ all whose sides are right angles. The resolved part of 
the velocity of the particle at the time < + dt along the axis of z is 



( w+ -t: dt\ cos zx'-\-\v-\--^ dt j cos zy-V ( ^ + "ji ^t\ 



cos zz . 



By the rotation round Oy, a?' has receded from z by the arc Q^t^ 
and by the rotation round Ox, y has approached z by the arc Q^t, 
Therefore zod = zx-\- 6^dt, 

zy =zy — d^dt 

Also the cosine of the arc zz* diflTers from unity by the squares 
of small quantities. Substituting these we find that the compo- 
nent velocity of the particle at the time t-\'dt parallel to the axis 

of z is ultimately w + % - dt — u6^dt + vO^dt 

But the acceleration is by definition, the ratio of the velocity 
gained in any time dt to that time. Hence if Z be the acceleration 

1—2 



4 MOVING AXES. 

i0splved parallel to the axis of z^ we have 

Similarly if X and F be . the accelerations parallel to the axes 
of X and y, we have 

6. Ex. 1. Let the motion be referred to oblique moving axes so that the 
sides of the spherical triangle xyz are a, 5, c and the angles A, B, C, Let the equal 
quantities sin a sin 5 sin C, sin & sin c sin A, sin c sin a sin £ be called /i. Prove 
that if the velocity be represented by the three components u, t?, ir parallel to these 
axes, then the resultant acceleration parallel to the axis of z is 

« dw du , dv ^ ^ 

with similar expressions for X and Y. 

This may be done by the use of the spherical triangles xyz, x'y'z*, by first proving 
that zx'=b + B^t sin c sin ^ , zj^' = a - d^dt sin c sin £, and then sabstitnting as before. 

Ex. 2. Prove in the same way that if x^ y, z be the co-ordinates referred to 

oblique axes moving about a fixed origin, and u', v\ v/ the resultant velocities 

dz dx du 

parallel to the axes, w'= ■ti + 'ti ^^ ^+'^ ^^ a~x0^+y$^ 

with similar expressions for u and v', 

Ex. 3. Prove also that the equations connecting the components u, v, w with 
the co-ordinates x, y, z referred to axes with a fixed origin are 



dz 



sin' c 

- cot B - cot -4 

/* 

z X u 



with two similar expressions for u and v. 

Since u;' is the component parallel to z of (u, v, n;,) we have u cos & + v cos a + tr = to', 
with similar expressions for u' and v'. By solving these we get the required values 
of ft, t?, w, 

Ex. 4. If the whole acceleration be represented by the three components 
X, Y, Z parallel to the axes, prove that the expressions for these in terms of uvvoy 
may be obtained from those given in the last example by changing x, y, z into u, v, w 
and tt, w, w into Xy Y, Z, ' 

7. Geometry of Moving Axes. In order to use moving 
axes it is necessary to be able to express with respect to these 
axes any conditions which may exist with regard to straight lines 
or points which move independently in space. We have therefore 
placed together in the following articles a few of the more im- 
portant conditions. 
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8. To express the geometrical conditions that a point whose 
co-ordinates are (Xy J, z) is fixed in space. 

This may be done by equating to zero the resolved velocities 
of the point as given in Art. 4. We thus obtain the conditions 

with two similar equations. 

9. To express the geometrical conditions that a straight Une 
whose direction cosines are (1, m, n) moves parallel to itself in space 
or that its direction is fi^ed in spax>e. 

Let a straight line OL of unit length be drawn from' any point 
fixed in space parallel to the given straight line. The co- 
ordinates of L referred to axes which turn round as an origin 
so as to be always parallel to the moving axes will be Z, m, w. 
Since OL is fixed in space, the resolved velocities of L are zero. 
The required geometrical conditions are' therefore 

ft 

with two similar conditions. 

It is sometimes necessary to express the direction of the straight line by the 
Enlerian angles $y 0, yj/ as explained in Vol. I. chap. v. The moving axes are there 
called OAy OB^ OC, and the straight line whose direction is to be fixed in space id 
represented by OZ, We see that the equations just written down are equivalent to 
those usually called Euler's geometrical equations, but expressed in a symmetrical 
form. 

10. We may use the proposition of Art. 9 to find the path in space of the 
origin of the moving axes, as well as the directions of the axes themselves. The 
components of motion d^yB^, B^ ^^^S given functions of the time^ we have three 
equations to find l, m, n. These may be regarded as the direction cosines of any 
one of three axes of reference ^, 7, (* fixed in space. The integration of these 
equations will involve three arbitrary constants. One of these is determined by 
the condition J?+m^+n^ = l, The other two will depend on the Initial position of 
the moving axes relative to the particular axis ^, ^7 or ^ we are considering. 

The velocity of the origin of the moving axes parallel to this straight line is 
equal to Ip+mq+nr (Art. 3). The velocities d^ldt, dtildt, d^jdt being thus found, 
we determine ^, rj, j* as functions of the time by integration. 

Ex. If the components Bi, ^2, B^ be all constant, prove lym,n are given 
by three expressions of the form 

2 = G^i + AQ sin Qt -(BB^- CB^) cos Qt 
where 0^ = ^^a ^ 0^2 ^ ^^a and AB^ +BB2 + CB^ = 0. The three arbitrary constants are 
therefore A, B and Q, Thence find the path in space of the origin of the moving 
axes. 

11. If the direction cosines of a straight line connected with the moving axes he 
(1, m, T^yfind the angle "between two positions in space at an interval of time dt. 

Drawing a unit length OL as before parallel to the position of the straight line 
at the time e, the resolved velocities of L will be dlfdt - mB^ + nB^, &c. If OL* be the 
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parallel at the time t-^dt and SI, dm, Bn the projections of the length LL' on the 
moving axes, we have therefore 

dm = dm - nBjdt + IB^tf 
Sn =dn- IB^t 4- md^dt. 

Since OL and OL' are each of unit length the required angle L0L'=9x is given 

by (9x)^ = (5Z)« + {8m)* + (8n)\ 

Cob. The direction cosines of the plane LOL' are obvionsly proportionid to 
mSn—nSm, nil-ldn, I8m-mdl. 

Ex. The six components of the motion of the axes (Art. 3) are given 
functions of the time, find the radii of curvature and torsion of the path described 
by the origin. 

The direction cosines of the tangent are proportional to p, g, r. Hence by this 
proposition the angle of contingence is known. By the corollary the direction 
cosines of the osculating plane, and therefore those of the binomial are known. By 
substituting for 2, m, n in the proposition the direction cpsines of the binomial, 
the angle of torsion can be found. 

12. Sometimes, while using moving axes, we require to refer 
the motion of some straight line OM connected with the moving 
axes to an axis of reference fixed in space. The object of the 
following example is to show how this may be done. 

Ex. Let the direction cosines of a straight line OM fixed relatively to the 
moving axes be (\, ft, v) and let it be required to refer the motion of OM to some 
straight line OL fixed in space whose direction cosines at the time t are ({, m, n). 
Let the angle LOM be 6 and let ^ be the angle the plane LOM makes with any 
fixed plane in space passing through OL. Then show that 

COS 0= IK +m/jL+nVf \ 

sin^^ -^ = 0^(l-\coa0)-{- 02{m - fi cos 0) + 0^(n-v cos 0)\ 

If 0„ 0^ be the resolved parts of the angular velocities about OL, OM respec- 
tively, the last equation may be written in the form 

sin2^^^=^,-^«cos^. 
at 

If the straight line OM be not fixed relatively to the axes, then (\, ^, i^) will be 
variable and we must add to the right-hand side of the second equation the deter- 

In this determinant we may replace X, fi, v by any quantities X/ir, fiK, vk propor- 
tional to them (whether k be variable or not) provided we divide the determinant 
byic». 

The mode of proof may be indicated as follows. Let P be a point in OM at a 
distance unity from and let P move about with OM, The moment of its velocity 
about OL is sin'^ d\l/ldu But if (as, y, z) be the co-ordinates of P, its velocities paral- 
lel to the axes are given by Art. 4, and the moments of these velocities about the 
axes will be L=yw-zv, M=zu'-xw, N=xv-yu, Hence the moment about OL 
will be aiD.^0 dr/zldt = LI + Mm +Nn, If we effect these substitutions and (since OP 
is unity) replace x, y, zhy\ /i, v, we get the results in the example. 
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APPLICATION TO DYNAMICS. 7 

13. It is not our object here to show the utility of moving axes in Solid 
Geometry further than to prove those theorems which are required in Dynamics. 
It will be found however that both curves and surfaces are sometimes most easily 
treated by referring them to a set of moving axes in which the origin travels 
along the curve or surface and the directions of the axes are such tangents and 
normals as may be suitable to the property under discussion. We may refer the 
reader to a paper by the author in the Cambridge Mathematical Journal (Vol. vn. 
1866) where the application of moving axes to the curvature of curves is illustrated 
by several examples. The two following examples though of no immediate im- 
portance will be found useful further on. 

Ex. 1. The principal axes at any point P of a curve are the radius of curvature, 
the tangent and binormal. If these be taken as the axes of x^ y, z, prove that the 
components of motion by which the axes are screwed along the curve through an 
arc dy are 2)=0, q=dy, r=0; ^i=0, 02 = -dT, 0^=-d€ where dr and de are the 
angles of torsion and contingence. 

Ex. 2. The principal axes at any point of a surface are the tangents to the 
lines of curvature and the normal to the surface. Let these be called the axes of 
Xy y, z. Let it be required to move the axes from into the position of the 
principal axes at a neighbouring point 0' on the axis of x. If 00'=dx the six 
components of motion for the base point are given by 

p=dx, g=0, r=0: «,=0, 0.= -j, {-p-j)<>»=^ (^)^ 

where p, p' are the principal radii of curvature for the sections xz, yz respectively. 
By combining this with a corresponding motion along the axis of y, we can move 
the axes from into the positions of the principal axes at any neighbouring 
point 0' on the surface. 

14. Application of Moving Axes to Dynamics. To 

explain a method of changing from fixed to moving axes. 

If a body be moving about a fixed point and we have esta- 
blished any general proposition referring its motion to fixed axes 
meeting at the fixed point, then we may use the following method 
to infer the corresponding proposition referring the motion to axes 
moving in any proposed manner about the origin. Suppose the 
general equation established to be 

'^ {(o^y doy^ldt, &c } = 0, 

where ©a., (Oy, ©, are the angular velocities about the fixed axes. 
Let fl)j, ci>3, ©3 be the angular velocities of the body about the 
moving axes and let the motion of the axes be defined as before 
by the angular velocities 6^^ 0^, 0^ about themselves. 

The fixed axes being arbitrary in position, let them be so 
chosen that, at the moment under consideration, the three moving 
axes are passing through them, so that the two sets are for an 
instant coincident. Then we may write G)„ = a>^y «t>y = ®2> ^» = <3«>8» 
but we cannot assert dcojdt = dcojdty for the moving axes at the 
time t+dt are not coincident with the fixed axes. 

To determine the relation between d(o^/dt and dcojdt we may 
proceed thus. Let OL be any straight line fi^ed in space making 
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with the moving axes the angles or, /9, 7. Let fl be the angular 
velocity of the body about this straight line, then 

ft = ci;^ cos a + o>j cos )3 + ci>8 cos 7, 
dft d<o, do)^ rk . d<i)^ 

dT, . ^d^ . drf 

Since OL is any fixed line in space, let it be so chosen that the 
moving axis of z coincides with it at the time t Then a = ^, 
fi = Itt, and 7 = 0, also dil/dt will be dcjjdt Since a is the angle 
OL makes with the moving axis of x, doLJdt is the rate at which the 
axis of X is separating from a fixed straight line coincident with the 
axis of z and this is clearly 6^. Similarly dfi/dt^ — Oi, hence 

Similarly ^ = -^ - o),^^ + a),tf, , 

dtOy d(o a X a 

Hence we obtain the following rule. If we substitute in the 
given general equation '^ = 0, for (o^, a)y^ ©, the values ©j, ©j, ©3 
and for dcog/dt, dcDy/dt, doojdt the equivalents written above we 
shall have the corresponding equation referred to moving axes. 

If the moving axes he fixed in the body, and move with it, we 
have ^j = o)j, ^j = ft)^, ^3 = a)g. In this case the relations will 
become dco^/dt = dcojdt, deoy/dt = dcojdt, d(oJdt = dcojdt, as in 
Euler's equation, Vol. I. Chap. V. 

The preceding proof of the relation between dcojdt and dtojdt is 
a simple corollary from the parallelogram of angular velocities. The 
result will theref(yre be true for any other magnitude which obeys 
the "parallelogram law J* In fact the demonstration is exactly the 
same. Now linear velocities and linear accelerations do obey this 
law. Hence the expressions obtained in Arts. 4 and 5, for the 
velocities (u, v, w) and the accelerations (X, Y, Z) may be deduced 
from the one proved above. 

If the general equation yjr=^0 should contain the velocity or 
acceleration of any particle of the body, then to obtain the corre- 
sponding equation referred to moving axes, we must substitute for 
these velocities or accelerations the expressions found in Arts. 4 
and 5. 

15. If the general equation should contain d^ugjdt^ or any other second dif- 
ferential coejBicients, the expressions to be substituted for them become more 
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complicated. Since dwjdf, duiy/dt, dcjjdt, are angular accelerations, they follow 
the parallelogram law. We have therefore 

dt "" (-^- ^2^3 + "3Mcosa+^^-W8^i + a'i^3Jcos^+^-^- V^ COS7. 

We may repeat the same reasoning and we shall finally obtain 

Bo we may proceed to treat third and higher differential coefficients. 

16. Expressions for the moments of the Effective 
Forces. A body is turning about a fixed point in any manner, 
to determine the moments of the effective forces about any axes 
which meet at the fixed point. 

Let a?, y, z be the co-ordinates of any particle m of the body 
referred to axes fixed in space and meeting at the fixed point. 
Let h^,\, \ be the angular momenta about the axes* Then if 
0)^,, fi)j,, a>, be the angular velocities about these axes and A, F &c. 
the moments and products of inertia, we have 

h^ = A(o„ — F(o^ — E(o^, 

with similar expressions for hy and A,. The moments of the eflfec- 
tive forces about these fixed axes will then be dhjdt, dhjdt, dhjdt 
See Vol. I. Chap. 11. 

Let h^yh^y A3 be the angular momenta about a set of moving 
axes having the same origin; a)^, 6)^, o), the angular velocities of 
the body, A, F &c. the moments and products of inertia about 
these moving axes. Let the motion of the moving axes be given 
by the angular velocities 6^^ 0^, 0^, Then since moments or 
couples follow the parallelogram law, we see by the general pro- 
position of Art. 14i that the angular momentum about the moving 
axis is obtained by writing w^, w^^, 0)3 for co^, co„, o),. We thus have 

h^ = Aa>^ — F(o^ — JSwg, 

with similar expressions for h^ and Ag. By the same proposition 
the moments of the effective forces will be 

-^ - ^A + Ms. 

^'-M. + Mr 

17. If the moving axes be fixed in the body we have 0^ = 0)^^ 
^3 = ci)j and ^3 = ft)g. If also the axes be principal axes we have 
Aj = A(D^j Ag = Bco^j Ag = Co)g. The moments of the effective forces 
about the axes then become 

dh. . da). ,„ n\ 
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with similar expressions for A, and h^. These of course are the 
Eulerian forms given in Vol. i. Chap. V. 

18. If it be required to find the moment about the axis of z 
of the effective forces for a rigid body moving in any manner in 
spax^, we use the principle proved in Chap. Ii. of Vol. I. The 
moment about any straight line is equal to the moment about a 
parallel straight line through the centre of gravity plus the 
moment for the whole mass collected into its centre of gravity. 

In the case of a system of rigid bodies, the moment of their 
eflfective forces may be found by adding up the separate moments 
of the several bodies. 

19. Gteneral equations of motion. To obtain the general 
equations of motion of a system of moving bodies referred to any 
rectangular axes moving about a fixed origin. 

These equations of motion may be found by equating the 
expressions just found for the resolved parts and moments of the 
efifective forces to the corresponding expressions for the impressed 
forces. 

Thus consider any one body of the system. Let X, Y, Z he 
the resolved parts of all the impressed forces on that body, includinof 
the unknown reactions of the other bodies of the system. Let 
L, My N be the moments of these impressed forces about the axes 
of reference. Let m be the mass of the body. Let u, v, w be the 
resolved velocities in space of the centre of gravity of the body, 
then u, V, w are known in terms of the co-ordinates of the centre 
of gravity by the equations of Art. 4. The equations of motion 
of the centre of gravity are 

with corresponding expressions for Y and Z, 

Let Aj, h^y Ag be the angular momenta of the body about the 
instantaneous positions of the axes of reference, then h^, h^, \ are 
known in terms of ca^, (»j, ©3 the angular velocities of the body 
by the expression found in Vol. I. Chap. V. The equations of 
motion will then be 

with similar expressions for M and N*, 

* These [equations were given in this form by the late Professor Slesser 
(Cambridge Quarterly Journal^ Vol. 11.), to whom the results of the two following 
special oases had been previously shown by the author. It appears however that 
similar results had been previously published in LiouvilWs Journal in 1858. The 
reader should also consult a paper in Vol. x. of the Cambridge Transactionsy 1856, 
by B. Hayward. 
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Besides these dynamical equations there will be the geometrical 
equations which .express the connections of the system. As every 
such forced connection is accompanied by some reaction, the number 
of geometrical equations will be the same as the number of un- 
known rea<5tions. 

Thus we have suflScient equations to determine the motion. 

20. Two important special cases. There are two cases 
in which the equations of motion just found admit of great sim- 
plification. As these often occur it is worth while to discuss them 
separately. 

In the first case we suppose the body to be turning round some 
point fixed in space and to be such that two of the principal 
moments of inertia at the fixed point are equal. 

Let OG be the axis of unequal moment of inertia and let us 
take this as the axis of Z, Let us choose as the other axes of 
reference two other axes OA, OB which turn round OG in any 
manner 'we please. To fix this let x ^^ the angle the plane GOA 
makes with some plane fixed in the body and passing through OG, 
Then we have 0^ = (o^, 0^= ay^ and ^^ = ©j + dx/dt Also h^ = Aco^ 
h^ = J?fl)j, Ag = Goo^, The equations of motion are now 

^(S'-".S)-<^-<^--". 



=i 



^(i-».t)-(^-^ 



©gOj = M 



^~dt 



N 



In this case the most convenient geometrical equations to express 
the relations of these moving axes to axes fixed in space are those 
usually called Euler s geometrical equations. They are given in 
Chap. V. of Vol. I. where O^y 0^, 0^ must of course be written for 

G>1, «2> ®8- 

21. Since dx/dt is arbitrary it may be chosen to simplify either 
(I.) the dynamical equations or (II.) the geometrical equations. 

I. We may put dx/dt = — 6)3. The dynamical equations then 
become 

A^-Cay.ay.^M)' 



dt 



^N 



J 
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II. We may so choose dyldt that = 0. In this case the plane 
COA always passes througn a straight line OZ fixed in space. 
Euler's geometrical equations then become 

dO dylr . ^ dy d-ylr ^ 

22. Second special case. In the second special case we 
suppose as before that the body is turning about a fixed point, but 
that all the moments of inertia at the fixed point are equal. In this 
case there are three sets of axes which may be chosen with 
advantage. 

Firstly. We may choose axes fixed in space. Since every axis 
is a principal axis in the body, the general equations of motion 
become 

d(D^ _ L dco^ __ M rfiwg _ N 

WZ' "^^""3' "dt ""Z" 

Secondly. We may choose one axis as that of OC fixed in 
space and let the other two move round it in any manner, then as 
in the first special case, the equations of motion become 

d(o^ dx__I^ 
'dt^'^^'di^A 

dco^ dx _M 
'di^'^^'dt'"A 

dco^ ^N 

'di "A 

Thirdly, We can take as axes any three straiglit lines at right 
angles moving in space in any proposed manner. The equations 
of motion may be deduced from the first set just written down by 
the help of the general rule for changing from fixed to moving 
axes. We have therefore 

day zj , /) i 

The geometrical equations will then be the same as those 
given in Art. 9. 

23. Ex. An elUpsoidf whose centre O is fixed, contracts by cooling and being 
set in motion in any manner is under the action of no forces. Find the motion. 

The principal diameters are principal axes at throughont the motion. Let us 
take them as axes of reference. The expressions for the angular moments about 
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the axes are hi = Aui, h2=B<a2, h^—Cta^, The equations of Art. 19 then become 

|^(J«i)-(B-C)«2C.;8=0 

|(C«3)-(^-J5K«2=0 

Mnltiplying these equations hj AiOi^ Bw^t Coi,, adding and integrating we see 
that A^ui^+B^(a2^+C(if^ is constant throughout the motion. To obtain another 
integral, let A =AQf(t), B—BJ(t)y C=CfJ(t) where /(t) expresses the law of cool- 
ing which has been supposed such that the body changes its form Teiy slowly. Let 
^i/(4=^i> ^2f(^)—^2t <^s/[0=-^3> ^^^ P^^ dtldf=f{t), then the equations become 

and two similar equations. These may be treated as in the chapter on the motion 
of a body under no forces. Liouville^a Journal, 



On relative motion. 

24, Clairaut'8 Theorem*. The theory of relative motion is 
best understood by viewing it in as many aspects as possible. We 
shall therefore now consider a method of determining the motion 
which is more elementary and does not in the result make an 
exclusive use of Cartesian co-ordinates. 

Let it be required to refer the motion of a particle P to any 
given set of moving axes. Let Pq be the position of P at any 
time t and let P^ be attached to the axes and move with them 
during any short interval. Let -f represent the acceleration of P^ 
in direction and magnitude at the time t. The particle P will of 
course separate from P^, but as is explained in Dynamics of a 
Particle the actual acceleration of P in space is the resultant of 
its acceleration relative to P^ treated as a fixed point and the 
' acceleration / of P^, The acceleration of P^ is called the " accele- 
ration of the mouing space" 

Let xyz be the co-ordinates of the particle P referred to the 
moving axes and let X, Y, Z be the impressed forces on the 
particle resolved parallel to the axes. If we eliminate u, v, w 
from the equations of Art. 4 and Art. 5 we have 

* This method of determining the relative motion of a particle was first given 
by Clairaut in 1742, and afterwards the same rule was demonstrated in a different 
manner by Coriolis. The arguments of the former were criticized and improved by 
M. Bertrand in the nineteenth volume of the Journal Polytechnique, The mode of 
proof of the latter is altogether independent of all co-ordinates. Another demon- 
stration by the use of polar co-ordinates is given in Vol. xn. of the Quarterly 
Journal of Mathematics by the Bev. H. W. Watson. 
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with similar expressions for Y and Z, Here A, B, C, D are func- 
tions of 0^, 0^, ^3, p, q, r and their differential coefficients with 
regard to t which it is unnecessary to write down. If x, y, z were 
constants all the terms of X would disappear except the four last. 
These then with the corresponding; terms in Y and Z express the 
acceleration / of a point F^ rigidly attached to the axes but 
occupying the instantaneous position of P. 

We have now to examine the eflfect of the remaining terms. 
The motion of the axes of reference during any interval dt may 
be constructed by a screw motion along and round some central 
axis 01. Let Udt be the translation along and ildt the rotation 
round 01, Let V represent the velocity of P relative to these 
axes, and let be the angle the direction of V makes with 01. 
Consider now the second and third terms of X taken together, 
and the corresponding terms of Y and Z neglecting for the 
moment all the other terms. If we multiply the expressions for 
X, Y, Z hj 0^y 0^y 0^ respectively the sum of these terms is zero. 
The resultant of these accelerations is therefore perpendicular to 
OL Again, if we multiply the expressions for X, Y, Z by dx/dt, 
dy/dt, dzjdt respectively the sum of these terms is again zero. 
The resultant of these accelerations is therefore perpendicular to 
the direction of the relative velocity F. Finally by adding up 
the squares of these terms we find that the magnitude of the 
resultant acceleration is 2127 sin ft 

To determine the manner in which these forces should be 
applied, we must transpose the terms which represent them to the 
other sides of the equations. The first equation will then become 



dt' 



= X+2m(^^3-^^,)-m(^aj + Py+(7^ + i>), 



and the other two will take similar forms. These are the equa- 
tions of motion of a particle referred to fixed axes, moving under 
the same impressed forces as before, but with two additional forces. 
These are, first, a force equal and opposite to that represented by 
mfy where /is the acceleration of the point of moving space occu- 
pied by the particle ; and secondly, a force whose magnitude has 
been shown to be 2mFfl sin 0. To determine the direction of this 
force, let the axis of z be taken along the axis 0/, and let the 
plane of yz be parallel to the direction of motion of the particle, 
then ^j = 0, ^, = and dx/dt = 0, We then easily see that this 
force disappears from the equations giving md^y/dt* and md^z/df ; 
while in that giving md^x/df, we have the single term 2m0^dy/dt. 
The magnitude of this force is obviously 2mVll sin 0, and it acts 
along the positive direction of the axis of x. This is the left- 
hand side when the receding particle is viewed from the central 
axis 01. 



MOTION OF A PARTICLE. 15 

When these equations have been integrated, the arbitrary con- 
stants are to be determined from the initial values of a?, y, Zy 
dxjdt, dyldty dz/dt. These diflferential coefficients are clearly the 
components of the initial velocity of the particle, taken relatively 
to the moving axes. 

25. Relative Motion of a particle. We may express these 
conclusions in the following rule. 

In finding the motion of a particle of mass m with reference 
to any moving axes we may treat the axes as if they were fixed 
in space, provided we regard the particle as acted on, in addition to 
the impressed forces, by two other forces : 

(1) a force equal and opposite to mf where / represents in 
direction and magnitude the acceleration of the point of moving 
space occupied by the particle. The force mf is called the ''force 
of moving space;** 

(2) a force perpendicular to both the direction of relative 
motion of the particle and to the central axis or axis of rotation 
of the moving axes and which is measured by 2m Ffl sin 6 where 
V is the relative velocity of the particle, fl the resultant angular 
velocity of the moving axes and 6 is the angle between the 
direction of the velocity and the central axis. This force is called 
the compound centrifugal force. 

To find the direction in which this force is to be applied; stand 
with the back along the central axis so that the rotation appears 
to be in the direction of the hands of a watch ; then viewing 
the particle receding from the central axis the force acts to the 
left-hand. This central axis may be conveniently called the aods 
of the centrifugal forces. 

26. Ex. If the particle be constrained to move along a carve which is itself 
moving in any manner, the compound centrifugal force, being perpendicular to the 
direction of the relative velocity of the particle, may be included in the reaction of 
the curve. The only force which it is necessary to impress on the particle is the 
force of the moving space. If the curve be turning about a fixed axis with an 
angular velocity Q, the components of the accelerating force of moving space are 
clearly 12V tending directly from the axis of rotation, and rdQ/dt perpendicular 
to the plane containing the particle and the axis, where r is the distance of the 
particle from the axis. This agrees with the result obtained in the section on 
relative motion in Vol. i. Chap. iv. 

27. In finding the compound centrifugal force it will be 
useful to remember, that we may resolve the angular velocity X2 
or the linear velocity V in any manner that we please, and find 
the forces due to each of the components separately. Though we 
have thus more than twd forces which must be applied to the 
particle, yet, by making a proper resolution, some of these may 
produce either no effect, and may therefore be omitted, or may 
produce an effect which it may be easy to take account of. 
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28. Relative Motion of a Rigid body. When we wish to 
apply Clairaut's theorem to the motion of a rigid body, we must 
consider each particle to be acted on by the two forces which 
depend on the position and velocity of that particle. To find the 
resultant of all these forces, we shall generally have to effect an 
integration throughout the body. This integration though not 
difficult will sometimes be troublesome. To avoid this we may 
use the two following methods. 

In the first place we notice that the forces of moving space 
for any body are the same as the effective forces of an imaginary 
body occupying the instantaneous position of the real body and 
moving with the space instantaneously occupied by it. The 
resultant of these forces may therefore be obtained by the usual 
rules given to find the resultant of the effective forces of a real 
body. These have been already sufficiently explained in Vol. I. 

In the second place we notice that the components of the 
compound centrifugal forces on any particle are by Art. 24 algebraic 
functions of dxjdt, dyjdt, dzjdt. These functions are of that kind 
described in Vol. I. Chap. i. and represented in Art. 14 of that 
chapter by the symbol V. We may therefore use the following 
theorem. If M be the mass of the body, V the velocity of its 
centre of gravity, 11 the angular velocity of the moving space, 
the angle between the direction of Fand the axis of fl, then the 
compound centrifugal forces of all the particles of the body are 
equivalent to a force 2J/Ff2sin^ acting at the centre of gravity 
perpendicular both to its direction of motion and the axis of ft, 
together with the compound centrifugal forces of the body after the 
centre of gravity has been reduced to rest. 

To find these latter forces, let us refer the body to the prin- 
cipal axes at the centre of gravity as axes of co-ordinates. Let 
6)^, 6)jj, 0)3 be the resolved angular velocities of the body, ft^, ft,, ftg 
the resolved parts of ft about these axes \ A, B, G the principal 
moments of inertia at the centre of gravitjr. Then, by Art. 24, 
the compound centrifugal forces on any particle of the body whose 
co-ordinates are {x, y, z) and mass m, are 



x.»|.|n.-2jfl.}. 



with similar expressions for Y and Z. The centre of gravity being 
at the origin, the resultant forces of these are easily seen by inte- 
gration to be all zero, while the resultant couples about the axes 
are 

i=a),ft3(^+£-o)-®,ft,(^ + a-j?)~2ft,ft3(5-a}, 

with similar expressions for M and N. 

29. Ex. 1. A disc of mass M is constrained to move in a plane under any 
forces while the plane turns about a straight line parallel to the plane and distant 
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d from it with angular velocity 0. Show that in finding the motion of the disc, we 
may regard the plane as fixed, provided we impress on the disc in addition to the 
given forces, (1) a force 3fQV - Ma dCljdt acting through the centre of gravity tending 
directly from the projection of the axis of rotation on the plane, where t* is the 
distance of the centre of gravity from the projection, (2) a conple Ft)^ where F is 
the product of inertia about two rectangular axes in the plane intersecting at the 
centre of gravity, and respectively parallel to the axis and perpendicular to it. 
The constants of integration are to be determined from the initial conditions taken 
relatively to the moving plane. 

Ex. 2. A disc of mass M is constrained to move in a plane under any forces 
while the plane turns with angular velocity about a straight line perpendicular to 
its plane and cutting the plane in the point 0. Show that we may regard the plane 
as fixed provided we impress on the disc (1) a force il/QV acting at the centre of 
gravity and tending directly from the axis, where r is the distance of the centre of 
gravity from the axis, (2) a force Mr dUjdt acting at the centre of gravity perpen- 
dicular to r in the direction opposite to tiie rotation, (3) a couple MJ^ dQjdt, where 
Mk^ is the moment of inertia of the disc about an axis through its centre of gravity 
perpendicular to its plane, (4) a force 2MV£i acting at the centre of gravity perpen- 
dicular to its direction of motion, where V is the velocity of the centre of gravity. 

Ex. 3. A sphere of mass M moves in space, show that the compound centri-> 
fugal forces of all its elements are equal to (1) a resultant force 2MVQ sin acting 
at the centre of gravity, where V is the velocity of the centre of gravity and O the 
angular velocity of the moving space and $ the angle the direction of V makes with 
the axis of Q, (2) a couple MJ:^Q<a sin 0, where w is the angular velocity of the 
sphere, the angle its instantaneous axis makes with the axis of 0, and the plane 
of the couple is parallel to the axes of Q and to. 



30. Vrindpld of Vis Viva appUad to moving axes. Suppose the syitem at 
any instant to become fixed to the set of moving axes relative to which the motion is 
required^ and calculate what would then he the effective forces on the system. These 
have been called in Art, 25 the forces of moving sparse. If we apply these as ad- 
ditionat impressed forces on the .system, but reversed in direction, we may use the 
equation of Vis Viva to determine the relative motion as if the axes were fixed in 
space. This theorem is due to Goriolis, Journal Poly tech, 1831. 

If we follow the notation of Art. 24 the accelerations of any point P resolved 
parallel to the rectangular moving axes are 

with two similar expressions for the axes of y and z. The last four terms, with the 
corresponding terms in the other expressions, are the resolved accelerations of 
a point Pq rigidly attached to the axes, but occupying the instantaneous position of 
P. Let us call these Xq, Yq, Zq. 

Let us now recur to the proof of the principle of Vis Viva given in Vol. i. 
Chap. vn. To adapt that proof to our present case we have merely to substitute 
these expressions for d^xjdt^, &e, in the general equation of virtual moments. 
After substitution for the displacements &r, ^, 8z it is clear that the terms con- 
taining dxjdt, dyjdty dzjdt all disappear. The equation after integration then 
becomes 

^"^ lO' '*" S)' "^ S)} =2Sm{(X-Xo)rfj: + (r- Y,)dy+(Z-Z,)dz\^C. 
R. D. II. 2 
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81. This theorem of Coriolis also follows at onoe from that given in Art. 25 for 
all kinds of relative motion. The mode of proof jast given has the advantage of 
recurring to first principles. 

It is clear that when we use the principle of virtual velocities any force whose 
line of action is perpendicular to the displacement given to its point of application, 
must disappear from the equation. Now in the principle of Vis Viva the displace- 
ment given to every point is the elementary arc described by that point in the time 
dt relative to the axes. The compound centrifugal force acts perpendicularly to 
this arc, and therefore will disappear from the equation. But the virtual moments of 
the forces of moving space will not be zero, and must be allowed for in the equation. 

82. Ex. A sphere rolls on a perfectly rough plane, which turns with a 
uniform angular velocity n ahout a Jiorizontal axis in its own plane. Supposing the 
motion of the sphere to take pUice in a vertical plane perpendicular to the axis of 
rotation, find the motion of the sphere relatively to the plane. 

Let Ox be the trace described by the sphere as it rolls on the plane, and let 
Oy be drawn through the axis of rotation perpendicular to 0:c in the plane of 
motion of the sphere. Let nt be the angle Ox makes with a horizontal plane 
through the axis of rotation. Let be the angle that radius of the sphere which wad 
initially perpendicular to the plane makes with the axis of y. Let x, y be the 
co-ordinates of P the centre of the sphere and M1^ the moment of inertia of the 
sphere about a diameter. 

If the sphere were fixed relatively to the plane its effective forces would be Mn^x 
and Mn^ acting at the centre of gravity, and a couple MI/^dnjdt^^Q round the 
centre of gravity. Also the impressed force, viz. gravity, is equivalent to g sin nt 
and "gcosnt parallel to the moving axes. The equation of Vis Viva for relativje 
motion is therefore 

Here dxjdt s a d«/>ldt and dyjdt = 0. We have therefore 

This equation might also have been derived from the formulsB for moving axes 
given in Vol. u Chap. iv. 

If ft' = I a' this equation leads to 

x=-zriz -^Binnt + Ae ^ + Be ^ 
Id n' 

where A and B are two constants which depend on the initial conditions of the 

sphere. 

On Motion relative to the Earth. 

33. The motion of a body on the surface of the earth is not 
exactly the same as if the earth were at rest. As an illustration 
of the use of the equations of this chapter, we shall proceed to 
determine the equations of motion of a particle referred to axes 
of co-ordinates fixed in the earth and moving with it. 

Let be any point on the surface of the earth whose latitude 
is \. Thus \ is the angle the normal to the surface of still water 
at makes with the plane of the equator. Let the axis of z be 
vertical at and measured positively in the direction opposite to 
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gravity. Let the axes of x and y be respectively a tangent to the 
meridian and a perpendicular to it, their positive directions being 
respectively south and west. In the figure the axis of y is dotted 
to indicate that it is perpendicular to the plane of the paper. Let 




QD be the angular velocity of the earth, b the distance of the point 
O from the axis of rotation. 

We may i'educe the point to rest by applying to every 
point under consideration an acceleration equal and opposite to 
that of 0, and therefore equal to to^b and tending from the axis of 
rotation. We must also apply a velocity equal and opposite to 
the initial velocity of 0, This velocity is a>b. The whole figure 
will then be turning about an axis 01, parallel to the axis of 
rotation of the earth with an angular velocity «. 

When the particle has been projected from the earth it is acted 
on by the attraction of the earth and the applied acceleration 
6>*6. The attraction of the earth is not what we call gravity. 
Gravity is the resultant of the attraction of the earth and the 
centrifugal force, and the earth is of such a form that this resultant 
acts perpendicular to the surface of still water. If it were not 
so, particles resting on the earth would tend to slide along the 
surface. It appears, therefore, that the force on the particle, 
after has been reduced to rest, is equal to gravity. Let this be 
represented by g. Besides this there may be other forces on the 
particle, let their resolved parts parallel to the axes be X, Y, Z. 

Since the earth is turning round 01 with angular velocity ay, 
the resolved part about Oz is co sin\, since the angle lOz is the 
complement of © ; since the rotation is from west to east, the 
resolved angular velocity is from y to x, which is the negative 
direction, hence ^3 = — © sin \. The resolved angular velocity 
round Ox is cocosX and is from y to z, which is the positive 
direction, hence ^^ = o) cos \. Also since 01 is perpendicular to 

2—2 
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Oy, 0^ s= 0. Hence, by Art. 4, the actual velocities of any particle 
whose co-ordinates are (a?, y, z) are 

u = -7T + {D sinXy 

V = ~ — « cos X^ — « sin Xa? 
at 

dz 
«; = -ir + cD cosXy 

To find the equations of motion it is only necessary to substitute 
these in the equations of Art. 5. 

The resulting equations may be simplified if we neglect such 
small quantities as tne difference between the force of gravity at 
different heights. If a. be the equatorial radius of the earth and 
y the force of gravity at a height z, we have 5^ = fl^ (1 — ^z/a) 
nearly. Now w'a is the centrifugal force at the equator, which is 
known to be -A^g. Hence if we neglect the small term gzja we 
must also neglect o>*z. The equations will therefore become 

-j5 — 2a> cosX-r: — 2a> smX-j^ = Y 
ar at at 



d'z 



+ 2(0 cosX 



dy^_ 



g + z 



de ' " '" dt 

where the terms (X, Y, Z) include all the accelerating forces, 
except gravity, which act on the particle. These equations agree 
with those given by Foisson, Journal Polytechnique, 1838. 

34. If we do not neglect the term containing ©*, the equations 
of motion are 

-j^ + 2© sin X -^ — «' sin'Xr — a>* sin X cos X? = X 
df dt 



dz 



dx 



— 2© cosX-^ — 2a> sinX-^ — a)'y = F, 



d^ 
df 

+ 2© oosX -^ — «* cos'X« — ©• sinX cosXa? = — gr + ^. 



dt 



dt 



de 



dt 



35. As an example, let ns consider the case of a particle dropped from a 
height h. The initial conditions are therefore z, y, dxjdt^ difjdt, dzjdt all zero, and 
2= A. As a first approximation, neglect aU the terms containing the smaU factor o^. 
Then Tve have 05=0, y =0, « = fc - igt*. 

For a second approximation, we may substitute these values of (x, y, ;:;) in the 
small terms. We have after integration 

«=0, y= -JwcosXflrt', «=^~}flft^. 
Thus there will be a small deviation towards the east, proportional to the cube 
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of the time of descent. There will be no southerly deviation, and the vertioilil 
motion will be the same as if the earth were at rest. 

An elementary demonstration of this result will make the whole argument 
dearer. Let the paxticle be dropped from a height h yertically over 0. Then O 
being reduced to rest, the particle is really projected eastwards with a velocity 
(ah cos X. Hence, if the direction of gravity did not alter owing to the rotation of 
the earth about 07, the particle would describe a parabola and the easterly deviation 
would be {<ah Gos X) t where t is the time of falling. Since /i=i^t', this deviation is 
i u 008 \gtK The rotation u about 01 is equivalent to u sin X about Oz and w cos X 
about Ox, The former does not alter the position of OC the normal to the surface 
of the earth, which is the direction of gravity. The latter turns OG in any 
time t through an angle ucosXt, Thus gravity gradually changes its direction 
as the particle falls. The particle is therefore acted on by a westerly component 
=g sin {<a cos \t), which, since tat is small, is nearly equal to g<a cos Xt. Let y" be the 
distance of the particle from the position of the plane stz in space at the moment 
when the particle began to faU, and let y' be measured positively to the west. The 
equation of motion of the particle in space is therefore dV/^^^=^<'^ cos X. Inte- 
grating this and remembering that as explained above dt^ldt= -iah cos \ when 
t =0, we get y'='- (aht cos X + \g<at^ cos X. When the particle reaches the ground we 
h&vey=y very nearly and h=igt\ thus the deviation westwards is -^iogficoBX, 
which is the same as before. If it be not evident that j/=y^ it may be shown thus. 
In the time t Oy, Oz have turned through a very small angle 6= w cos \t, hence, as 
in transformation of axes, y'=y co&d-z sin 0, which gives y^=y when we reject the 
squares of $^ 

36. In many cases it will be found convenient to refer the 
motion to axes more generally placed. Let O be the origin, and 
let the axes be fixed relatively to the earth, but in any directions 
at right angles to each other. Let ^,, 0^, 0^ be the resolved 
parts of 0) about these axes, then 0^^ 0^, 0^ are known constants. 
After substituting from Art. 4 in the equations of motion given 
in Art. 5 we get 

For example, if we wished to determine the motion of a projectUe, it will be 
convenient to take the axis of z vertical and the plane of xz to be the plane of 
projection. Let the axis of x make an angle /3 with the meridian, the angle being 
measured from the south towards the west. Then 

^i=wcosXcos)3, B^=.'-iafiiOB\fsm.^^ ^3=— wsinX. 

These equations may be solved in any particular case by the 
method of continued approximation. If we neglect the small 
terms we get a first approximation to the values of (x^ y, z). To 
find a second approximation we may substitute these values in the 
terms containing (o and integrate the resulting equations. As 
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these equations are only trae on the supposition that oi* may be 
neglected, we cannot proceed to a third approximation. 

37. E^. 1. A particle is projected with a velocity F in a direction mating an 
angle a with the horizontal plane, and Boch that the vertical plane through the 
direction of projection makes an angle p with the plane of the meridian, the angle fi 
being measured from the south towards the west. If as be measured horizontally in 
the plane of projection, y be measured horizontaUy in a direction mating an angle 
P+iw with the meridian, and z vertically upwards from the point of projection, 
prove that x==V cos at + (F sin at* ~ ^fft^) (•» cos X sin /3, 

y = {Vanat^-igf)<acoB'KooBp+ Foosa<*wsinX, 

jE = Fsin at - ^gt^ - Fcos afiv cos X sin p, 

where X is the latitude of the place, and w the angular velocity of the earth aboni 
its axis of figure. 

Show also that the increase of range on the horizontal plane through the point 
of projection is 4<a sin /3 cos X sin a (f sin* a - cos* a) V^lg\ 
and ihe>deviation to the,right of the plane of projection is 

4 w sin'a ( } cos X cos /3 sin a + sin X cos a) V^jg'^* 

Ex. 2. A bullet is projected from a gun nearly horizontally with great velocity 
so that the trajectoiy is nearly flat, prove that the deviation is nearly equal to 
Mtiji sin X, where R is the range, and the other letters have the same meaning as in 
file last question. The deviation is always to the right of the plane of firing in the 
Northern hemisphere, and to the left in the Southern hemisphere. It is asserted 
{Gomptes RenduSy 1866) that the deviation due to the earth's rotation as calculated 
by this formula is as much as half the actual deviation in Whitworth's gun. 

Ex. 3. A spherical bullet is projected with so great a velocity that the resistance 
of the air must be taken into account. The resistance of the air being assumed to 
be k (vel)*, and the trajectory to be flat, prove that, neglecting the effects of the 
rotation of the earth, 

lac=log(l + ;fcFt) l:Fy=2wsinX(Ft-a;) 

4fcF« (2 - 05 tan a + sm /3 cot Xy) = - flf (2Ft - 2a; + AfF'i*). 

These are given by Poisson, Journal Polytechniqv£y 1838. 

38. Disturbaiice of a Pendulum. Let us apply the equa- 
tions of Art. 36 to determine the eflfect of the rotation of the earth 
on the motion of a pendulum. In this as in some other cases, it 
will be found advantageous to refer the motion to axes not fixed in 
the earth but moving in some known manner. Let the axis of z 
be vertical as before and let the axes of x and y move slowly 
round the vertical with angular velocity w sin \ in the direction 
from the south towards the west. In this case we have 

^j = ft)COsXcos)9, ^j= — ft)CosXsin/9, 

and ^3 = — 0) sin X + ft) sin X = 0, 

where is the angle the axis of x makes with the tangent to the 
meridian, so that d^/dt = a> sin X. If, as before, we neglect quanti- 
ties which contain the square of 6> as a factor, the terms which 
contain dOJdt and ddjdt must be omitted. Hence the required 
equations may be obtained from those of Art. 36, by putting d^^O. 
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If m be the mass of the particle, I the length of the string, and 
T the tension ; these equations are 

, . (Px g, ^ ' adz Tx 

^-2a,co8Xco8^^^ = --5 

j^ + 2G>cos\sini8-Tr + 2G>cos\cosi8-£ = — orH =- 

or at at ^ m I 

the origin being taken at the lowest point of the arc of oscillation. 
If the oscillation be sufficiently small z will diflfer from zero by 
small quantities of the order a* where a is the semi-angle of oscil- 
lation. The last equation then shows that T diflfers from mg by 
quantities of the order coa at least. If then we neglect terms of the 
order ©a* and a', we may put mg for T in the two first equations 
and neglect the terms containing o) dzjdt. The equations of.motion 
thus become the same as for a pendulum attached to a fixed 
point. The solutions of the equations are clearly 

aj = ^cos(y/|# + c), y = £sinf^^< + 2)V . 

The small oscillations of a pendulum on the earth referred to 
axes turning round the vertical with angular velocity o) sin X are 
therefore the same as those of an imaginary pendulum suspended 
from an absolutely fixed point. 

Let us then suppose the pendulum to be drawn aside so as to 
make with the vertical a small angle a and then let go. Relatively 
therefore to the axes moving round the vertical with angular 
Velocity G) siri \ we must suppose the particle to be projected with 
a velocity i sin aw sin \ perpendicular to the initial plane of dis- 
placement. We have then when ^ = 0, a? = Za, y == 0, dxjdt = 0, 
dyjdt = — lao) sin \. ' It is then easy to see that in the above values 
pi X and y, G and D are both zero and that the particle de- 
scribes an ellipse, the ratio of the axes being o>sinX {Ifg)^* The 
effect of the rotation of the earth is to make this ellipse turn 
round the vertical with uniform angular velocity ©sinX in a 
•direction from south to west. If the angle a be not so small 
that its square may be neglected, it is known by Dynamics of a 
particle that, independently of all considerations of the rotation 
of the earth, there will be a progression of the apsides of the 
-ellipse. It is therefore necessary for the success of the experi- 
ment that the length I of the pendulum should be very great. 
This motion of the apsides depending on the magnitude of a is in 
the opposite direction to that caused by the rotation of the earth. 

It also appears that the time of oscillation is unaffected by the 
rotation of the earth, provided the arc of oscillation be so small 
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that the effects of forces whose magnitude contains the factor ©a* 
may be neglected. 

39. Ex. 1. In Foucault's experiment, a long pendulum is suspended from a 
point over the centre of a circular table, and the arc of oscillation is seen to pass 
from one diameter to another. Show that the arc of the circular rim of the table 
described by the plane of oscillation in one day is equal to the difiference in length 
between two parallels of latitude one through the centre and the other through the 
northern or southern extremity of the rim. This theorem is due to Prof. J. B. 
Young. 

Ex. 2. A heavy particle is suspended from a fixed point of support by a string 
of length a and the effect of the rotation of the earth is neglected. In the two 
following cases the path of the particle is reiy nearly an ellipse whose apses advance 
in each complete revolution of the particle through an angle /9 . 2ir. If 5 and e be 
the major and minor semi-axes of the ellipse, prove (1) when h and e are small 
compared with a, that p=ib€la\ and (2) when b and e are not small compared with 
<i , but are very nearly equal, that {fi + 1)"^ = 1 - i t'/o*. 

Ex. 3. A pendulum, at rest relatively to the earth, is started in any direction 
with a small angular velocity, show that the oscillations will take place in a vertical 
plane turning uniformly round the vertical so that the pendulum becomes yertical 
once in each half oscillation. 

Ex. 4. Let be the angle a pendulum of length I makes with the vertical, and 
the angle the vertical plane containing the pendulum makes with a vertical plane 
which turns round the vertical with uniform angular velocity w sin X in a direction 
from south to west. Prove that when terms depending on w^ are neglected the 
equations of motion become 

^ ^sin«^^^^ = 2Bin«<?cos(0+/3)wcosX^, 

where A is an arbitrary constant, and the other letters have the meanings given to 
them in Art. 36. See M. Qaet in Liouville*8 Journal, 1853. 

These equations will be found convenient in treating the motion of a pendulum. 
They may be easily obtained by transforming those given in Art. 38 to polar co- 
ordinates. 

Ex. 5. A semi-circular arch ACB is fixed with its plane vertical on a horizontal 
wheel at A and Bf and may thus be moved with any degree of rapidity from one 
azimuth to another. A rider slides along the inner edge of the arch which is 
graduated and may be fixed at any degree marked thereon. A spiral spring by 
means of which a slow vibration is obtained with comparatively a short length is 
attached at one end to a pin in the axis of the semicircle so that the point of 
attachment may be in the axis of rotation and at the oi^er end it is fixed to a 
similar pin in a parallel position fixed to the rider. The vertical semicircle is not 
placed in a diameter of the horizontal wheel but parallel to it at such a distance aa 
not to interrupt the eye of the observer from the vertical plane passing through the 
diameter, and in which plane the wire in all its positions remains. 

If the rider be placed at an angular distance 6 from the highest point of the 
arch and the wire set in vibration in any plane, show that the plane of vibration of 
the wire will make a complete revolution relatively to the arch while the arch turns 
round sec $ complete revolutions. This is best observed by fixing the eye on a line 
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in the same plane with the wire while walking round with the wheel ddritig its. 
rotation. This apparatus was devised by Sir 0. Wheatstone to illustrate Foucault^s 
meehanical proof of the rotation of the earth. Proceedings of the Boyal Society^ 
May 22, 1851. 

40. Distoxbanee of motton in one plane. In the first volume of this treatise 
a chapter has been devoted to the discussion of the motion of a body or a system of 
bodies constrained to remain in a fixed plane. This plane has been treated as if it 
were really fixed in space. But since no plane can be found which does not move 
with the earth, it is important to determine what effect the rotation of the earth will 
have on the motion of these bodies. Let us treat this as an example of the method 
of Clairaut and Goriolis given in Art. 25. 

Let the plane make an angle X with the axis of the earth. Let a point in 
this plane be on the surface of the earth and let it be reduced to rest. Then, as 
proved in Art. 33, the moving bodies while in the neighbourhood of are acted on 
by their weights in a direction normal to the surface of the earth. The earth is 
now turning round an axis through parallel to the axis of figure with a constant 
angular velocity w. Let this angular velocity be resolved into two,' viz., - w sin X 
about an axis perpendicular to the plane and o^cosX about an axis in the plane. 
Now the square of v is to be rejected, hence by the principle of the superposition of 
small motions, we may determine the whole effect of these two rotations by adding 
together the effects produced by each separately. 

It is a known theorem that if a particle be constrained to move in a plane which 
turns round any axis in that plane with a constant angular velocity w cos X, the^ 
motion may be found by regarding the plane as fixed and impressing an accelera- 
tion wh' cos' X on the particle, where r is the distance of the particle from the axis. 
This may be deduced, as in Art. 26, from the theorem of Clairaut. This impressed 
acceleration is to be neglected because it depends on the square of (a, , The angular 
velocity w cos X has therefore no sensible effect. 

If the bodies be free to move in the plane, the effect of the rotation - di sin X is to 
. turn the axes of reference round the normal to the plane drawn through the point 
O. If then we calculate the motion without regard to the rotation of the earth, 
taking the initial conditions relative to fixed space, the effect of the rotation of the 
earth may be allowed for by referring this motion to axes turning round the normal 
with angular velocity — w sin X. For example, if the body be a heavy particle sus- 
pended by a long string from a point fixed relatively to the earth, it is really 
constrained to move in a horizontal plane, and the reasoning given above shows 
that the plane of oscillation will appear to a spectator on the earth to revolve with 
angular velocity — w sin X round the vertical. 

If the bodies be constrained to revolve with the plane, it will be required to find 
the motion relatively to that plane. We must therefore apply to each particle the 
force of moving space and the compound centrifugal force. If r be the distance of 
any particle of mass m from 0, the former is mna^ sin^ X. This is to be neglected 
because it depends on the square of w. The latter is therefore the only force to be 
considered. By Art. 28, the compound centrifugal forces on all the particles of a 
body are equivalent to a force at the centre of gravity and three couples. In our 
case these couples are easily seen to be zero. For if the plane be taken as the plane 
of scy, we have Oi=0, 02=0, Wi=0, W2=0. Hence L, M, N are all zero. If, there- 
fore, m be the mass of a body, V the relative velocity of its centre of gravity, the 
effect of the rotation of the earth may be found according to the rule given in Art. 
25, by impressing on the body a force equal to - 2mVu sin X, acting at the centre of 
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gravity, in the plane of motion and perpendionlar to the direotion of motion of the 
centre of gravity. 

The ratio of this force to gravity for a particle moving 32 feet per second, is at 
most 4ir/24. 60.60, which is less than a five thousandth. This is so small that, 
except under special circumstances, its effect will be imperceptible. 

41. Disturbance of the motion of a rigid body. Hitherto 
we have considered chiefly the motion of a single particle. The 
effect of the rotation of the earth on the motion of a rigid body 
will be more easily understood when the methods to be described 
in the following chapters have been read. If, for example, a body 
be set in rotation about its centre of gravity, it will not be diflScult 
to determine its motion as viewed by a spectator on the earth, 
when we know its motion in space. It seems, therefore, sufficient 
here to consider the peculiarities which these problems present, 
and to seek illustrations which do not require any extended use of 
the equations of motion. 

42. The effect of the rotation of the earth is in general so 
small compared with that of gravity, that it is necessary to fix the 
centre of gravity in order that the effects of the former may be 
perceptible. Even when this is done, the friction on the points of 
support and the other resistances, cannot be wholly done away 
with. If, however, the apparatus be made with care that these 
resistances should be small, the effects of the rotation of the earth 
may be made to accumulate, and after some time to become 
sufficiently great to be clearly perceptible. 

If a body be placed at rest relatively to the earth and free to 
turn about its centre of gravity as a fixed point, it is actually in 
rotation about an axis parallel to the axis of the earth. Unless 
this axis be a principal axis, the body would not continue to rotate 
about it, and thus a change would take place in its state of 
motion. By referring to Euler's equations, we see that the change 
in the position of the axis of rotation is due to the terms 
(^ — -B)a>j©j, (5— (7)fi>j«i)8, ((7— -4)ft)jft)j. The body having been 
placed apparently at rest, o)^, w^, o), are all small quantities of 
the same order as the angular velocity of the earth ; these terms 
are, therefore, all of the order of the squares of small quantities. 
Whether they will be great enough to produce any visible effect 
or not will depend on their ratio to the frictional forces which 
could be called int6 play. But since these frictional forces are 
just sufficient to prevent any rielative motion, these terms will in 
general be just cancelled by the frictional couples introduced into 
the right-hand sides of Euler's equations. The body will, there- 
fore, continue at rest relatively to the earth. 

In order that some visible effect may be produced, it is usual 
to impress on the body a very great angular velocity about some 
axis. If this be the axis of w^, the terms in Euler*s equations, 
which iire due to the centrifugjil forces, and which contain o), as a 



MOTION OF A RIGID BODT, 27 

■ 

factor, become greater than when o^ had no such initial value. 
The greater this initial angular velocity, the greater these terms 
will be, and the more visible we ma,y expect their effects on the 
body to be. 

If the angular velocity thus communicated to the body be 
suflBcient to turn it only once in a . second, it will be still 
24 X 60 X 60 times as great as the angular velocity of the earth. 
In these problems, therefore, we may regard the angular velocity 
of the earth as bo small, compared with the existing angular 
velocities of the body, that the square of the ratio may be neg- 
lected. 

As an example of the application of these principles, we have 
selected one case of Foucault's pendulum, which seems to admit of 
an elementary solution. 

43. The centre of gravity of a solid of revolution is fixed, 
while the axis of figure is constrained to remain in a plane fixed 
relatively to the earth. The solid being set in rotation about its 
cw?i« of figure, it is required to find the motion. 

Let us refer the motion to moving axes. Let the centre of 
gravity be the origin, the plane of yz the plane fixed relatively to 
the earth. Let the axis of figure be the axis of ^, and let it make 
an angle ^ with the projection of the axis of rotation of the earth 
on the plane o( yz. Let this projection, for the sake of brevity, be 
called the axis of %. Let p be the angular velocity of the earth 
about its axis, a tne angle the normal to the plane of yz makes 
with the axis of the e<arth. We suppose p to be reckoned positive 
when the rotation is in the standard direction usually taken as 
positive, i.e. when viewed from the positive extremity of the axis, 
the rotation appears to be in the. direction of the hands of a watch. 
Since the earth turns from west by south to east, it follows, if the 
angle a be measured from the northern extremity P of the axis, 
that p is really negative and is represented in Art. 33 by — o). The 
motion of the moving axes is given by 

^i=2)cosa + -^, 

0^ =p sin a sin x* 
^,=2)sinacos;^. 

Let fi)j, G),, 0)3 be the angular ve- 
loci ties of the body about the moving 
axes; A, A,C the principal moments 
of inertia at the centre of gravity. 
Let It be the reaction by which the 
axis of figure is constrained to remain 
in the fixed plane, then J? acts 
parallel to the axis of x. Let h be the distance of its point of 
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application froin the origin. The angular momenta about the 
axes are respectively 

Substituting in Art. 16, the equations of motion are 

A^'-Cay.e. + AtD.e.^Iih 

C^^--Aa>^0, + Aa>j9,^O 

Since the axis of z is fixed in the body, we see by Art. 3, that 
i»j = 0^, o), = 0^. The last equation of motion, therefore^ shows that 
o>3 is constant. It should however be remembered that o), is not 
the apparent angular velocity of the body as viewed by a spectator 
on the earth. If fig be tne angular velocity relatively to the 
moving axes, we have by Art 3, ft, = ©, — ^3, so that 

flg + jp sin a cos % = constant. 

Thus the body, if so small a diflference could be perceived, would 
appear to rotate slower or quicker the nearer its axis approached 
one extremity or the other of the projection of the axis of the 
earth's rotation on the fixed plane. 

The first equation of motion after substitution for q)^, 0)3, 0^, 0^, 
their values in terms of x* becomes 

cPy 
A -^ — Ap^ sin'a sin ;j^ cos x + C^^p sin a sin ;^ = 0, 

where n has been written Tor a>g. The second term may be re- 
jected as compared with the third, since it depends on the square 
of the small quantity p. We have, therefore, 

^ = --^np smasm^. 

This is the equation of motion of a pendulum under the action 
of a force constant in magnitude, and whose direction is along the 
axis of %, i,e the projection of the axis of rotation of the earth 
on the fixed plane. The body being set in rotation about its axis 
of figure, we see that that axis will immediately begin to approach 
one extremity or the other of the axis of x with a continually 
increasing angular velocity. When the axis of figure reaches the 
axis of x> ^^ angular velocity will begin to decrease, and it will 
come to rest when it makes an angle on the other side of the 
axis of X oqua-l to its initial value. The oscillation will then be 
repeated continually. 

The axis of figure will oscillate about that extremity of the 
axis of Y, which, when x is measured from it, makes the coefficient 
on the right-hand side of the last equation negative. This extre- 
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mity is such/ that when the axis of figure is passing through it, 
the rotation n of the body is in the same direction as the resolved 
rotation p of the earth. 

44. If we compare bodies of different form, we see that the 
time of oscillation depends only on the ratio of C to A. It is 
otherwise independent of the structure or form of the body. The 
greater this ratio the quicker will the oscillation be. For a solid 
of revolution this ratio is greatest when Xmz* = 0. In this case 
the ratio is equal to 2, and the body is a circular disc or ring. 

45, If we compare the different planes in which the axis may 
be constrained to remain, we see that the motion is the same for 
all planes making the same angle with the axis of the earth. It is 
therefore independent of the inclination of the plane to the horizon 
at the place of observation. The time of oscillation will be least, 
and the motion of the axis most perceptible when a = Jtt, i.e. when 
the plane is parallel to the axis of rotation of the earth. If the 
plane be perpendicular to the axis of the earth, the axis of figure 
will not oscillate, but if the initial value of dx/dt is zero, it will 
remain at rest in whatever position it may be placed. 

46. Ex. 1. Show that a person furnished with the particular form of Fou- 
eault's pendulum just described, could, without any Astronomical observations, 
determine the latitude of the place, the direction of the rotation of the earth, and 
the length of the sidereal day. This remark is due to M. Quet, who has given a 
different solution of this problem in LiouviUe*8 Journal^ Vol. xvin. 

Ex. 2. If the body be a rod, and its centre of gravity supported without friction, 
prove that it could rest in relative equilibrium either parallel or perpendicular to 
the projection of the earth's axis on the plane of constraint. If it be placed in any 
other position, its motion will be very slow, depending on p\ but it wiU oscillate 
about a mean position perpendicular to the projection of the earth's axis. 

Ex. 3. If the axis of figure be acted on by a frictional force producing a 
retarding couple, whose moment about the axis of x bears a constant ratio /x to the 
moment of the reactional couple about the axis of y, and if the fixed plane be 
parallel to the axis of the earth, find the smaU oscillations about the position of 
equilibrium. Bhow that the position at any time t is given by 

X = Le "^ cos [(Cnp/A - X«)*< + M]j 

where 2A\=/t,(Cn''2Ap) and L and M are two constants depending on the initial 
conditions. 

Ex. 4. The centre of gravity of a solid of revolution is fixed, while the axis of 
figure is constrained to remain in the surface of a smooth right cone fixed relatively 
to the earth. Show that the axis of figure will oscillate about the projection of the 
axis of rotation of the earth on the surface of the cone, and that the time of a com- 
plete smaU oscillation about the mean position wiU be 2r(il sinc/Cptisin/S)*, 
where e is the semi-angle of the cone, j9 the inclination of its axis to the axis of the 
earth, and the other letters have the same meaning as before. This result is due to 
M. Quet. 
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Ex. 5. Two equal heavy rods CA, CB are connected by a Mnge at C, with a 
spring so that they tend to make a known angle with each other. The free ends 
A and B are then tied together and the whole is suspended by a string OC attached 
to the hinge. The system is left to itself until it is at rest relatively to the earth. 
If the string which fastens A and B be now cut, the arms separate from each other. 
Show that the system will immediately have an apparent angular velocity round 
the vertical equal to p sin X(r- /)//', where /, / are the moments of inertia of the 
system about the vertical OC respectively before and after the string joining A and 
B was cut, p is the angular velocity of the earth about its axis and X is the latitude 
of the place. In which direction wiU the etystem turn? This apparatus was 
devised by M. Poinsot who considered that the experiment would be so effective 
that the latitude of the place could be deduced from the observed angular velocity. 
See Comptes Rendu$f 1851, Tome zxxii. page 206. 

Ex. 6. If a river is flowing due north, prove that the pressure on the eastern 
bank at a depth z is increased by the change of latitude of the running water in 
the ratio gz-^bvu sin I : gz^ where b is the breadth of the stream, v its velocity, I the 
latitude and u the angular velocity of the earth about its axis. [Math. Tripos, 1875.] 

Ex. 7. A wave like the Tide-wave travels along a river with its crest at right 

c 

angles to the banks. Deduce from Glairaut's rule (Art. 25) that the tide is higher on 
one bank than on the other, and show that the height of the tide decreases in 
geometrical progression for equal increments of distance from one bank. 

The general line of argument is as follows. Since the motion of the water is 
very nearly in a horizontal plane we may (by Art. 40) disregard the rotation of the 
earth provided we apply to every particle an acceleration 2uv sin X perpendicular to 
its direction of motion, i.e, perpendicular to the direction of the river. Hence the 
river must be so much higher on one side than the other that the pressure due by 
gravity to the difference of level is equal to that due to the applied acceleration. 
If ^ be the altitude of the tide above the mean level at a distance y from that side 
of the river at which the tide is highest, we have - gdl^=2<av Bin\dy. But in the 
theory of tides as undisturbed by the rotation it is proved that v is proportional to ^. 
The result follows by integration. 



CHAPTER II. 



OSCILLATIONS ABOUT EQUILIBRIUM. 



Lagrange^s Method with indeterminate multipliers. 

47. In the first volume of this treatise Lagraoge's method 
of finding the small oscillations of a system about a position of 
equilibrium has been explained. It is our object, not to repeat 
those explanations, but rather to examine how that theory is 
modified "by the use of indeterminate multipliers. In a dynamical 
problem it generally happens that we want to know how some j 
particular quantities change with the time. Now it is one of the 
chief advantages of Lagrange's method that it gives a large choice , 
of quantities which may be taketi as co-ordinates. The quantities \ 
we most wish to find are therefore usually chosen for the inde- \ 
pendent co-ordinates and their variations can then be found from 
Lagrange's equations. But sometimes we find that this introduces 

a great complication of symbols. Perhaps we lose thereby some 
principle of symmetry which would have abbreviated and simplified 
the whole process. We now propose to consider what modifications ; 
must be introduced into the equations when those particular 
equations whose values we most require cannot be conveniently 
introduced as independent co-ordinates. For this purpose the 
method of indeterminate multipliers may be used with great 
advantage. 

48. Let the system be referred to any co-ordinates ^, (f>, &c, 
which are so small that we may reject all powers of them except 
the lowest which occur. They should therefore be so chosen that 
they vanish in the position of equilibrium. Let n be the number 
of those co-ordinates. Assuming that the geometrical equations 
do not contain the time explicitly the vis viva 2T will be a quad- 
ratic function of the velocities, and may therefore be expanded 
in a series of the form. 

2T = A^,ff' H- 2A,,0'<I>' + A^ <t>" + &c. 

Here the coeflBcients A^^y &c. are all functions of 0, ^, &c. and we 
may suppose them to be expanded in a series of some powers of 
these co-ordinates. 3ince the oscillations are so small that we may 
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reject all powers of the small quantities except the lowest which 
occur, we may reject all except the constant terms of these series. 
We shall therefore regard the coefficients A^^^ &c. as constants. 

We must now make an expansion for the force function U 
in a series of powers of ^, ^, &c. If the co-ordinates 0, <l>, &c. were 
all independent, the terms containing the first powers would 
vanish, because by the principle of virtual velocities dU/dff, 
dU/d<f>, &c, are zero in the position of equilibrium for all variations 
of 0, if), &c. which are consistent with the geometrical conditions. 
But as this does not necessarily occur when 0, ^, &c. are connected 
by geometrical relations, we tsJke as our expansion 

U^ 17,= C,0 + C,il> + &c. + iC,,0' + CJil>+C„<f>* + &c., 

where U^ is a constant which is easily seen to be the value of U in 
the position of equilibrium. We may notice that the coefficients 
(7j, (7„ &c. are not unrestricted. They must be such that the 
equations of equilibrium are all satisfied. 

Since the co-ordinates 0, <^, &c. are not independent there will 
be some geometrical relations which connect them. To simplify 
matters, let us suppose that there are but two such relations. Let 
these be f(0, ^, &c.) = 0, jP (0, <f>, &c.) = 0. We may also expand 
these in powers of the co-ordinates in the following manner : 

/= G,0 + 0,il> + &c. + i(?,,^ + GJ<I> + hG^<l>' + &c. 
F=H,0 + H,if> + &c. + ^H^.O' + EJ4> + \Hj>^-\- &c 

The constant terms of these series are omitted because the geome- 
trical equations are to be satisfied when the system is in equili- 
brium, i,e. when 5 = 0, ^ = 0, &c. 

We have now to substitute these series in the Lagrangian 
equations. Referring to Chap. Vill. of Vol. I. these are represented 
by the type 

d_dT_dJ_dU df dF 

dtdff d0'd0 ^^d0^^d0 ' 

with similar equations for ^, -^j &c. Here \ fi are indeterminate 
multipliers whose values have to be found from the equations thus 
written down. The results of these substitutions are obviously 

^,,r + &c. = C,+ C„^ + &c.+X(G^,+&c.) + AA(fli + &c), 

j^r + &c. = a, + CJ;^ &c. + X {0,+ &c.) + A* (fi, + &c.), 

&c. = &c. 

49. Since the system has been disturbed from a position of 
equilibrium these equations are all satisfied by ^ = 0, ^ = 0, &c. 
We thus obtain the equilibrium values of X, /a. Let these be 
X^, fi^. Then 

= &c. J 
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These are the equations of equilibrium already alluded to. The force 
function U being a known function of the co-ordinates, the co- 
efficients (7p C/,, &c. are all known; and thus any two of these 
equations will determine X^, fju^. The remaining equations will 
then be identically satisfied, because the quantities C^, C^, &c. are 
not unrestricted but are such that the equations of equilibrium 
are all satisfied. 

Let the dynamical values of \ and /a be \ = X^ + X, , ^ = f*o + /*i • 
Then X^ and fi^ are small quantities whose squares can be rejectee!. 
The equations of oscillation then become 

^u^' + ^»f' + - - 0J+ C,,<f> + ... 

+ Xo(©j,^+ff„<^+...) + X,(7j 

•^i^v + -^M^" + ... = G^j9 + Cjj^ + . . . 

+ fi, {HJ+H <f> +...)+ ^,fl, 

&c. = &c. 

We have here as many equations as there are co-ordinates. Besides 
these we have as many geometrical equations as indeterminate 
multipliers. These are 

Thus we have on the whole sufficient equations to find all the un- 
known quantities 0, ^ ..,\, fl^. 

50. To solve these we proceed exactly as in the corresponding 
method described in Vol. i., where the co-ordinates 0, (f>, &c. are all 
independent, except that we now include X^, fi^ amongst the 
variables to be determined. We take as our typical solution 

= Msin{pt + a), (f>^Nsin(pt + a),&c. 

Xj = 2) sin{pt + a), fi^= E sin (pt + a). 

Substituting these in the equations we see that sin (pt + a) can be 
divided out from every equation. Writing 

&c. = &c, 
we thus obtain 

UnP' + CJ M+ (A^,p' + G_J N+... + G,D+H,E^O 
(A^,pr+CJM+(A^p'+GJN'^... + O^D + H,E^0 

&c. = 
G^M-{-G,N'+... -0 

H^M+H^N+... =0 

Eliminating the ratios M, N, &c. 2), E, we have the determinantal 
equation 

R. D. II. 3 
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&c. , &C. , Sec,, &c. 

0, , G, , 0,0 

ff, , H, . 0,0 

If there be n co-ordinates, this is an equation of the nth degree to 
find p\ Taking any root positive or negative, the preceding equa- 
tions determine the corresponding ratios of M^ N, &c. Taking all 
the roots in turn and adding together these partial solutions mre 
have a solution complete with its 2n constants. These constants 
have to be determined from the initial values of the co-ordinates 
and their velocities. 

51. This determinant differs from that used when there are 
no indeterminate multipliers in two respects. (1) There is a 
change in the quantities (7„, (7„, &c. represented by the insertion 
of the bar over the letters, (2) the determinant is bordered by the 
coefficients O^, Hy &c of the first powers of the co-ordinates in the 
geometrical equations. 

We notice that there is a very great simplification of the 
process when the force function is such that the coefficients of the 
first powers of the co-ordinates in its ea^pansion are aU zero. In 
this case C^, C,, &c. are zero, hence from the equations of equilibrium 

\ = 0, fi^ = 0. Thus ^j, = (7jj, ^„ = (7,,, &c. = &c. It immediately 
follows that it is unnecessary to calculate the terms of the second 
order in the geometrical equations, for these disappear from the 
equations of motion. This of course is an important simplification. 
Further the final determinant only differs from that used when 
there are no indeterminate multipliers by being bordered by the 
coefficients O^ Sec, H^, &c 

This simplification occurs when the position aboiU; which the 
system oscillates is a position of equilibrium for all variations of 
the co-ordinates although the constraints compel the system to oscillate 
in a given limited manner. 

52. Brief Summary. In order to indicate the method of 
proceeding in any particular case we shall now sum up the general 
line of argument. 

Expand the semi vis viva T and the force function ?7 in powers 
of the co-ordinates 0, ^,. &c. and their differential coefficients 
ffy <f>, &o. all powers above the second being rejected. Multiply 
the geometrical relations /= 0, ^ = by X = X^ 4- Xj and fA=fi^+ fju^ 
where \ and ft, are small quantities of the same order as the co- 
ordinates 0y 0, &c. and expand these products, all powers of the 
small quantities above the second being rejected. First, taking 
the expression U+\f'\- fiF, equate to zero the coefficient of the 
first power of each co-ordinate, we thus have equations to find 
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\i /^o' Secondly, omitting the accents in the expression for T and 
also the constant terms in U, form the discriminant of 

with regard to the co-ordinates and the subsidiary variables X,, /i^. 
Equating this determinant to zero, we have an equation to find the 
values of jp. 

53. On Principal Oscillations. The equations which deter- 
mine the constants M, N, &e. D, E are shown above. Solving 
these we see that their ratios are equal to the ratios of the minors 
of the constituents of any row we please in the determinantal 
equation. If we represent these minors by I^^ (/>*), 7^, ( p*), &c. the 
oscillations of the system are represented by 

^ = A 4 (l>i")sin ip,t + ct,) +L, 4 (p.') sin (p,t 4- a.) + &c. 

&c, = &c. 

where L^, Z, &c. are constants which depend on the initial con- 
ditions. 

When the initial co-ordinates are such that all the constants 
L^, i„ &c. vanish except one, the expressions (or 0, <f> ...\, fi are 
reduced to the trigonometrical expressions in some one column. 
The co-ordinates 0, ^, &c. then bear to each other ratios which are 
constant throughout the motion. It follows also that the values of 
the co-ordinates 0, ^, &c. repeat at a constant interval, viz. the 
period of the trigonometrical expression in the one column pre- 
served Referring to Vol. i. we see that the characteristics of a 
principal oscillation are satisfied. 

54, The system being referred to any co-ordinates 0, ^, &c. it 
may be required to find how it should be disturbed from its position 
of equilibrium that it may desanbe any proposed principal oscilla- 
tion. We see that the system must be so displaced that its co- 
ordinates 0, <l>, &c. have the ratios of the minors of any row of the 
determinantal equation. It is also necessary that the initial 
velocities 0^, ^\ &c. have the same ratio. These conditions are 
necessary and sufficient. 

55. Patting this into algebraical language, we say that when a system is per- 
forming a principal oscillation of the type sin (Pi^+o^), then 

We also infes from these eqiiations that throughout the motion 9"= -PxB^ 

56. Vkindpttl Oo-ovdlnatas. It may he required to find formuUe of tramforma* 
turn by which we may change any eo-ordinate$ dy 0, dtc, into principal co-ordinates, 
Accarding to the definitions laid down in Vol. i. a system is referred to principal 
co-ordinates ^, nf, Ae, when the Tis viva 2T and the force function U are expressed 
inthef^rmg 2r=|^+i?''+i''+... 

2(U-Uo) = Cue + c^v'-^C2^if 



+...)• 
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Lagrange's equationa then take the form f - Cj^f =0, rf* - c«iy=0, Ac., bo that ther 
whole motion is given hy |=iB8in(|)it + Oi), i|=:FBin(i>at + ag), Ac, where E, F^ Ac. 
are the constants of integration and i>i'= - c^ , P%^ - c^^ Ac. 

When the initial conditions are snch that all the constants E, F, Ac. are zero 
except one the system is said to be performing a principal oscillation. If then we 
write as=sin(pi£ + a), y=Bia{p^t+a^, x will be a multiple of ^, ]( a multiple of 17, 
and so on. The expressions for tf, 0, Ac. given in Art. 53, now reduce to 

0=LiJu (Pi*) aj+Xafu (^2'^ y + - 
Ac.=Ac. 
These formulffi will enable us to change any co-ordinates ^, ^, Ac. into others 
Xi y, Ac. which make T and U assume the forms 

2(U-Uo)=CiiX^ + c^+...y 
The n constants L^^L^, Ac. are arbitrary multipliers of x^ y, Ac, and may, if we 
please, be so chosen as to make amO^, Ac. each equal to onity. 



On Lagrange's Determinant 

57. On examining Lagrange's method of finding the oscillations 
of a system we see that the whole process depends on the solution 
of a certain determinantal equation. Even the stability or in« 
stability of the equilibrium depends on the nature of its roots. If 
this equation can be solved, the character of the motion and the 
periods of oscillation (if the motion be oscillatory) are immediately 
apparent. If the equation cannot be solved, we may expand the 
determinant and discuss its roots by the methods given in the 
theory of equations. But without expanding the determinant we 
may sometimes accomplish the same purpose by the following 
theorem. We shall begin with the determinant in its simplest 
form as it is obtained in Vol. I. Chap. ix. ; we shall then consider 
the modifications introduced by bordering it with any quantities. 

58. Separation of Roots. Let the determinantal equation 
be written in the form* 



A = 



^nPH^,,, A,,p' + C,,, &C. 

A,,p' + C,,, A„p' + C^, &c. 
&c. &c. 



= 0. 



* The proposition that the roots of Lagrange's determinant when written in 
this general form are aU real is due to Sir W. Thomson. It is the extension of a 
corresponding theorem for that particular form of the equation which occurs when 
the Tis yiya is expressed as the sum of the squares of the velocities of the co-or- 
dinates. Several proofs of this latter theorem wUl. be found in Lesson YI. of 
Br Salmon's Higher Algebra, The simplest of these is the one given by Br Salmon 
himself. He also proves that the roots are separated by those of the leading 
minors. The proof in the text is an extension of his line of argument to Lagrange's 
determinant in its general form. Another line of argument is indicated in the 
examples in Art. 71. 
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Ijet US form from this determinant a minor by erasing the first row 
and the first column. We may then form from this minor a second 
minor, and so on. Thus we have a series of functions of p^ whose 
degrees regularly diminish from the 7ith to the first. Let us call 
the successive determinants thus formed A, A^, A,, &c. The de- 
terminant A is not altered if we border it with a column of aeros 
on the right-hand side and a row of zeros at the bottom, provided 
we put unity in the vacant corner. We may therefore consider 
that A^=l. 

By a theorem in determinants, if /„, /„, &c. be the minors 
of the several constituents of A, we have A Ag = /j, /jj,— /„*, and 
we notice that /jj = A^. Let us suppose »' to increase gradually 
from p* = - 00 to p' = + 00 , then when p passes through a value 
which makes A^ = we see that A and A^ must have opposite 
signs. The same argument applies to every one of the series 
A, Aj, Aj, &c., whenever any one of them vanishes the deter- 
minants on each side have opposite signs*. 

Using these determinants like Sturm's functions we see that 
a variation of sign can be lost or gained only at one end of the 
geries. It can be lost at the end A only when ^ passes through 
a root of the equation A = 0, and it will be regained again as p* 
passes through the next root in order of magnitude, unless a root 
of the equation A^ = lies between these two. 

If then we can prove that n variations of sign are lost as p' 
passes from p^^ — ct^ to jp* = 4-Q0 it is clear that the equation 
A = must have n real roots and these roots will be separated by 
the roots of the equation A^ ~ 0. 

Now the coeflBcient of the highest power of p^ in the deter- 
minant A is the discriminant of T and is therefore positive. The 

* In this reasoxung we ha^ ioic the sake of hreyity omitted the case in which 
two or more snccessive determinants in the series A, A^, A^, &c. vanish for the 
same Tidue of p\ But this omission is of no real importance, for we may change 
these determinants into others whose constituents are slightly different from those 
of the given determinants hut are such that no successive two of the series have a 
common root. In the limit, therefore, when these arhitrary changes of the consti- 
tuents are indefinitely smaU^ the roots of the series of determinants will still be real 
and tiie roots of each will s^arate, or coincide with, the roots of the next before it 
in the series. 

To show that these (Ganges are possible, let A, A^, A^ be any three consecutive 
members of the series. Let us suppose that Aj does not vanish while the two mem- 
bers (and perhaps others) just before it are zero. Then from the equation in the 
text, we have Ji3=0. Lefc u^ add to each of the constituents of which f^, is the 
minor the smaU quantity a. The determinant A^ is unaltered and remains equal 
to zero. The determinant A undergoes a slight alteration, so that in its new form 
the equation just quoted becomes AA,=-a'As3. Thus A is no longer zero. In 
this way whenever any two consecutive members of the series of determinants 
vanish, one may be rendered finite. 



\ 
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coefficient of the highest power of v* in A^ is the discriminant of 
T after ff has been put zero, and tnis also is positive. Thus the 
coefficients of the highest powers of p* in every one of the de- 
terminants A, Aj, Ay, &c. are positive. If then we substitute — oo 
for p*, these determinants are alternately positive and negative, if 
we substitute + oo for j>* the determinants are all positive. It 
follows that n variations of sign are lost as j}* passes from p^^-^co 
to ;>* B 4- 00 . 

Summing up we see that the roots of each determirumt of the 
series A, Aj, A,, dkc. are all real and the roots of ea^ch separoite or 
lie between the roots of the determinant next before it in the series, 

59. Resuming our line of argument we see that as p^ increases 
from p* = — QOtoj>' = + <3ca variation of sign in the series A, A^, &c. 
is lost when p* passes through a root of A = 0, and once lost this 
variation cannot be regained. It immediately follows tiiat as p* 
parses from p* = atop=^ if k variations of sign are lost there 
are exactly k roots of the eqimtion A = between these limits, 

60. It will be noticed that in this line of argument no as- 
sumption has been made about the functions 

r7-£r.=K,f+o„<>^+jc,^*+ I' 

except that the successive discriminants of the former are all 
positive. This may be expressed by saying that 7 is a one-signed 
positive function, i.e. a function which keeps the positive sign for 
all values of the variables and never vanishes except when all the 
variables are zero. That the vis viva is a one-signed positive 
function is of course evident. The necessary and sufficient con- 
ditions that a quadric function should be one-signed are given in 
Williamson's Differential Calculus and need not be repeated here. 
They may be brieHy summed up by saying that the successive 
discriminants have all the same sfgn. 

61. Equal Roots. Since the roots of any one of the leading 
minors J^^, 7„, &c. separate the roots of Lagrange's determinant, 
it follows that when the latter has r roots each equal to p^^ each 
of the former must have r — 1 roots each equal to p^. For the 
same reason any leading second minor such as A, must have r ^ 2 
roots each equal to p^. 

Consider next any other minor of the determinant. By proper 
changes of rows and columns we may represent this by /„. Since 
A A, = /ji /„ — Jj,*, it follows that 7^, must also have r — 1 roots 
equal to p^. 

On the whole we conclude that if Lagrang^s determinant have 
r equal roots, then every first minor has r — 1 roots equal to each of 
these. In the same way it follows from this, that every second 
minor has r — 2 roots equal to each of these, and so on. 
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.; &L This theorem will often enable nt to d^eot the presence of equal roots In 
Iiagrange's determinant. We eqoatt any minor to zero and thns obtain an 
equation to findi)^, which is sometiroifwi of a v^y simple form, 
Bnppose lor eiample the sjstem had tvo eo-ordinates, ao thai 

If we form Lagrange^f determinant, we see that the minors cannot be zero unless 
^ii/^ii=^i3/^i2^^W'^s3>^<^ ^^ these ratios being equal to -j^. Unless there- 
fore these conditions be satisfied there cannot be two equal roots. 

63. The equation used in solid geometry to determine the lengths of the axes 
of a conicoid is an equation of Lagrange*s form. As a consequence of this theorem, 
the usual conditions for a suif ace of reyolution follow at once by equating each of 
ibe minors to zero. 

64. Tlie Bovdored Petwrmfnant. Let us now border Lagrange*s determinant 
witii any arbitrary quantities /, ^, h, (fee, so that we obtain tiie determinantal 
equation 



A'= 



=0. 



/ 9 f^ 

Begarding this as a function of jp^, we see that its degree is one less than that of A. 
We shall now consider how the roots of this equation are connected with those of 
Lagrange's. 

If we remove the zero in the comer of A' and write op'+c in its place, where a 
and e are any quantities however smcbll, we obtain another €quati<m which is of 
Lagrange's form but one degree higher than A. The expression for 2r from which 
this new equation is derived is the same as the form^ with the addition of the 
term axf^ where x is some new variable. If then a be positive, we may apply tiie 
tiieorem proved in Art. 58 to this new determinant. Call this new determinant I)\ 
then the roots of D' are all real and are separated by those of the first minor of any 
constituent in the leading diagonal. But the determinant A is the min(Hr of the 
last constituent in that diagonal. The roots of D' are therefore all real and are 
separated by those of A. If we put a and e both infinitely small, two roots of 
the equation iy=0 are each infinite, and the other roots may be made to ap- 
proximate as closely as we please to those of A'=0. Hence we inUx that whatever 
the quantities f, g, ^c. may he, the roots of the determinantal equation A'=0 are 
real and separate or lie between those o/ A=0. 

65. The original determinant A has n columns and n rows. The determinant 
A' has been derived from A by bordering it with n arbitrary quantities forming a 
new column and a new row with zero in the comer. In the same way we may 
border the determinant A' with a new set of n arbitrary quantities /', ^r', Ac, filling 
up the vacant spaces near the comer with zeros. Thus we obtain a new deter- 
minant with four zeros in the comer, which we may call A". This determinant is 
of one degree less than A' and its roots are aU real and separate those of A'. 

66. Lastly let us form the series of n+1 determinants A, A', A'', Ac, termi- 
nating with a constant. Each determinant is derived from the one before by 
bordering it with n arbitrary quantities with zeros near the comer, so that the 
determinants are all symmetrical. Proceeding as in Art 64,^e may regard this 
set of determinants as the limiting cases of other determinants which are all of 
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Lagrange's form, bat of degrees saeeessiYely higher than A. The last of these, 
being in the limit a eonstant, will have all its roots infinitely great. Prefixing to 
this second set of determinants the set formed (as described in Art. 58) by catting 
off rows and colamns^ we have a complete series of determinants separated into 
two sets by the detenninant A. Th^ begin with anity and terminate with a deter- 
minant whose roots (in the limit) are all infinitely large. It follows by the theorem in 
Art. 58 that in passing firom ^sza to p'=/3 no Yariation of sign can bd lost in the 
complete series becaase no root of the last determinant can lie between the finite 
quantities a and /3. Bat if k roots of the determinant A lie between these limits;, 
K variations of sign most be lost in the first set of determinants. Hence as many 
variations of sign are gained in the second set of determinants as are lost in the 
first set. Somming ap we infer that a* p* poMtB from ]p*=^ato p'=/3, if k varia^ 
tions of sign are gained in the series A, A', A", Ao. there are exactly k roote of the 
equation A^O between these limits, 

67. Ex. 1. In the theorem of Art 64 show withoat patting d=0 that the 
roots of A' separate or lie between those of A. 

Ex. 2. In the theorem of Art. 66 show that if variations of sign are lost as p* 
passes from p^=:aiop^=p, then a is greater than p. 

Ex. 8. If the system be referred to principal co-ordinates, show that the deter- 
minantal eqaations A'=sO| A"=0 may be written in the form 

68. ZnTavlanta of the Biratem. In order to determine the valaes of p^ it will 
often be necessary to expand the determinant When there are only a few co- 
ordinates this can be done withoat difficulty. In other cases we may use Taylor's 
theorem. Let A be the discriminant of T and let n represent the operation 

Then Lagrange's determinant becomes when expanded 

Ap»*+n(A)p2»-« + n«(A)^!^+ ... =0. 

If A' be the discriminant of U and II' represent the operation n when the letters 
A and C are interchanged, we may write the equation in the form 

A'+n'(A')i)«+n'«(A')^+ ... =0. 

When there are only three co-ordinates we may adopt the notation used in the 
chapter on Invariants in Pr Salmon's Conies. 

69. It is sometimes convenient to change the co-ordinates from 0, ^, &o. to 
others x, y, &o, connected by linear relations. Let these be 

e = liX+ljf-\-l^+ ... 
tp=niiX+fn^+fn^z+ . 
&c. =<&o« 

In whatever manner this is done it is dear that the equation giving the times of 
oscillation must be the same. The ratios of the coefficients of the several powers of 
p* are therefore invariable. Let /i be the determinant of transformation, i.e. the 
determinant whose rows are the coefficients of Xy y, 2, <&c. in the equations of 
transformation just written down. Then by a known theorem in determinants the 
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discrimiiiant A is changed into ju'A. Henoe all the other cpeffioientB are altered in 
the same ratio. The coefficients A, II (A), &c. are therefore caUed the invarianU of 
the system. The sign of each of these^and the ratio of any two, are unaltered by any 
transformation of co-ordinates, 

70. Ex. 1. If a system be in equilibrium, show that the equilibrium will be 
stable if - n (A), D' (A), - IP (A), (fee. be all positive. 

We notice (1) that A is necessarily positive (2) since the roots of Lagrange's 
equation are all real, these are the conditions given by Descartes* theorem that the 
roots should be all positive. 

Ex. 2. The same dynamical system can oscillate about the same position of 
equilibrium under two different sets of forces. If /)^, p^, &c., tr^, 0*3, &o. be the 
periods of oscillation when the two sets act separately, R^f R^* ^^ ^® periods when 

they act together, prove that S^+S-^=S^. 

This follows from the fact that n (A) contains Cn, <ftc. only in their first powers. 

Ex. 3. Two different systems of bodies when acted on by the same set of forces 
oscillate in periods pi, p^i &c., o-^, 0-3, &c. If Ri, R2, &c. be the periods when they 
are both acted on by this set of forces, prove that Dp^ + 2a^ = 2M 

71. Ex. 1. . Let T and U be given in their simplest forms, i. e. referred to 
principal co-ordinates, and let these be 

2(ir-C^o)=<^^ + C20'+ ... 
It is required to transform these to general co-ordinates by using the formulie of 
Art. 69, and thence to construct the general form of Lagrange's determinant. For 
the sake of brevity let ^^^Ojjp^+Ci, B^^a^'^ + c^, <&o., let there be k of these. 
Also let I{li), J(y , (fto. be the minors of Z^, l^, Ac, in the determinant of transforma- 
tion, called fi in Art. 69. Then show (1) that Lagrange's determinant is equal to 
fi^B^B^ ...£«, (2) that the minor of the leading constituent of Lagrange's determi- 
nant is equal to {I {l^)\^Bg^B^ ... Bk + {I Ml^B^B^ ... Bk + ..., (3) that Lagrange's 
determinant when bordered with /, g, h, (fee. with zero in the vacant comer is 
equal to 



n^n^n^ ., 



* £3^3 . . . Bk - 



f g h ... 



B^B^ ... Bk "■ ••• 



Ex. 2. Deduce from the analytical results of the last article that if T and U 
be any expressions which can be derived by a real linear transformation from the 
forms 2r=»ai^*+aa0'2+ ... 

2 (U" Uq)= Ci^« + Ca^' + ... 
where thea's and the c's have any signs, then (1) the roots of Lagrange's determinant 
are all real, (2) that they will be separated by those of any leading minor, and (3) 
that they will also be separated by those of the bordered determinant. 



Energy of an Oscillating System. 

72. A system is referred to its principal co-ordinates, it is 
required to find its kinetic and potential energies. 
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Let the coordinates be ^, i;, &c so tiiat the vis viva 2 Tmd force 
function U are given by 

2(D--i7-^«-i),r-p.v-..-r 

Then by Lagrange's equations Art. 56, we have 

f = JJsin (pj<+ Bj), 17 « -Fsin {pj; + «J, &c 

Substituting these in the expressions for Tand 27 just written down, 

we find 

2r«p,* E" cos* (p^t + aj +p* F" cos* (pjt + a,) + &c., 

2 ( f^o - '^) =l>i*^ sin» (p,^ + «,) +;)/Jf' sin* (p,< + O + Ac- 
Here 7 is the kinetic energy of the system and when the 
position of equilibrium is the position of reference, U^— Uis the 
potential energy. 

From these expressions we infer that the whole energy of a 
system oedllating abovi a position of equilibrium is the sum of the 
energies of its principal oscillations. 

73. Mean kinetic and Potential energies. The mean 

value of £*cos*(p^ + a) with regard to time from t^O to ^«^ is 

^ ft 

— I cos' (pt + a) dt, which after integration reduces to J^ when t 
t Jo 

is very great. The mean value of JE* sin* (p^ -f a) is of course the 

same. We therefore infer that the mean kinetic energy of a system 

oscillating about a position of equilibrium is equal to the mean 

potential energy ^ the mean bemg taken for a long period and the 

position of equilibrium being the position of reference. Thus the 

energy of the system is on the whole equally distributed into 

kinetic and potential enerp^es. Sometimes one has an excess and 

sometimes the other, but m any long time their shares are equal. 

74. Energy of any ssrstem. To find the energy of a system^ 
oscillating about a position of equilibrium referred to any co-ordinates. 

Let the general co-ordinates be d, if>, &c. so that the kinetic 
energy 2^ and the potential energy JT"^— f7are given by 

2(C7- U,) = C,,e^+2GJ<I>^ ... r 

We have just proved that the whole energy is the sum of the 
energies of the principal oscillations. Let us therefore find the 
whole energy of that principal oscillation whose type (Art. 55) is 

j^ = -^ = &c. = sin (;>,< + a,). 

where M^ = Lj', (p,»), N, = V12 (Pi^) Ac- 

Substituting in the expression for T we find 

27= [A,^ M,' + 2A^, M^N^ + • • •] Pi' sin^ {p^t + aj. 
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Let us indicate by tlie symbol T. the result of substituting for 
&^\ &c. in T the eoeflScients Jf^, ivj, &c. of the column in Art 53 
which represents the principal oscillation whose type is sin (p,< + aj. 
Then T^ will indicate the result of substituting JIf,, N^ &c. and so 
on. We see therefore that the whole kinetic energy of tne system is 

2>i*cos»(p,* + a^) + 3;i),*cos»(p,< + flO+Ac. 

If JL, U^, &c. indicate the results of thiB same substitutions in 
£^— ^©> we find that the potential energy of the system is 

= - C7, sin" (Pj« + ttj) - U^ ain» (p^ + «,) -&c. 

If we compare the ex{Hressions for the kinetic and potential 
energies of a principal oscillation obtained in Art. 72, we see that 
the coefficients of the trigonometrical terms are equal. We there^ 
fore infer that 

Adding together the two expressions for the kinetic and poten^ 
tial energies we find that the whole energy is represenied by 

Tj>t'+T,p,'+ 

75. We may also deduce the equation Tj>* + IT, «=0 from the 
equations given in Art. 50 to find M, -BT, &c. If we multiply these 
by M,N, &c. respectively (omitting the two last) and add the 
results, we obviously have 

{A^^M' + 2A^^MN+ . . .) p* + {G,,]iP + 2 G,,MN+ . . .) = 0, 

which is the result to be proved when written at length. 



Effect of changes in the system. 

76. BfliMt of an tnanmam of Inortia. Bnpposing the sjertem to be osefllatmg 
about its position of equilibrium nnder a given set of forces, it is reqtiired to find 
the effect of increasing the inertia of any part of the system mthont altering the 

forces. 

Let 2r«Jii*^+2Jj3r^'+...) ^ 

2(l7-l7o) = Cu^+2Ci,(?0+... J ^ ' 

where the A^n and (Ts ue all given by the ^sonditions of the question. Soppoee we 
add on to 2T the quantity 

it is required to find the change in the periods of oscillation. 

Let us change the co-ordinate $ by writing 0i=0-\-b^-^&Cf then eliminating $ 
we find that T and U take the forms 

2 (17- l^o)- Cu^i«+2CiA0+ ...) ^^' 

where A'j^ <&c., C^ &o. are the coefficients as altered by the change of variables. 
The periods are now given by the detenninant 

Mu+/t)p»+Cii, ii'MP*+C'ia,&c. =0. 

If we put ;it=0, this equation gives the periods before the increase of inertia. 
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We write this in the form/(|>')sO. Let I be the minor of the leading constitiifiDt 
in the detenninant. Then the equation to find the altered periods is 

«=/(i>«)+MP»I=0, 
We notioe that I is independent of fi so that ii enters into the equation only in the 
first power. 

Let the roots of / (jp') =0 be Pi*, jpt't ^o., and the roots of 1=0 be qi\ g,*, Ac., 
both series being arranged in desoending order of magnitttde. The roots of 1*0 
separate those of f{p^ = by Art. 58 henoe the terms of the series pi\ q^^, p^\ qf, &e, 
are arranged in descending order. The case in which some of these quantities are 
equal may be regarded as the limit of the case in which th^ are all different^ 
however small those differences may be. 

In order to discoter how the roots of the equation tt=:0 have been altered by the 
introduction of ;<, we put p* in succession equal to Pi\ p^\ Ac. We see that u takes 
the sign of I and is therefore alternately positive and negative^ beginning with a 
positive value. Thus all the roots have been deereated*. 

But putting J}* in succession equal to g^'* 99'* ^^'t v® ^ee that u takes the sign of 
/ {p*) which is independent of /i. These signs are therefore the same as before the 
introduction of ^ Thtu the roott eonUnue to he separated by the roots of 1=0. 

Now I is the minor of the leading constituent in Lagrange's determinant, that is 
1=0 is the equation which gives the periods when we introduce into the system 
the constraint (?i=0. Hence we infer that though all the values of jp* are decreased 
hy an increase pi to the inertia of any part of the system, yet no increase however great 
can so reduce them that any one passes tlie corresponding value obtained by absolutely 
fixing the part whose inertia was increased. 

It immediately follows that if any of the periods of the system are common to 
the system before and after fixing the part under consideration, those periods will 
not be altered by the addition to the inertia. 

77. Ex. 1. Suppose all the periods of oscillation of a system to l)e known and 
let them be indicated as usual by the values of jp. Let these be p^, p^, &e. Suppose 
all the periods to be also known .when some particular mode of motion is 
prevented and let the- corresponding values of p be q^, q^ Ao, When the constraint 
is partly loosened, i.e. when the system is allowed to move in the particular manner 
formerly restricted but with more inertia than when free, show that the periods are 
given by the equation (p' -Pi*) (p* -p^) &o. + Jfp* (p' - q^^) (p* - q^*) &o. =0, where 
ilf is a quantity proportional to the mass added on to increase the inertia. 

Ex. 2. Let the system be referred to any co-ordinates 0, 0, Ae. , and let the inertia 

be increased by the addition of /i (a^+&0'+ ...)'• Let A be the discriminant of T 

before the addition to the inertia, and A' the same discriminant when bordered in 

the usual symmetrical manner by a, b, <&c. with zero in the comer. Prove that the 

A' 
quantity M in Ex. (1) is given by M= -/* -r • 

78. Bffect of introducing a eonstraint. Supposing a system to be oscillating 
about a position of equilibrium with any number of independent co-ordinates ^, 0, <fec., 
it is required to find the effect on the periods of introducing a geometrical relation 
between the co-ordinates. 

* Lord Bayleigh shows in his Theory of Sound, Vol. i., Art. 88, that any indefinitely 
small increment of mass is attended by a prolongation of all the natural periods or 
at any rate that no period is diminished. Thence by integration a similar theorem 
is true for any finite increment. 
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. Let tills geometrical relation be /(^, 0,...)=O, then since the systefa is in 
eqoilibriam for displacements represented by any values of 6, 0, Sao,, the coefficients 
of the first powers of 0, 0, &o. in the expansion of XJ will be zero. We may therefore 
(Art. 61) write this equation in the form/ ((?, 0...)=a^+60+ ... =0. 

■We now use the method of indeterminate multipliers as already explained in 
Art. 48. We write down the equations of oscillation as if there were no geometrical 
constraint and then add to .their right-hand sides \dfldd and \dfld4, &c. In our 
ease these additions are simply Xa and X&, &q. The new determinant found by 
eliminating (?, 0, <&o. and the additional unknown quantity X will be the same as 
Lagrange's determinant bordered by a, h, &o. We thus have 

^uP' + Cu, A^p^+C^2 « =0. 

&c. <fec. b 

a b 

This equation will give the periods after introducing the geometrical relation 
between the formerly independent co-ordinates of the system. 

The properties of this determinant have been discussed in Art 64. We see that 
the system will have one principal oscillation fewer than it had before, and the 
periods of these principal oscillations will lie between or separate the periods of its 
former oscillations. 

79. Ex. 1. Two independent systems whose principal co-ordinates are re- 
spectively (^, 0) and ((, 1;) vibrate in different periods. If they are connected by 
introducing a geometrical relation which may be represented by a^+50+a{+/3i|=O, 
show that the periods of the connected system are given by 

a« 6« tt« y 

where {p^ p^) (ti, xj) are the values of p for the two disconnected systems. 

Ex. 2. Two independent systems referred to any co-ordinates {$, ^) (^, 1;) are 
connected together so that the co-ordinates </> and { are made equal. If the letters 
have the meaning given in Art. 48 unaccented letters referring to the* first and 
accented letters to the second, show that the periods are given by 



UiiP' + C'u) 
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Composition and Analysis of OscUlations. 

80. The position of a system being defined by several co- 
ordinates X, y, &c. the oscillations of that system will be generally 
given by equations of the form 

a? = Jfj sin (p^t + i/J-f- jY, sin (pjt + 1/,) + &c. 

with similar expressions for y, z, &c. 

In order to obtain a clear insight into the changes of the motion 
indicated by these series it will sometimes be necessary to combine 
these separate oscillations or to find some simple geometrical 
methods of representing these terms which may enable us to realize 
the nature of the motion. 

To obtain a geometrical representation we use a representative, 
point whose co-ordinates whether Cartesian or polar are made to 
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depend in some convenient manner on the co-ordinates x,y,Zf &c. 
The motion of this representative point will then exhibit to the 
eye the motion of the system. 

81. Oommeiirarable Perlodii. Suppose for example we 
wish to trace a motion represented hj a^ N Anpt^- N mk2fft, 
the coefficients beine equal in magnitude. Choosing Cartesian 
co-ordinates we may let the abscissa of a point P represent on any 
scale the time elapsed since some epoch, and let the ordinate 
represent the value of x. There will be no difficulty in tracing the 
two curves x^^N Bmpt and x^ = iVsin 2pe. Let these be the two 
dotted lines. We obtain the required curve by adding the ordi- 
nates corresponding to each abscissa. Let this be the continuous 
line. 




In the figure the axis of the abscissae is not drawn. It clearly 
joins the two extreme points on the right and left-hand sides. 

We see firom a simple inspection of the figure that the motion 
consists of a violent oscillation to each side of the mean position 
followed by a very slight one and so on alternately. This figure 
resembles that used in Astronomy to trace the changes in the 
magnitude of the equation of time throughout the year. 

82. Ex. 1. Show that the motion represented by x = ^ sin |)t + iV* sin 3pf consists 
of two large oscillations to one side of the mean position followed by two equally large 
ones to the other side, and so on continually. 

Ex. 2. Trace the motion represented by ars ^ sin 2pt + N lin 3p«» and point 6nt 
the dtfletenee between the two parts of the large oscillation. 

S8b When we combine together an infinite number of eomimeMwaXile oseilUxtiont 
we obtain some interesting results by the use of Fourier's theorem. Thus» if we 
examine the motion indicated by the series y=N ainpt - \N sin 2|)t + IN^ sin 3pt - <fec. 
it is evident that the representatiye point has an oscillatoiy motion whose period is 
the same as that of the first term. This series is shown in treatises on the Integral 
Calculus to be the expansion according to Fourier's theorem of \Npt between the 
liznits ^t= - T to pf r=T. Betuming to the motion indicated by the series, we see 
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tliat y increases nniformly from ~ ^-wN to ^N during the time 2x/p, and then sud- 
denly or rapidly ebanges to - ^tN, to repeat again its gradnal increase daring the 
next OBcillati(m. 

As the series is oonyergent it will nsoally be sufficient to consider the motion as 
represented by a limited number of terms. The expression for y is thus rendered 
perfectly continuous. 

84. Ex. Examine the motion represented by the series 

y = iV^ sin 2>t -I- ^N sin Spt + i^ sin 52rt + &c., 
show that the representative point rapidly changes from one side of its mean position 
to the other, remaining stationary for half the period of the first term in each of 
these extreme positions. 

85. Analysis of Oscillations. When the position of a 
system is indicated by the sum of a number of oscillatory terms 
whose periods are commensurable it is clear that the motion con- 
tinually repeats itself at a constant interval. This interval is the 
least common multiple of the periods of the several oscillatory 
terms. Thus this compound oscillation resembles a principal 
oscillation at least in one important feature. See Art. 53. Snob 
a compound oscillation might even be used as a new kind of 
simple or principal oscillation by the help of which more compli- 
cated oscillations of the system might be analyzed. 

We are thus led to perceive that the single trigonometrical 
oscillation is not the only one by which we may analyze a compli- 
cated motion. We may sometimes find it advantageous to combine 
many of these oscillations into larger units to obtain any clear 
idea of the motion. This may even prove to be a necessity when 
the number of coexistent oscillations is infinite. 

86. Analysis by Waves. When the surface of still water 
is disturbed by throwing a stone into it, or when a piano string 
or a drum head is struck at some one point, the parts of the system 
remote from the impact do not begin to move at once, but appear 
to wait until the effects of the impulse has reached them. In 
other words, the motion appears to diveige from the centre of 
disturbance in the form of waves. These waves may be taken as 
new simple oscillations. The convenience of this new elementary 
motion is evident, for if several disturbances are ^ven to different 
parts of the medium each will produce a wave and the actual 
motion at any point is the resultant of all these waves. 

87. The following ilhistration will pnt this theory in a clearer light. Let AOB 
he a tight string, such as a piano string, whose extremities A and B are fixed and 
whose length AB=i2iri, and let this string he vihrating transversely about its mean 
position AB, Since the deviation of each particle from its position of equilibrium 
will require a s^Mrate co-ordinate to express its value, it is clear that the string has 
an infinite number of co-ordinates. Hence, by Lagrange's rule, the deviation of each 
particle will be expressed by an infinite number of trigonometrical tenns. Let y re- 
present the deviation &om the straight line AB of the particle whose distance from 
the middle- point O \& x. Let the part of the string, viz. EOF, bounded by ar= -> e 
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and «s + e be plaoked aside and arranged so as to form the curve 9 =/{»), the rest of 
the string being undisturbed, and let the whole string start from rest. By Fourier's 
theorem we may represent this initial state of the string by an equation whieh may 
sometimes be written in the form 

y=2|^iBin|+2^,Bin2* + 2fg8in8|+Ac.| (1). 

It will be shown in another chapter that the motion of the string at the time t is 
given by y = 2|2^i8in^oos|)e+2ira8in2 jOos2pt+ftc.| (2), 

where i» is a constant which depends on the nature of the string. 

Since the particles of the string are oscillating about their positions of eqaSibrinm, 
their motions may be resolved into Lsgrangian oscillations which of oomrse are re- 
pitgsented by the several terms of this series. Taking any one periodical term by 
itself (say the one containing cos xpe) we see that all the characteristics of a principal 
oscillation are satisfied. Thus the displacement of any one particle (defined by x=Xj) 
bears a ratio to the displacement of any other (defined hj x=x^ which is eqnal to 

sin -y^ / sin -T^ , and is therefore constant throughout the motion. Art. 53« In 

other words the phases of the oscillations of all the particles are the same. 
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Bat if we recur to the expression (2) and examine how the string appears to 
move, we find something very different. If we trace the curve 

y=2/iBin|+^,8iny+&o (3) 

we find it represented in. the accompanying figure. We have 2f =0 for all values of x 
except those which lie between x=2ilwJoe where i is any integer; between these 
limits we have y=if(x). Since 2irl is the length of the string, x is practically limited 
to lie between 0^ =% - ir2 and OB=^vL This portion is represented by the thick line, 
while the dotted line exhibits the form of the curve for all values of x and should of 
course be continued to infinity on both the right and left-hand sides. 

Comparing equations (1) and (8) we see that the form of the string at the time 
t=0 is represented by the portion of this curve between A and B, the ordinates being 
doubled. To discover the motion at the time t, we write the equation (2) in the form 

y=ZNK sin k (j+pA +227;t sin k {j'pA • 

The first of these series may be derived from (3) by writing x -f Ipt for x. This may 
be represented- by moving the curve towards the left a distance equal to Iptt the 
origin being fixed. Thus the disturbance EF travels towards the end A of the 
string and passes off, a new disturbance E'F entering the string at B. The second 
series may be represented by moving an equal and similar curve to the right of O 
through a distance equal to IpL The sum of the ordinates of these two curves re- 
presents the displacement at the time t of that particle of the string whose position 
in equilibrium is the foot of the ordinate. 

Thus tbe original single disturbance has separated into two disturbances, one of 
which travels to the right and the other to the left. Each travels without change 
of form and with uniform velocity. This wave-like motion may be treated aa a 
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simple motion, by means of which ^e may oonstnict other more complicated wave- 
motions. In this new simple oscillation all the particles have the same period, but 
ihey are not all in the same phase. One particle is at the crest of the wave at the 
same instant that another is in the hollow. 

The case in which the particles of the string have any initial velocities may be 
treated in the same way. If the elements bounded by j; = - e and x^^e have an initial 
velocity represented by/(^), the rest of the string being undisturbed, we obtain y by 
simply writing dyldt for y in equation (1) and integrating the result. If the elements 
be both displaced from their initial position and have initial velocities, we merely 
add the two separate values of y, 

88. Composition of oscillationB of nearly equal periods. 

Trace the motion represented 6y x = N sin (pt + v^) + N^ sin (qt -f v^), 
where N^ and N^ are loth positive and p and q are nearly equal. 

In the first place, consider any time at which pt + 1f^8iud qt + v^ 
differ from each other by au even multiple of tt. At this instant 
the two trigonometrical terms have the same sign, and, since p and q 
are nearly equal, they will increase and decrease together for several 
oscillations, how many will depend on the nearness of p and q to 
each other. The value of x will therefore vary between the limits 
± (A^j + N^, Next consider any time at which pt + v^ and qt-\-v^ 
differ by an odd multiple of 7r. The two trigonometrical terms 
have opposite signs and will continue to have opposite signs for 
several oscillations. The value of x will therefore vary between 
the limits ± {N^^N^, We see that the motion of that part of 
the dynamical system which depends on the co-ordinate x under- 
goes a periodic change of character. At one time, this part of the 
system is oscillating with an arc N^-\- N^, after an interval equal 
to irUp^ q), the arc of oscillation is N^ — JT,. If N^ and N^ are 
nearly equaJ, this last may be so small, that the motion is invisible 
to the eye. Thiis there will be alternate periods of comparative 
activity and rest. This alternation is sometimes called heats, 

89. Transference of Oscillations. When a system has 
two degrees of freedom, two co-ordinates x and y will be necessary 
to determine its position in space. Suppose the oscillation of x 
to be given by exactly the same expression as before, w'hile that 
of y is the same with the opposite sign given to N^, Let us also 
suppose that N^ and N^ are nearly equal. Each of these CO7 
ordinates will have alternate periods of comparative rest and 
comparative activity. But the period of rest in, one will syn- 
chronise with the period of activity in the other co-ordinate. If 
now the visible motion of one part of the system depend on a? 
and the visible motion of another on y, these parts will be ipi 
alternate rest and oscillation.^ , Thus there will appear tp he a 
transference of energy from one part of the system to another and 
bach again^ 

B. D. II. 4 
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90. This peooliarity of the remltant of two oscillations of nearly equal periods 
renders it important to determine when two roots of Lagrange*8 determinant are 
nearly equal* This point howerer has been practically discussed in Art. 62« It is 
there shown that when two roots are equal cTery first minor must be zero. If two 
roots are nearly equal, it follows from the principle of continuity that every minor 
is nearly equal to zero. By equating to zero some minor whose roots may be found 
as in Art. 62, we obtain some quantities which must be nearly equal to the roots 
sought, if any such exist. To settle this last point we substitute these quantities 
in turn in Lagrange's determinant and in the other minors. If all these nearly 
yanish for any one of these substitutions there will be nearly equal roots in 
Lagrange's determinant and these will be nearly eqdal to the quantity substituted. 

91. Compotition of Oicillationa of very unequal periods. 

Trace the motion represented by x = Nj8in(pt+i'i) + N,8m(qt + i',) 
where K^ and N^ are both positive and p is small compared with q. 

In this case ^ + 1', increases by 27r, while pt + v^ alters only by 
iirp/q, so that tne second trigonometrical term goes through all 
its changes while the first is only very slightly altered. The 
system will therefore appear to oscillate about a mean position 
determined by the instantaneous value of the first trigonometrical 
term. Thus tiie oscillations will appear to be simply harmonic 
with a period 27r/q and an extent of oscillation equal to N,. At 
the same time the apparent mean position mil travel slowly first to 
one side and then to the other of the real msan in the comparatively 
long period 27r/p. 

92< Besntteat Oaoillatloii. We may compound any number of 68cillationfi 
represented by the terms of the series 

a:=2^l8in(pi« + i'i)+^3 8in(2J2*+>'j)+&c (1) 

in the following manner. 

Let n be a quantity to be chosen at our convenience, and let ^^ = n + ^i, jpa = n + q^, (fee 
Suppose the resultant oscillation to be represented by 

ar=JRBiQ(nt + p) (2), 

then we have i2 cos p = 2^ cos (qt + v) \ . 

iJ sin p=2-y sin (gt + 1^)1 •....(*>;» 

whence H and p may be found without difOiculty. 

93. This method of compounding oscillations is of great advantage when their 
periods are equal. In this case all the p*B are equal, and by choosing n=p we have 
all the q^B equal to zero. We thus replace the series (1) by the simple harmonic 
form (2) in which R and p are absolute constants. 

If the periods are nearly equals we can choose n so that all the g^s are smaU. The 
values of the elements JR and p will now vary, but only slowly. The resultant os^ 
cillation is therefore very nearly a harmonic one. The elements of the resultant 
oscillation, being found at any one moment, will be nearly constant for a considerable 
time, and their small changes all follow known laws* These laws are determined by 
equation (3). We may thus still obtain a clearer insight into the changes of the 
values of x by examining the single term (2) than the series (1). 

94. Cleometrleal Ooiurtmetton. We may represent any oscillation such as 
x=^'N^in.{pt^v) by a simple geometrical construction which is sometimes useful. 
From any origin draw a straight line OA whose length shall represent 2^ on any 



COMPOSITION OF OSCILLATIONS. 51 

scale we please, and let v be the inclination of OA to a straight line OL fixed in 
space. We may call OL the axis of reference. With centre and radins equal to OA 
describe a circle. If a particle P, starting from J, describe this circle with a uniform 
angular velocity equal to p it is clear that the distance of P from the axis of reference 
is equal to 2^ sin (pt+v). Thus, by the help of this circle, when the straight line OA 
is given, the whole oscillation is determined. We may therefore Jyy a straight line 
OA represent any harmonic oscillation. 

In this manner we may replace the oscillations to be compounded by a series 
of straight lines OA^^ OA^, Ac. The circles on OA^^ OA^t Ac. are to be described by 
points Pj, Pj, <&c., and the sum of their distances from the axis of reference is the 
quantity to be represented by the resultant oscillation. Let us also for the sake 
of simplicity, suppose that the periods are all equal, so that the 9*s in equations (3) 
are all zero. 

Let OB represent the resultant of OA-^ OA2, <&c. found by the "parallelogram 
law," i.e. found as if OA^, OA^t &c, were forces to be compounded as in statics. 
Then by interpretation of equations (3) we see that OB will represent the resultant 
oscillation. 

We may therefore find the resultant of any number of oscillations in the same co- 
ordinate, if of equal periods^ by a geometrical construction. Representing each 
os&illation by a straight line, the resultant is found by compounding these straight 
lines according to the ** parallelogram law,*^ 
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CHAPTER III. 



OSCILLATIONS ABOUT A STATE OP MOTION. 



Tlie Energy Test of Stability. 

95. It has been proved in Vol. I. that when we know one 
first integral of the equations of motion of a system disturbed 
from a position of equilibrium, such as the equation of energy^ 
we may sometimes from that one integral determine whether the 
position of equilibrium is stable or not. Thus when the potential 
energy is a minimum in the position of equilibrium, it immediately 
follows from the equation of vis viva thai the position of equili- 
brium is stable. But when the potential energy is not a minimum, 
the equation of vis viva alone is not sufficient to determine 
whether the equilibrium is stable or unstable. But by taking 
into consideration the other equations of motion this position of 
equilibrium is proved to be unstable. 

We may apply an " energy test " of stability to a given state 
of motion as well as to a given position of equilibrium, but with a 
similar limitation. When a certain function derived from such of 
the first integrals as we may happen to know is an absolute mini- 
mum or maximum we may be able to prove that the system 
cannot depart far from the given state of motion. But when that 
function is neither a maximum nor a minimum we only infer that 
there is apparently nothing in these equations to restrict the 
deviations of the system. To determine this point we must 
examine the equations we already have more minutely or we must 
discover the remaining equations of motion. This latter part of 
the question will therefore be postponed until we discuss the 
oscillations about a state of motion. Meantime we shall consider 
the ** energy test" with a view to determine how far it can be 
made to decide the question of stability. 

96. Stability of a State of Motion. Let a dynamical 
system be in motion in any mxinner under a conservative system 
of forces, and let E be its energy. Then E is a known function 
of the co-ordinates 0, ff>, &c, and their first, differential coefficients 
&y <f>\ (be. : this is constant and equal to h for the given motion. 
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Suppose that eitiier some or all of the other Jirst tniegrals of the 
equations of motion are also knotim, let these be 

F,(5, ^,*c.) = C„ F, (5, ^, <tc.) = C„ *c. = cfra 

For the purposes of this proposition, let us regard 6 and ff, ^ and 
<{}', <kc. as independent variables, except so far as they are connected 
by the equations just written down. Then if ^ be an absolute maxi- 
mum, or an absolute minimum, for all variations of 0, ff, Ac. {those 
corresponding to the given mjotion making E constant), the motion is 
stable for all disturbances which do not alter the constants G^, 
Cj, Ac. 

Let as many of the letters as is possible be found from the first 
integrals in terms of the rest, and substituted in the expression 
for K Let y^, '^\ &c. be these remaining letters, then we have 

^=/(^, ^\ &c., C„ G„ &c.) = L 

Let the system be started in some manner slightly different firom 
that given, then the constant h is altered into h + Bh. First let E 
be a minimum along the given motion, then any change whatever 
of the letters yp^, ^', &c. increases E, and it follows that the dis- 
turbed motion cannot deviate so far from the given motion that 
the change in E becomes greater than Sh. Similarly, if ^ be an 
absolute maximum, the same result will follow. 

The same argument will apply to any first integral of the 
equations of motion, besides the energy integral. If any one of 
the functions F^, F^, &c., which contains all the letters, be an 
absolute maximum or minimum, then the motion is stable for 
all displacements which do not alter the constants of the other 
integrals used. 

97. When the system is (disturbed from a position of equilibrium 
which is defined, as in VoL I., by the vanishing of the co-ordinates 
9, ff>, &c., we have 

E = \A^,e^ + Aj^ff; + &c. - u, 

where A^^, A^^, &c. are all constants, and U is independent of 
ffyff>,&o. Here the terms which constitute the kinetic energy, 
being necessarily positive and vanishing with ff, <l>, &c., are evi- 
dently a minimum for all variations of 0\ <f>\ &c. We see, without 
the use of any other integrals, that if — Z7 be a minimum for all 
variations of 0y ^, &c., E will be an absolute minimum, and that 
therefore the equilibrium is stable. 

In what follows a similar result will be obtained when the 
system is disturbed from a state of steady motion. It will be 
shewn that when a function represented by ^— CT is a minimum 
under certain conditions this state of steady motion is stable 
under the same conditions. The function F of course reduces to 
^ero when the state of motion reduces to a state of rest. 

98. To And a steady motton. It often happens that the motion whose 
stability is in-qnestion is a state of steady motion. This generally occurs when 
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some of the oo-ordinates are absent from the Lagrangian fonbtion though present 
in the form of velocities. Let us represent hj x,y, Ac. the co-ordinates which are 
absent from the Lagrangian function, and let (, iy, Ae, be the remaining co-ordinates. 
Thus the Lagrangian function L will be a function of f, f, % if, Ac, «', y\ Ac, but 
not of x^ y, Ao, The Lagrangian equations will therefore take the forma 

d dL dL ^ dL dL . 

where «, r, Ac. are constants introduced by integration. These equations will 
contain ^, ^, ^\ 17, V, V. *«•» ^ ^\ if y"> *«•» *»^ d<> **<>* contain ( explicitly. 
They may therefore be satisfied by putting a:'=a, y'=6, Ac., |sa, t^s/?, Ac, where 
a, &, Ac, a, /3, Ac. are constants to be determined by substituting in the equations. 
If B stand for any one of the co-ordinates, it is evident that dT\d9 and dT\d9 will 
both be constants after the substitution is made. Omitting the equations which 
contain u, v, Ac as they do not assist in finding the constants a, &, Ac, a, ^, Ac. 

we have the equations "^~^» T"~^' Ac=0 (1), 

where IraT+ U, OThus we have as many equations as there are co-ordinates $, ly, 
Ac directly present (i.e. not merely present as velocities) in the expressions for T 
and V, The quantities a, &, Ac are therefore undetermined except by the initial 
conditions, while a, ^, Ac may be found in terms of cr, 6, Ac by these equations. 
These equations may be conveniently remembered by the following rule. 

In the Lagrangian function which is the difference between the kinetic and 
potential energies, write for all the differential coefficients their assumed constant 
values in the steady motion, viz. x'=a, y'=b, Ac, f =0, V=0, Ac The Lagrangian 
function is now a function of the co-ordinates (, rf, Ac only. Differentiating this 
result partially with regard to each of these co-ordinates and equating the results to 
zero, we obtain the equations of steady motion, 

99. Stability of a staaAy motion. To determine if this motion is stable we 
use the method indicated in Art. 96. The equation of energy may be written in the 
form E = T-U:^h. 

Since T is not a function of the co-ordinates x, y, Ac. the Lagrangian equations 
for these co-ordinates lead as befoife to the integrals dTjdxf^u, dT/dy'—v, Ac, 
where u, v, Ac. are constants. By the help of these integrals we shall eliminate 
x', y\ Ac, and thus obtain £ as a function of the other co-ordinates. If E be an 
absolute maximum or minimum, this motion is stable for all disturbances whi<di do 
not alter the constants u, v, Ac There can be no difficulty in effecting the elimi- 
nation in any particular case, but we may perform the process once for alL The 
process is a repetition of that called Modification in Vol. i. 

To effect the elimination, let 

T=i{xx)x'^ + {x^)x'^' + &C (2), 

where the coefficients of the accented letters, viz. the quantities iu brackets, are 
all known functions of ^, 17, Ac, but not of x, y, Ac. The integrals may then be 
written in the form 

(a;a;)fl/ + (ry)y'+... = M-(«0?-(a;i7)»?'-Ac\ 

(ajy)«'+(yy)2/'+...=^-(y9f - (yi7)i/-Ac| (3)* 

Ac=Ac. 1 

For the^sake of brevity, let us call the right-hand sides of these equations u-X, 

v — Y, Ac. Since jT is a quadratic function of the accented letters, we may write 

it in the form 

r=i(Wr+(^i7)?V+Ac,+iaj'(w+:X) + Jy'(f;+r) + Ac 
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If we snbstitate in the terms after the first (fee; the values of sS, }f given by (3) 
we obtain the determinant 

(aa), {«y), Ac. 

(«y)» to)» <feo. 



2A 



0, 
tt-X, 

&0, 



where A is the discriminant of T, when ^^ tf^ (fro. have been pnt zero. If we change 
the signs of X, F, &a, this determinant is unaltered, hence when expanded such 
terms as uX, vX, (!^c. cannot occur. If therefore, we put 



' 2A 



t* V ,.. 
u (xx) (acy)... 



> » • » • • 



•w. 



and expand the first determinant, we have as the result of the elimination 

T=F+JBar*+Bijri7'+ (6). 

where the terms after F express some homogeneous quadratic function of f , 17', <&e. 
Now T is essentially positive for all values of as', ^^ <fec. and therefore for such 
as make u, t7, <j^c. all zero. Hence the quadratic .expression B^l^ + <fec. is a minimum 
when ^, V) <^<'* ft^ zero. If then the function F - U u a mimmum for all variations 
of ^, 71, &Q,f the tteady motion given hy (1) is stable for all disturbances wMeh do not 
alter the momenta u, v, Ao, 

100. When ^, V* <&<'• f'^^ P^t zero, the process indicated by the successive 
equations (2), (3), (4), (5) is exactly that described in Vol. i. as the Hanultonian 
method of forming the reciprocal function of T for the co-ordinates x, y, &o. We 
may therefore enunciate the rule in the following manner. 

Suppose a steady motion to be given 6y ^=0, 17'= 0, <jtc., x'=a, y'=b, <^c., so that 
the moTnenta u, v, <Jtc. with regard to x, y, &e, are constants. Form the reciprocal 
function of T tpith regard to x', /, o^c, putting zero for each of the letters f , rf\ dtc. 
Let F be this reciprocal function, and - U or V be the potential energy. Then if 
F-TJorF + Vt«a minimum for all variations of ^, 17, d^c. this steady motion is stable 
for all disturbances which do not alter the momenta u, v, dtc. 

When the reciprocal function F has been found, we may put the equations (1) 
which determine the steady motion into another form. The function F is the 
reciprocal of T with regard to xf, ^, &q., and ^, ij, &c. are merely other letters 
present during the process of transformation, hence as explained in Vol. i., we have 

dT dF 

-Tz^^-yz^ with similar equations for 1;, &c. The equations of steady motion (1) 
a^ a^ 



therefore become 



d{F-U) 

^^ d(F-V) 
du 



d(F~U) 



=0 



dri 
. d{F-V) 

' dv 



(6), 



where ¥ -V or 'F +Y is the energy expressed as a function of the momenta u, v, dtc. 
instead of x', /, dtc, the other accented letters ^', 17', &c. being put equal to zero either 
before or after the differentiation, 

101. ^paelal caM of Motloii. If the energy be a function of one only of the 
eo-ordinateSf though it is a function of the differential coefficients of all of them, we 
may show conversely that the steady motion will not be stable unless F~U m a 
minimum. 

Let ^ be this single co-ordinate, then following the same notation as before, we 
have by vis viva J Bn^^+F- 17=A. 
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Differentiating with regard to t, and treating B^ as constant because we shall 
neglect the square of ^, we obtain 

To find the oscillaticMi, let £=a+/), then by (6) we have 






where a is to be written for ^ after differentiation in the quantity in square 
brackets. The motion is clearly stable or unstable according as the coefficient of p 
is positive or negative, i.e. according as i^ - Z7 is a minimum or maximum. 

Further information on this subject will be found in the author's Essay on the 
Stability of Steady Motion, 1877. 

102. IbcamvlMi of siaiillitr of motion. Ex. 1. Let us consider the simple 
casejof a particle describing a circular orbit about a centre of attraction whose ac- 
celeration at a distance r is fir\ If ^ be the angle the radius vector r makes with 
the axis of a;, we have here a steady motion in which r'=0 and 0' is constant. Also 

»+l 
We notice that is absent from this expression, hence by the tule we eliminate 
0* also by the integral f^0'=h, where h is the constant called » in Art. 99. We 

havetiien ■E=Jr'«+J^ + ^ . 

Putting the remaining accented letters equal to zero according to the rule^ we 
have in steady motion 5ir~ "" i5 "*" t^^^f 

and since -^ = "ir + M'**'^ = a* (« + 3) f*"^ 

this steady motion is stable or unstable according as n+8 is positive or negative 
ior all disturbances which do not alter the angular momentum of the particle. 

Ex. 2. A top, two of whose principal moments at the vertex are equal, turns 
about its vertex under the action of gravity. If OC be the axis of unequal moment, 
and 0, 0, ^ the Eulerian angular co-ordinates of the body referred to a vertical axis 
measured upwards, we have (as in the chapter on vis viva, Vol. i.) 

2T=A (d'« + sin«^f 2) + C(0' + f cos 0)*^ 
U=- Mgh cos ^ + constant, 
where h is the distance of the centre of gravity from and ilf is the mass of the top. 
We have therefore the two integrals 0' + ^cos^=n and Cn cob 0-\^ A Bm^0\f/.;=m 
where n and m are two constants, the former representing the angular velocity of 
the top about its axis and the latter the angular momentum about the verticaL 
By eliminating tp' and ^' and making the energy E a minimum, show (1) that a 
state of. steady motion, with real values of the constants m and n, is given, by ^=9 
provided CW - AMghA cos a is positive. Show (2), by examining the sign of 
d^Eld0*y that this motion is stable. .Thus the axis of the top will describe a right 
cone of semi-angle a round the vertical through the point of support with an 
ftngular velocity given by the value of ^'. 

Ex. 3. A solid of revolution moves in steady motion on a smooth horizontal 
plane, so that the inclination of its axis to the vertical is constant. Prove that 
the angular velocity fi of the axis about the vertical is given by 

a Cn Mg <^_A 

'* Aqob0^ Afaii0QOQ.0 d0 ' 
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wliJere'z'ifl'the altitude of the centre of gravity above the horizontal plane, ft the 
angular velocity of the body about the axis, C, A and A the principal moments 
of inertia at the centre of gravity and M the mass. Find the least value of n which 
makes fi real and determine if the steady motion is stable. 



Examples of Oscillations about Steady Motion, 

103. The oscillations of a system about a state of steady 
motion may be found by methods analogous to those used in the 
oscillations about a position of equilibrium. Let the general equa- 
tions of motion of the bodies be formed by any of the methods 
already described. If any reactions enter into these equations it 
will be generally found advantageous to eliminate them. Let 
the co-ordinates ulsed in these equations to fix the positions of 
the bodies be called 0, (f>, &c. Suppose the motion, about which 
the oscillation is required, to be determined by d=f(t), 
4> = F{t), &c. We then substitute =^f{t) + x, ff} = F(t)-\-y, &c., 
in the equations of motion. The squares of x, y, &c. being neg- 
lected, we have certain linear equations to find x, y, &c. These 
equations can, however, seldom be solved unless we can make t 
disappear . explicitly from them. When this can be done the 
linear equations can be solved by the usual known methods, and 
the required oscillations are then found. 

In what follows we shall first illustrate the method just de- 
scribed by forming the equations in a few interesting cases from 
the beginning. We shall then generalize the process and obtain 
a determinantal equation analogous to that given by Lagrange for 
oscillations about a position of equilibrium. This equation will be 
adapted to all cases which lead to differential equations with 
constant coefficients. 

104. Theory of IXTatt** aoremor. To find the motion of the bcUU in WatVt 
Governor of the steam engine. 

The mode in which this works to modemte the flaotnations o| the engine is well 
known. A somewhat similar apparatus has been osed to regulate the motion of 
clocks, and in other cases where uniformity of motion is required. If there be any 
increase in the driving power of the engine, or any diminution of the load, so that 
the engine begins to move too fast,, the balls, by their increased centrifugal force, 
open outwards, and by means of a lever either out off the driving power or increase 
the load by a quantity proportional to the angle opened out. If on the other hand 
the engine goes too slow, the balls fall inward, and more driving power is called 
into action. In the case of the steam engine the lever is attached to the throttle- 
valve, and thus regulates the supply of steam. It is clear that a complete adapta- 
tion of the driving power to the load cannot take place instantaneously, but the 
machine will make a series of small oscillations about a mean state of steady 
potion. The problem to be considered may therefore be stated thus :^ 

Two equal rods OJ, OA', each of length 2, are connected with a vertical spindle 
by means of a hinge at which permits free motion in the vertical plane AOA', At 
A and A' are attached two balls, each of mass m. To represent the inertia of the 
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other partir of the engine we shall suppose a horizontal fly-wheel attached to the 
spindle, whose moment of inertia abont the spindle is J. When the machine is in 
uniform motion, the rods are inclined at some angle a to the vertical, and tnm 
round it with uniform angular Telocity n. If, owing to any disturbance of the 
motion, the rods have opened out to an angle d with the vertical, a force is called 
into play whose moment about the spindle is - /9 (^ -a). It is required to find the 
oscillations about the state of steady motion. 

Let be the angle the plane AOA' makes with some vertical plane fixed in 
space. The equation of angular momentum abont the spindle is 

|J(r+2m*>sin><?)g[=-/3((?-a) (1), 

where mft' is the moment of inertia of a rod and ball about a perpendicular to the 
rod through 0, the balls being regarded as indefinitely small heavy particles. The 
semi yis viva of the system is 



■=i'(s)**-i©'*-'(g)'i 



and the moment of the impressed forces on either rod and ball about a horizontal 
through perpendicular to the plane A OA' is idUldB=z - mgh sin 6, where h is the 
distance of the centre of gravity of a rod and ball from O. Hence by Lagrange's 
,. ddT dT dU , 

g.sin^cos^(gy«-?sin(? (2). 

where a has been written for Ji^lh, This equation might also have been obtained by 
taking the acceleration of either ball, treated as a particle, in a direction perpen* 
dicular to the rod in the plane in which 9 is measured. 

To find the steady motion we put ^^a, d<f>ldt=n, the second equation then gives 
n^eoBa=gla, To find the oscillations, we put 6=a+x,d^ldtBn+y, The two 
equations then become 

(1+ 2mk* Hin» o) ^ + 2mkH sin 2o ^ = - px] 



dT'X 



- n sin 2ay =(n^ cos 2tt - - cos a ) 



dt* 
To solve these equations, we must write them in the form 

(32 + n' sin2 o) « - n sin 2ay = ) 
where the symbol 8 stands for the operation djdt. Eliminating y by cross multi* 
plication we have 

The real root of this cubic equation is necessarily negative because the last term 
is positive. The other two roots are imaginary because the term 8^ has dis- 
appeared between two terms of like signs. Also the sum of the three roots being 
zero, the real parts of the two imaginary roots must be positive. Let these roots 

therefore be - 2p and p ± gV - 1. Then 

X = He-^ + K^ sin {qt + L), 
where H, K, L are three undetermined constants depending on the nature of the 
initial disturbance. Thus it appears that the oscillation is unstable. The balls 
will alternately approach and recede from the vertical spindle with increasing 
violence. 
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105. The defect of a goTerhor is therefore that it acts too quickly, and thas 
produces considerable oscillation of speed in the engine. If the engine is working 
too violently, the governor cuts off the steam, but owing to the inertia of the parts 
of the machinery, the engine does not immediately take up the proper speed. 
The consequence is that the balls continue to separate after they have reduced 
the supply of steam to the proper amount, and thus too much steam is cut off. 
Similar remarks apply when the balls are approaching each other, and a con- 
siderable oscillation is thereby produced. This of course is but an incomplete ex- 
planation, but that the oscillation thus produced is of considerable magnitude has 
been strictly proved in Art. 104. It will be presently shown that this fault may be 
very much modified by applying some resistance to the motion of the governor. 

In the same way when the motion of clock-work is regulated by centrifugal 
halls, it is found as a matter of observation that there is a strong tendency to 
irregularity. If the balls once receive in the slightest degree an elliptic motion, 
the resistance /3 (^ - a) by which the motion of the balls is regulated may tend to 
render the ellipse more and more elliptical. To coirect this some other resistance 
taaust be called into play. This resistance should be of such a character that it 
does not affect the circular motion and is only produced by the ellipticity of the 
movement. 

One method of effecting this has been suggested by Sir G. B. Aiiy. The elliptic 
motion of the balls may be made to cause a slider on the vertical spindle to rise 
and fall. If this be connected with a horizontal circular plate in a vertical 
cylinder of slightly greater radius, and filled with water, the slider may be made 
to move the plate up and down by its oscillations. Thus the slider may be 
subjected to a very great resistance, tending to diminish its oscillations, while its 
place of rest, as depending on statical, or slowly altering forces, is totally un- 
affected. Memoirs of the Astronomical Society of London, Vol. xx., 1851. 

The general effect of the water will be to produce a resistance varying as tbe 
Telocity, and may therefore be represented by a term - ydS/dt on the right hand of 
equation (2). The solution being continued as before, the cubic will now take the 
form 

If the roots of this cubic are real, they are all negative, and the value of x takes the 

form x=Ae-^+Be''f^+Ce''^, 

where -X, -Mt -f are the roots, and A,B, C hte three undetermined constants. 

If one root only is real, that root is negative, and if the other two hep^q n/-l the 

value of X takes the form 

X = He-'* + Kel^ sm {qt + L\ 

where H, K, L as before are undetermined constants. 

In order that the motion may be stable it is necessaiy that p should be negative. 
The analytical condition* of this is 



v(l+3co8'a+2^)>^,2cota. 



* If the roots of the cubic ai^ + hx^+cx-hd^sQ be x^sa^p^i-^l) and 7, we 
have-6/a=2a+7, c/a=27o-ha'+/3*, -d/a=(tt'+/i*)y, whence we easily deduce 
(be - ad)la^ a - 2a { (a + 7)* + /S* }; hence he-<id and a have always opposite signs. 
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If 7 be siifllciently great thlB condition may be satisfied. The nniformitj of 
motion of the rods round the vertical will then be disturbed by an O8oillati<»i whos6 
magnitude is continually decreasing and whose period is 2t/9. By properly choosing 
the magnitude of / when constructing the instrument, the period may sometimes 
be so arranged as to produce the least possible ill effect. If the period be made 
yery long the instrument will work smoothly. If it can be made very short there 
will be less deviation from circular motion. 

In this investigation no notice has been taken of the frictions at the hinge and 
at the mechanical appliances of the Governor, which may not be inoonsid^able. 
These in many cases tend to reduce the oscillation and keep it within bounds. 

106. In the case of Wattes Governor if any permanent change be made in the 
relation between the driving power and the load, the state of uniform motion which 
the engine will finally assume is different from that which it had before the change. 
Thus, when the engine is driving a given number of looms, let the rods OA, OA' of 
the Governor be inclined to each other at an angle 2a and be revolving about the 
vertical with an angular velocity n. If some large number of the looms is sud- 
denly disconnected from the engine, the balls will separate from each other, and the 
rods will become inclined at some other angle 2a'. In this case, if n' be the angular 
velocity about the vertical, n'^ oo^ a' =n^ eo^ a. The rate of the engine is therefore 
altered, it works quicker with a less load than with a greater. This is a great 
defect of Watt's Governor. For this reason it has been suggested that the term 
Governor is inappropriate, the instrument being in fact only a moderator of the 
fluctuations of the engine. 

This defect may be considerably decreased by the use of Huyghens* parabolic 
pendulum. In this instrument the centres of gravity A, A' of the balls are made to 
move along the arc of a parabola whose axis is the axis of revolution. Let AN be 
an ordinate of the parabola, AG the normal, then NG is constant and equal to Xr, 
where 2L is the latus rectum. Begarding the balls as particles, and neglecting th« 
inertia of the rods which connect them with the throttle valve, we see by the 
triangle of forces that the balls will rest in any positions on the parabola, if 
vflL=g^ where n is the angular velocity of the balls about the vertical through 0. 
I^ is also clear that when the angular velocity is not that given by this formula, the 
balls (unless placed at the vertex) must slide along the arc. Let us now consider 
how this modification of the governor affects the working of the engine. When the 
load is diminished the engine begins to quicken; the balls separate and the steam is 
cut off. It is clear that equilibrium will not be established until the quantity of 
steam admitted is just such as to cause the engine to move at exactly the same rate 
as before. 

Ex. Show that when the inertia of the rod and balls are taken account of, 
the centre of gravity of either ball and rod must be constrained to describe a 
parabola whose latus rectum is independent of the radius of the ball, if the 
Governor is to cause the engine always to move at a given rate. 

It should be mentioned that several other methods of avoiding this defect have 
been invented besides the parabolic pendulum. But any further description of these 
would be here out of place. 

107. The reader who may be interested in the subject of Governors may refer 
to an article by Sir G, B, Airy, Vol. XL of the Memoirs of the Astronomical Society. 
1840, where four different constructions are considered. He may also consult an 
article by Mr Siemens in the Phil. Trans, for 1866, and a brief sketch of several 
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kinds of goyemprs by Prof, Maxwell in the Phil, Mag.forlSQS. An account of 
some experiments by Mr Ellery, on Hnyghens' parabolic pendtilani, may be found 
in the Astronomical Notices for December ^ 1875. 

108. LApiiACE's Thbeb Pabticles. It has been shoum in Vol, L Chap, VI,, 
that if three particles be placed at the comers of an equilateral triangle and pro- 
perly projected^ they will move under their mutual attractions so as always to 
remain at the angular points of cin equilateral triangle. These we may call 
Laplace's three particles. It is our present object to determine if this motion is 
ttable or unstable *, . • • ^ 

We shall begin by assuming that the three particles remain always very nearly 
at the comers of an equilateral triangle. We shall then have to determine whether 
their oscillations about these comers are real or imaginary. To effect this we might 
choose their common centre of gravity as a fixed origin of co-ordinates. But the 
triangles formed by joining the particles to their common centre of gravity are not 
marked by any simplicity of form. Instead of referring the motion to the centre of 
gravity it will be more convenient to reduce one of the particles to rest, and to con- 
sider the relative .motion of the other two. We have thus only one triangle to 
examine, and that one nearly equilateral. 

Let the mass M of the particle to be ^educed to rest be taken as unity, and let 
m, m' be the masses of the other two. Let r, r', J2 be the distances between the 
particles Mm^ Mm\ mm'; and let 0^ ^, ^ be the angles opposite to these distances. 
If ^, ^ be the angles of r, / make with a straight line fixed in space, and if the law of 
attraction bc the inverse xth power of the distance, the equations of motion are 

drr fd0\* 1 + wi m'cos^ m'coso j^ 



fdey 



dt^ \dtj 1^ v^*^ B!^ 



rdt\ dt) 



9i' sin ^ m' sin _ - , 



with two similar equations for the motion of m\ 

Let us now put r=a+2r, r'=a-|-x-|-X, and let the angle between these radii 
vectores be |ir+ F, also let'^=nt+^, where x, y, X and F, are all small quantities 
whose squares are to be neglected. It should be noticed that a variation ol x, y 
alone, X and Y being zero, will represent a variation of steady motion in which the 
particles always keep at the comers of an equilateral triangle, while a variation of 
X, Y will represent a change from the equilateral form. The former of these by 
hypothesis is a possible motion, hence the equations can be satisfied by some 
values of x, y joined to X=0, r=0. By this choice of variables we may hope to 
discover some roots of the fundamental determinant previous to expansion, and 
thus save a great amount of numerical labour. If 5 stand for djdtf and &=a*^^i 
the four equations will now become 

t — > T ■ ■ ■ ■ ■■■■■■ ■ ■ r . :— : - ■•'■■'■ r ■ ■ ' ■■ . ■ ■■ ' ' , ... . • , 

* In a brief note in Jullien's Problems, Vol. ii. p. 29, it is mentioned that this 
question has been discussed by M. Gascheau in a Th^so de M^canique, the particles 
being supposed to attract each other according to the law of nature. The result 
arrived at is that the motion is stable when the square of the sum of the masses is 

• • • 

greater than 27 times the sum of the. products of the masses taken two and two. 
No reference is given to where M. Gascheau's work can be found j and the author is 
therefore unable to give a description of the process employed. 
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{6«»-(if+l)(l+m + »i'))«-2a6n5y-?m'(«+l)X-^TO'(ic+l)ar=0. 

26n«a;+a5««y-^fii'(ic+l)Jr+5ffi'(«+l)ar=0, 

{6d«-(«+l)(l+m+mO)aj-2a6nay+|6a»-(ic+l)ri+j+m'Mx-|2a6n«+^?m(ic+ 

109. To solve these we put x=Ae^\ y=Be^\ X= Ge^, T=He^. Substituting 
and eliminating the ratios of ^, B, O and H we obtain a determinantal equation 
whose constituents are the coefficients of x, y, X and Y with X written for d. This 
equation will give eight values of X. We see at once that one factor is X. This might 
have been expected, because we know that a variation of y, (with x, X and Y all zero,) 
is a possible motion. Again, some variation of x and y, (with X and Y both zero,) is 
also a possible motion, hence some factor of the determinant can be found by ex- 
amining the first two columns. By subtracting from the first 2n times the second 
column we find that this factor is 6X' - (k - 3)(1 + m + m') = 0. 

To find the other factors we divide the determinant by the factors already 
found. Then subtracting the first row from the third and the second from the 
fourth we have three zeros in the first column and two in the second. The 
expansion is then easy. We see that there is another factor X, also 

6ax*+6X2(3-ic)(I+wi+wi') + i(l + ic)«(w + m' + 7»mO = 0. 

The two zero roots give x^A^+A^t with similar expressions y, X and Y, But 
by substitution in the equations of motion we see that x=Aj^, y=B-^- l{K + l)Aintla, 
X=0 and Y=0. These roots therefore indicate merely a permanent change in the 
size of the triangle. On examining the other values of X^, we find (1) The motion 
cannot be stable unless k is less than 3. (2) The motion is stable whatever the 
masses may be, if the law of force be expressed by any positive power of the dis* 
tance or any negative power less than unity. (3) The motion is stable to a first 
approximation if 

(J/+m + m')' 



:.>3 



m- 



where M, m, m' are the masses. To express the co-ordinates in terms of the time, 
we must return to the differential equations of the second order. - The results are 
rather long, and it may be sufficient to state that when, as in the solar system, two 
of the masses are much smaller than the third, the inequalities in their angular 
distances, as seen from the large body, have much greater coefficients than the 
inequalities in their linear distances from the same body. 

The reader will find a more complete discussion of this problem in a paper by 
the author published in the sixth volume of the Proceedings of the London Mathema- 
tical Society^ 1875. The co-ordinates x, y, X, Y are expressed in terms of the 
time and the possibility of any small term rising into importance is shortly treated. 



Theory of oscillations about steady motion. 

110. Having illustrated by two important examples the 
methods of practically finding the oscillations about a state of 
motion, we pass on to the general theory of the subject. 
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111. The Determlnantal Equation of steady motion. 

To form the general equations of oscillation of a dynamical system 
about a state of steady motion. 

Let the system be referred to any co-ordinates 0, ^, '^, &c. 
If the geometrical equations do not contain the time explicitly 
the vis viva 2T may be represented by the expression 

where P^,, P , &c. are known functions of the co-ordinates 0y 
(f>y &c. Let tne force function be U. Let the state of motion 
about which the system is oscillating be determined by B =f(f), 
<f> ^ F{t), &C. To determine these oscillations we put =^f{t) + a?, 
^= F(t) +y, &c. Let the Lagrangian function L^^T-^U be 
expanded in powers of x, y, &a as follows : 

+ i {A^,x'' + 2A^^xy + &c.) + ^(C,,al'+2 C,,xy -h Ac.) 
+ G^^xix/ + G^^xy' + G^^yx + &c. 
It will afterwards be found convenient to write -S^,s= G^^j— (?,j, 

^18== ^18 - ^81 » a^^ so on. 

We shall now define a steady motion to be one in which all the 
coefficients in this expansion are independent of the time. The 
physical characteristic of such a motion is that when referred to 
proper co-ordinates the same oscillations follow from the same dis- 
turbance of the same co-ordinate at whatever instant it may be 
applied to the motion. If the coefficients are not constant for the 
co-ordinates chosen it may be possible to make them constant by 
a change of co-ordinates. There are obviously many systems of 
co-ordinates which may be chosen, and a set may generally be 
found by a simple examination of the steady motion. If there are 
any quantities which are constant during the steady motion, such 
as those called f, rj, &c. in Art. 98, these may serve for some of 
the co-ordinates, others may be found by considering what quanti- 
ties appear only as differential coefficients or velocities, for example 
those called x, y, &c. in the same article. If none of these are 
obvious, we may sometimes obtain them by combining the existing 
co-ordinates. Practically these will be the most convenient 
methods of discovering the proper co-ordinates. 

To obtain the equations of motion we must now substitute 
the value of L in the Lagrangian equations 

d dL dL ^ J. ^ 

and reject the squares of small quantities. The steady motion 
being given by x, y, &c. all zero, each of these must be satisfied 
when we omit the terms containing x, y, &c We thus obtain the 
equations of steady motion, viz. 
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which by Taylor's theorem are the same as the equationis (1) of 
steady motion given in Art 98. 

Omitting these terms and retaining the first powers of all the 
small quantities we obtain the equations of small oscillations. 
Representing differentiations with regard to t by the letter S, we 
have 

iAJ'+EJ-C„)x + iA„S'- C„)y + (A„^-EJ-C„)z + &c = 0, 

&c. + &c. + &c. = 0. 

Il2. To solve these we writeaj = ie^, y^M^^&c, Substi- 
tuting and eliminating the ratios L, M, &c. we obtain the following 
determinantal equation 

*0. 



A^^"-^n> A,^'-^«^-^«. ^,\'-^„\-a,., 


&c. 


^„V+^„\-(7„, J«V-C„, A^V-E^X^C„, 


&c. 


^,3V+^,3\-C,., A^V+EJ^^C„, A^X'^C^, 


&c. 


&c. &c. &c. 


&c. 



If in this equation we write — \ for \ the rows of the new deter- 
minant are the same as the columns of the old, so that the deter- 
minant is unaltered. We therefore infer that the determinantal 
equation when expanded contains only even powers ofK, 

We notice that if we remove from this determinant the terms 
which contain the letter E, the remaining determinant is the same 
as that which gives the oscillation about a position of equilibrium, 
Art. 58. We may therefore say that the terms which depend on 
E are due to the centrifugal forces of the steady motion, 

113. Conditions of Stability. Begardlng this as an equa- 
tion to find \\ we notice that if the roots are all real and negative, 
each of the co-ordinates or, y, &c. can be expressed in a series of 
trigonometrical terms having different periods; the motion will 
therefore be stable. If any one of the roots is imaginary or if 
any one is real and positive, there will be both positive and 
negative real exponentials entering into the expressions for a?, y, &c: 
and therefore the motion will be unstable. The condition of dyna- 
mical stability is therefore that the roots of this equation must all 

he of the form \ = ±fi J— 1, where fi is some real quantity. 

114. Number of Oscillations. It follows also that when 
a system, under the action of forces which have a potential, oscil- 
lates about a stable state of steady motion, the oscillations of the 
co-ordinates are represented by trigonoipetrical term^ of the form 
-4 6in(\^ + a) which are not accompanied by any real exponential 
factors such as those which occuiTcd in the problem of the Governor. 

We see further that there will in general be as many finite 
values of X.' and therefore as many trigonometrical terms of 
different periods as there are co-ordinates. It often happens, as 
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explained in Art. 111> that some of the co-ordinates are absent from 
the expression for X, appearing only as differential coefficients. 
Suppose for example tf to be absent; then (7„, (?„, Ac. are all 
zero, and we may divide \ both out of the first line and the first 
column of the fundamental determinant. We therefore have two 
zero values of X, while at the same time the number of finite 
values of X' is diminished by unity. Hence the vumher of trigo- 
nometriccU terms of different periods cannot exceed the number of 
co-ordinates which explicitly enter into the Lagrangian function. 
Thus, in Ex. 2 of Art. 102, the function T+UYxba only the co- 
ordinate explicitly expressed, the others ^' and •^' appearing 
only as differential coefficients. It follows that if a top is disturbe<l 
from a state of steady motion, there will be but one period in the 
oscillation. 

115. The relations between the coefficients L, M, &c. in the 
exponential values of x, t/, &c. may be obtained without difficulty 
if we remember that the several lines of the fundamental deter- 
minant are really the equations of motion. Taking any one line ; 
multiply the first constituent by L, the second by M, &c. and 
equate the sum to zero. We thus obtain as many equations as 
there are co-ordinates. On the whole we shall have, exactly as in 
Lagrange's equations, Chap, il., twice as many arbitrary constants 
as there are co-ordinates, all the other constants being determined 
by the equations just found. The arbitrary constants are deter- 
mined by the initial values of the co-ordinates and their differential 
coefficients. 

But, unlike Lagrange's equations, the quantity X occurs in 
the first power in each of these equations, so that the ratios of 
L, M, &c. thus found may be imaginary. If —p^', —/>,', &c. be the 
values of X*, the expressions for the co-ordinates when rationalized 
may therefore take the form 

ar = -4, sin(pje + aj) +A^sm{pji + a^) + ... 
y^B^8in{p^t + ^,)-\-B,sm{pJt + l3,) + ... 
« = &c. 

where a^ is not necessarily equal to /9j, nor a, to /9,, &c., though 
they are connected together. 

116. Principal OscillatioiiB. When the initial conditions 
are such that every co-ordinate is expressed by a trigonometrical 
term of one and the same period, the system is said to be perform- 
ing a principal or harmonic oscillation. Thus each trigonometrical 
term corresponds to a principal oscillation, and any oscillation of 
the system is therefore said to be compoimded of its principal 
oscillations. The physical characteristic of a principal oscillation 
is that the motion of every part of the system %s repealed at a con- 
stant interval. If the type of the principal oscillation be X*= — p^", 

R. D. II. 5 
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we see that throughout the motion we shall have a?'' = — jp^'iC, 

117. Ex. A homogeneous sphere of unit mass and radius a is suspended from 
a fixed point by a string of length 6 and is set in rotation about the yertical dia- 
meter. When the sphere is slightly disturbed from this state of steady motion, let 
hZy by and b be the co-ordinates of the point on the surface to which the string is 
attached; 6x + a£, bp+ari and b+a the co-ordinates of the centre, the fixed point 
being the origin and the axis of z vertical and downwards. Also let x=0+ ^ where 
^ and if/ have the meanings usually given to them in £uler*s geometrical equations, 
see YoL i. Chap. v. Thus before disturbance j^=n. Prove that the Lagrangian 
function is 

If the motion of the centre of gravity be represented by a series of terms of the 
form ilf cos (pt + a), prove that the values of p are given by 

Show that, whatever sign n may have, this equation has two positive and two 
negative roots which are separated by the roots of either of the factors on the left- 
hand side. 



118. Imptilalir* T or em . If we regard an impulse as the limit of a force acting 
for a very short time, we may deduce from Art 111 the equations of motion of a 
system moving in steady motion and suddenly disturbed by an impulse. Integrating 
the equations of motion given in Art. Ill with regard to the time during the limits 
of the impulse, the integrals of all the terms except those of the form Air^x will be 
2ero. This foUows from the definition of an impulse given in Chapter ii; of 
Vol. z. or &om the argument given in adjusting Lagrange's equations to impulses 
in Chapter vni. of Vol. i. 

The equations of motion for impulses are therefore 

Ai2(dx^-dxQ) + A^(dyi-dyQ) + = 7, 

&c. =&o. 
Here &^ - Sxq, &o. are the changes in the velocities of the co-ordinates produced by 
the jerks. The quantities X, T, (fee. are the integrals of the disturbing forces and 
therefore measure the jerks. If 17 be the force function of the impulses as explained 
in Vol. I. Chap. vm. we have X^dU/dXy Y^dUjdyt &o, 

119. AnalyaUi of tt&e roots of tt&e determinantal aquation. If the determi- 
nantal equation of Art. 112 is not very complicated we may expand it in powers of 
X. We thus have an equation with only even powers of X. The important point to 
settle is the number of real negative values of X^ which satisfy the equation. To 
determine this, we may use Sturm's theorem. Since the equation has only alternate 
powers of X, we may use the short rule which will be given in the chapter on the 
Conditions of Stability to find the successive remainders. 

But if it be inconvenient to follow this process, we may use some of the following 
theorems. 

120. We shall first show that the quadratic expression 

2A-A^^ x'^ + 2^12 a'y' + A^ t/'« + &c. 
%8 a one-signed positive function. To prove this we notice that the coefficients ^4 „ , &c. 
are what the coefficients P„ , Ac. of the vis viva become when we write for the 
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'<»-OTdmates (9, 0, &o, their values in fhe steady motion. If then, by anylinei^ re- 
lation between the variables, we could make A equal to zero, we oould by introducing 
a constraint into the motion represented by a similar relation between 0^, </>'^&o, 
cause the vis viva to be zero. But since the vis viva is essentially podtive, this is 
impossible. 

When a given quadratic function is a one-signed positive ftmction, it is known 
(Art. 60) that its discriminant is positive. It follows immediately that eveiy dis- 
criminant formed after putting any of the variables xf, j^', <fec. equal to zero must 
also be positive. 

121. Theorem I. It frequently happens that there are but two independent 
co-ordinates, so that the determinant is reduced to two rows. If we write . 

n=A^^A^ - A^\ jy = C7uCm - C^\ Q^A^yC^ + ilajCii - 24„ C,,, 

the determinantal equation when expanded reduces to 

DX*+ ( - e + J5i,») Xa+D'=0. 
The conditions of st ability are therefore (1) B' is positive, (2) E^ - 6 is positive and 
greater than 2JdD'. See Art. 113. 

These conditions may also be expressed thus. Omitting the terms which contain 
£i3 as a factor, we notice that the determinantal equation assumes Lagrange's form. 
It therefore reduces to a quadratic to find X^ whose roots are both real by Art. 58. 
Let a and p be these roots. If both are negative the motion is stable. If both are 
positive the motion is stable or unstable according as E^D^ is numerically greater or 
less than \/a + y/fij the roots being taken positively. If a and fi have opposite signs 
the motion is unstable. 

122. Theorem 11. Whatever be the number of co-ordinates the steady motion 

cannot be stable unless aU the values of X' given by the determinantal equation are 

real and negative. The coefficient of the highest power of X^ (Art. 120) is positive, 

hence the term independent of X' must also be positive. We therefore infer that the 

steady motion cannot be stable unless the discriminant of the quadratic expression 

2C=-C„a5«-2C„ajy-Cay« + 

is positive, 

123. Theorem III. Let there be n co-ordinates and let A be the determinant 
given in Art.' 112. Beginning with this determinant we may form a series of deter- 
minants each being obtained from the preceding by erasing the first line and the 
first column. Let us represent these by Aj, A^, &o. The determinant A is not 
altered if we border it with a column of zeros on the right-hand side and a row of 
zeros at the bottom, provided we put unity in the comer. We may therefore con- 
sider An=:l. Thus we have a series of determinantal functions of X' analogous to 
those used in connection with Lagrange's determinant. See Art. 58. 

Let us substitute in this series of determinants any negative value of X^ and 
count the number of variations of sign. If as X^ passes from X*= -o to X'= -/9, 
ic variations of sign are lost, then the number of real roots between -a and —(iis 
either exactly equal to k or exceeds k by an even number. 

To prove this, we letl^i, Ji,, &Q* be the minors of the several constituents of the 
determinant A. We notice that I^^ is changed into Jj^ by changing the sign of X. 

Hence if Ii2=0(^*) + ^\^(?^')» 

then J2i=^(X2)-Xi^(X2). 

Thus the product Inl^ is necessarily j>o«ifit7e for all negative values of X'. It also 

follows that if J^j vanishes for any negative value of X', then 1,1 vanishes for the 

same value of X^. 

5—2 
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Btariing with the equation AA, =I,i I^^ - Jjs !» the rest of the proof lA bo nearly 
the same as that for the oorresponding theorem in Lagrange's determinant (Art. 58) 
that it seems nnnecessary to reproduce it here. Passing over therefore this proof 
we notice the following applications. 

124. Theorem IV. The coefficients of the highest powers of X' in the series of 
determinants A, Aj, Ac. are the discriminants of the qnadric A (Art. 120), and 
are therefore necessarily positive. The signs of the series of determinants when 
X'= - 00 are therefore alternatively positive and negative. If the discriminants of 
the qnadric 2C = - CnX*- 20^^ - C^* - Ac. 

be also all positive, the signs of the series of determinants when X'=0 are all 
positive. Thus the full number, viz. n, of variations of signs have been lost in 
the passage from X'= - oo to X'=0. It immediately follows from the theorem just 
stated that when the qttadric ia a one-signed positive function all the roots of the 
determinantal equation are real and negative^ 

We may also express this by saying that when the quadric function C is a 
minimum for all displacements from the steady motion^ that steady motion is stable, 

125. When this occurs the roots of each of the series of determinants A, A|, 
A,, Ac. are all real and negative and the roots of each separate or lie between the 
roots of the determinant next above it. 

This follows from the mode of proof adopted in discussing Lagrange*s deter- 
minant. 

126. Theorem V. Bqual roots. The existence of equal roots usually indicates 
that there are terms in the solution with t as a factor, but it will be shown in 
another chapter that this is not the case when the minors of the determinant A 
are also zero. 

Suppose, as in the last proposition, that the full number of variations of sign 
have heem lost in the passage from X'= - oo to X^=0. Then it may be shown, as 
in the corresponding proposition in Lagrange's determinant, that if the funda- 
mental determinant have r equal roots, then every first minor luis r — 1 roots equal to 
each of these and every second minor lias r- 2 roots equal to each of these, and so on. 

We therefore infer that the existence of equal roots merely indicates a cor- 
responding indeterminateness in the coefficients of the principal oscillation which 
is derived from these equal roots. 

Thus in Art. 115 we have n - 1 independent equations to find the ratios of the 
coefficients X, M, Ac. of any exponential. But when there are r equal roots we 
have only n-r independent equations leaving r of the coefficients independent. 

127. Theorem Yl, If we remove the terms which contain the centrifugal forces 
the remaining determinant is the same form as Lagrange's determinant. Thus we 
have two determinantal equations each of which, for its own use, may be regarded 
as an equation to find X^. From each of these we may derive a series of deter- 
minants formed by the rule given in Art. 58. If we count the number of variations 
of sign when X'= -oo and when X'=0, it is evident that each of the two series 
exhibit the same loss. It therefore follows that the equation with the centrifugal 
forces has at least as many negative roots as the corresponding Lagrange's equation, 
and if it have more, the excess is an even number. If therefore all the roots of the 

^cecnsponding Lagrange's determinants are negative, then all the roots of the 
equation with the centrifugal forces are also real and negative. Thus the general 
effect of these centrifugal forces is to increase the stability. 
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128. BxamplML Ex. 1. If the determinant A yanish for any negatiTe value 
of X', prove that for this valne of X' all the leading minors, viz. In, J,,, Ac, have 
the same sign. 

Ex. 2. If the determinant A vanish for any negative value of X' which makes 
all the leading minors equal to zero, prove that every minor is also equal to zero. 

Ex. 3. If the determinant be of the form 



A= 



=0, 



X* — Cii , Ei^ 

— Ei^Xf X' — Cjj 

where C^^, C^, £^, are all positive, show that no variations of sign are lost in the 
series of determinants A, A^, A^ as X' passes from X*= -od to X'=0. Show also 
that if E^ > y/Cii+y/C^ the roots of the quadratic are real and negative. If 
^i2=\/^u+ V^s2f show that the roots are equal and negative. In this latter case 
since the minors are not zero, the solution will contain terms with < as a factor. 

Ex. 4. If the fundamental determinant be of the form 

A= X«-C7ii, ^ijX, E13X, Ac. =0, 

! ""-^U^f ^'~^22» -^28^ » Ac. 

1 Ac. Ac. Ac. Ac. 

and if A vanish for two equal negative values of X' which are numerically greater 
than the greatest positive quantity in the series C^ , Cj^, Ac, prove that these equal 
roots will not introduce any terms into the solution which contains t as a factor. 

The substance of this section may be found partly in a paper by the author 
published by the London Mathematical Society, 1875, and partly in the author's 
Essay on the StaJtility of Motion, 1877. 

The Representative Point 

129. When a dynamical system has not more than three 
co-ordinates, we may obtain a geometrical representation of the 
oscillation. Let these independent co-ordinates be a;, y, z. If we 
regard these as the Cartesian co-ordinates of some point P, it is clear 
that the positions of P as it moves about will exhibit to the eye 
the motion of the system. We may call this point the representative 
point, 

130. Oscillation about equilibrium. Let us first suppose 
the system to be oscillating about a position of equilibrium, and 
let it be performing any principal oscillation. Then throughout the 
motion the co-ordinates a?, y, z bear a constant ratio to each other 
(Art. 53). We therefore iirfer that the path of the representative 
particle is a straight line passing through the origin. If the oscil- 
lation be defined by the type sin (pt + a) we have also (by Art. 55) 
sc' = —p^Xy y" == — pV, &c. Hence the representative point oscillates 
in a straight line with an acceleration tending to the origin and 
varying as the distance therefrom, 

131. To find the position of this straight line let the vis viva 
2r and the force function U be represented by 

2T=^..«'' + 2^„a.y + &c.-) 
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• Then by Lagrange's equations, since x*' =5 — jp'a?, &c., we have 

-y iAxx^ + ^vS! + &c.) = 0„a? + G^ji + &c.) 

-p»(.l,^+.^^ + &c.) = (7„a?+ (7^ + &c.J ^ ^' 

&c. = &c. 
Omitting the accents in T and the constant term TJ^^ let us put 

2^ ^ A^^Q? + "lA „a:y + &c.) . . 

-2C=C7,,a;»+2(7„^y+i&c.j ^ ^* 

We also construct the two quadrics -4 = a, 0=7 where a and 7 
are any constants. These quadrics have their centre at the origin 
and have a common set of conjugate diameters which may be 
found by the following process. Let a:, y, z be the Cartesian co- 
ordinates of any point on one of the three conjugates. Then, since 
the diametral planes of this point in the two quadrics are parallel, 
we have 

dA^dC dA_dC dA dO 

^ dx dx dy^ dff ' ^ dz dz' 

Comparing these with the equations (2) we see that when the 
system is performing a principal oscillation the representative point 
P oscillates in one of the common conjugate diameters of the quadrics, 

132. By Euler's theorem on homogeneous functions we have 
fxA = 0, Applying the same reasoning to equations (2) we have 
p^A = G, Hence fi=p^. Let the diameter described by the repre- 
sentative point cut the quadrics A = a and (7=7 in the points 
D and Jy and let be the origin. Then putting P at D we have 
A =a, and since (7 is a homogeneous function we have 

G^iOn/ODyy. 

Hence p' = (OD/ ODy 7/a. The period of oscillation corresponding 
to any common conjugate diameter ODD' is therefore equal to 



27r 



OD' 
ODa^ 7 



s/y' 



133. The quadric G=y possesses the property that if x, y, z 
)je the co-ordinatesf referred to any axes of a point P on its 
surface the work done by such a displacement from the position of 
equilibrium is constant and equal to — 7. 

134. As an example of this geometrical analogy let us consider the following 
problem. A rigid hody^ free to move about a fixed point 0, is under the action of 
any forces and maJces small oscillations about a position of equilibrium ; find the 
prinjcipal oscillations. 

Let OAf OB, OC be the positions of the principal axes in the position of 
equilibrium, OA'y 0B\ OC their positions at the time t. The position of the body 
may be defined by the angles between (1) the planes AOCy AOC\ (2) the planes 
BOGj BOG', (3) the planes COA, CO J!. Let th'6se be called $, 0, f respectively. 
Then 0^ 4>, \p are angular displacements of the body about OA, OB, OC, Taking 
th^se ai^ the axes of co-ordinates in the geometrical analogy ; a small displacement 
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of \P from the origin to a point x=0f ysz^f z = \l/ fepresents a rotation of the body 
about the straight line described by P and whose magnitude is measured by the 
distance traversed by P. 

If I^, J], I3 be the principal moments of inertia at 0, the vis viva of the body 
is clearly 2r= Ji^a+ Ja0'»+Ijf *. 

Writing Xt y, z for ^, 0^ ^' as before, the quadric T=a oi A=a is evidently the 
momental ellipsoid at the fixed point. 

Let the work of the forces as the co-ordinates change from zero to $, ^, ^, or 

X, y, z be given by 

2 U= C^x^ + 2Cua?y + &o. 

Then, following the analogy, as P moves along a radius vector Oiy of the quadric 

U=-y or C=7, the work is '-{OPIOD')^y. Hence this quadric possesses the 

property that the work done by the forces when the body is twisted through a given 

angle round any radius vector varies inversely as the square of that radius vector. 

If the equilibrium is stable, the work due to a rotation about every diameter must 

be negative, the quadric must therefore be an ellipsoid. 

It now follows from the general theorem that the body will perform a principal 
oscillation if it is set in rotation al)out any one of the three conjugate diameters of 
the momental ellipsoid and the ellipsoid U = -7, and will therefore continue to 
oscillate as if that diameter were fixed in space^ 

The quadric V has been called the ellipsoid of the potentiaU This name was 
given to it by Prof. Ball, who arrived at the theorem just proved by a different 
course of reasoning. See his Theory of Screws, Art. 126. The following application 
IB also due to him. 

135. When the only force acting on the body is gravity, the ellipsoid of the 
potential is a suriace of revolution about a vertical axis. For the inverse square of 
any radius vector measures the work done in turning the body through a given 
small angle about that radius vector. But the work is also proportional to the 
vertical distance through which the centre of gravity has been elevated from its 
position in equilibrium^ vertically under the point of support. Hence all radii 
vectores which make the same angle with the vertical are equal. Further the 
vertical radius vector is infinite, for the work done in rotating the body about 
a vertical axis is zero. The ellipsoid of the potential is therefore a right circular 
cylinder with its axis vertical. 

. The common conjugate diameters of these two quadrics are obviously the 
vertical and the two common conjugate diameters of the two ellipses in which the 
diametral plane of the vertical with regard to the momental ellipsoid intersects the 
momental ellipsoid and the cylinder. 

The principal oscillation about the vertical conjugate is performed in an infinite 
time and would therefore cause the body to depart far from the position of equi- 
librium. But this is contrary to supposition. The initial axis of rotation must 
therefore be in the plane of the other two conjugates, i. e. must be in the diametral 
plane of the vertical with regard to the momental ellipsoid, and it wiU remain in 
this plane throughout the whole of the subsequent motion. 

Since these conjugate diameters project into the conjugate diameters of the 
horizontal section of the cylinder, it is clear that two vertical planes each contain- 
ing one of the principal or harmonic axes are at right angles to each other. 

136. Oscillation about steady motion. Let us next sup- 
pose the system to be oscillating about some state of steady motion. 
To determine the motion of the representative point we must have 
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recourse to the equations of motion written down in Art. 111. We 
have already seen (Art. 116) that when the system is performing 
the principal oscillation defined by the type pt we have x" ^ — p\ 
//" = — ;?*y, z^'^—p^jg. Substitute these in the equations of Art. 
111. Differentiate and substitute a^in. Multiply by x, y, z 
respectively and add the results together. Integrating this sum 
we obtain 

(A^^oj" + 2^,^y + &c.) p^ + (C.^x" + 2(7,^ + &c.) = 2/8 

where )9 is some constant. Following the same notation as before 
we may write this quadric in the compendious form 

Ap*^C=/3. 

The path of the representative point lies on this quadric. 

Returning to the equations of motion as given in Art. Ill, let 
us resume the results of the substitution a?" = — p'a;, &c. Taking 
as before the case in which there are but three co-ordinates, we 
now multiply the three equations by E^, —^u* -^n respectively. 
Adding the results we obtain 

[(^,.^„-^.^.,+J.,^.>+&c.]p*+[(C.,^„-C„^„+(7.^>+&a]=0. 

This is the equation to a plane. The path of the representative 
point is therefore a plane section of a quadric. We infer that when 
a system is performing a principal oscillation about a state of steady 
motion the representative point describes an ellipse. The ellipse is 
described with an acceleration tending to the centre and varying as 
the distance therefrom. The periodic tims in the ellipse is by defi- 
nition the same as that in which the system performs its principal 
oscillation, 

187. Ex. 1. Show that the three planes of these harmonio ellipses are diametral 
planes of the same straight line with regard to the three qnadrics represented by 
Ap* - C=/3, where p^ has any one of the three values given by the determinant of 
motion. The direction cosines of this straight line are proportional to £g, - E-^ E^t 
and it may be called the axis of the centrifagal forces. 

Ex. 2. Show that the quadric Ap^- C=fi has a common set of conjugate dia- 
meters with the quadrics ^ = a, C— 7. If the quantities JEJjj, JEJ^,, Ej^ be all zero, 
bhow that the first of these quadrics becomes a cylinder whose axis is one of the 
three common conjugate diameters of the two latter quadrics. Hence show that 
when the system oscillates about a position of equilibrium the ellipses degenerate 
into straight lines. 

138. We may notice here a distinction between the principal oscillations of a 
system about a position of equilibrium and about a state of steady motion. In the 
former the representative point describes a straight line, in the latter it describes an 
ellipse. In the former the representative point, and therefore also thfe system, passes 
through the position of equilibrium twice in each complete oscillation. In the latter 
the representative point goes round the undisturbed position but does not pass 
through it. Thus the position of the system in the disturbed or actual motion does 
not ever coincide with the simultaneous position of the system in the steady or 
undisturbed motion. The only exception is when the ellipse degenerates into a 
straight line. 
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^^en a system is disturbed by a small impulse from a state of steady motion it 
\?ill in general describe a oompoimd oscillation made up of at least two principal 
oscillations. At the instant of disturbance these two neutralize each other so far 
that in the disturbed and steady motions two simultaneous positions are coincident. 
But it is clear this cannot happen again unless either the periods of the two princi- 
pal oscillations are commensurable or the period of one of them is infinite. 

139. The introduction of the representatlTe point to exhibit the motion of the 
system may appear somewhat artificial. But there is a closer connection than has yet 
been mentioned. Let us transform the co-ordinates x, y, z into others ^, rf, f by linear 
relations so that AjiX^ + 2A^ aj'y' + Ac. = f ^ + ^'a + ^2. 

This is the part of the Lagrangian function given in Art. Ill, which contains the 
squares and products of the velocities. This change may obviously be effected in an 
infinite variety of ways. 

The equations of motion given in Art. Ill now take a simplified form. The 
following is a specimen, 

These are the equations of motion of a free particle of unit mass acted on by 
(1) forces whose force function U is given by 

2 r= Cji a^» + 2Ci2 xy + &c. , 
and (2) by a force which is the resultant of the three components on the right-hand 
sides of the equations of motion. This force is evidently the same as that which 
has been already considered in Art. 25, and there called the compound centrifugal 
force. The direction cosines of the axis of the centrifugal forces are here propor- 
tional to £33, - £13, Ei2t and the rotation about the axis is given by 

140. Thus, when the co-ordinates are properly chosen, the problem of finding the 
oscillations of a system when the Lagrangian function is known, is the same as that 
of finding the motion of a free particle acted on by known forces. This is, of 
course, a simpler problem because its solution may be assisted by any of the 
methods of resolution of the forces usually given in treatises on dynamics of a par- 
ticle. 

It has already been noticed several times how sometimes the analysis of one 
dynamical problem resembles that of another. We may thus replace one body by 
another of more convenient shape without altering the process of solution. The use 
of the Representative particle is one more illustration of this property. 

A more complete account of the theory of the Representative point is given in 
the essay on the Stability of Motion already referred to. 



CHAPTER IV. 



MOTION OF A BODY UNDER THE ACTION OF NO FORCES. 



Solution of Elder's Equations. 

141. To determine ike motion of a body about a fixed point, 
in the case in which there are no impressed forces. 

Euler's equations of motion are 






h; 



dt 

multiplying these respectively by co^, o),, a),; adding and inte- 
grating, we get 

^(»,« + J?a),"+Ca>3» = r. (1), 

where T is an arbitrary constant. 

Again, multiplying the equations respectively by -4ei>j, Bcd^, Co),, 
we get, similarly, 

^V + ^«a' + C^V = ^' (2), 

where G is an arbitrary constant. 

To find a third integral, let 

a,,» + < + a>3« = a)» (3); 

doD. . do). . do)- d(o 

then multiplying the original equations respectively by to J A, aJB, 
aJG, and adding, we get 

dto (B-G 0-A A-B\ 

"^di^VA' +—£-+-0- ]*"'*"«"• W 

{ B-C){G- A){A-B) • 

ABG '"»'"»'"»• 



SOLUTION or euler's equations. 7a 

But solving the equations (1), (2), (3), we get 



"*»' = (£- 4) (5 -C)-<"'^ + *''^ 



AB 



®3 = 



(5), 



*~iC-B)iC-A)'^ '^•■'""'^ 

where \ = — ^ — g^/ , with similar expressions for \ and \. 

Substituting in equation (4), we have 

«^ = V(\-«')(\-«=')(\-«»')- (6)- 

The integration of equation (6)* can be reduced without diffi- 
culty to depend on an elliptic integral The integration can be 
eflfected in finite terms in two cases ; when J. = j5, and when 
(? = TB, where B is neither the greatest nor the least of the three 
quantities A, B, C, Both these cases will be discussed further on. 

Ex. If right lines are xneasared along the three principal axes of the hody from 
the fixed point, and inversely proportional to the radii of gyration round those axes, 
the sum of the squares of the velocities of their extremities is constant throughout 
the motion. 

142. It will generally he supposed that il, £, C are in order of magnitude, so 
that A is greater than J3, and B than (7. The axis of B wiU he called the axis of 
mean moment. If we eliminate io^ from the^ equations (1) and (2), we have 

AT- G^ = B (A-B) V+ C (4 - (7)wg2, 
which is essentially positive. In the same way we can show that CT- G' is nega- 
tive. Thus the quantity G^jT may have any value lying hetween the greatest and 
least moments of inertia. 

The three quantities Xi, Xj, \ in Art. 141 are all positive quantities ; for since 
B-hC-AiB positive, and G^IT< A, it follows that X^ is positive. The numerators 
of X^ and X3 are each greater than that of X^ , and are therefore positive, the denomi- 
nators are also positive; hence X3 and X, are hoth positive. Also we have 
ABC(\i-\) = (TC-G^){A-B), with similar expressions for Xj-Xj and Xj-Xj. 
It easily follows that X3 is the greatest of the three, and X^ or \ is the least according 
as G^/T is greater or less than B» 

It follows from equations (5) that throughout the motion ul^ must lie between X2 
and the greater of the quantities X2 and X3 . 

143. Wbnibholtm aolatioii. The solution in terms of elliptic integrals has 
been effected in the following manner by Eirchhoff . If we put 

A(«)=Vl-i='sm«0, FW=f*-j^^=. 

* Euler's solution of these equations is given in the ninth volume of the Quarterly 
Journal^ p. 361, by Prof. Cay ley. Eirchhoff 's and Jacobi's integrations by elliptic 
functions are given in an improved form by Prof. GreenhiU in the fourteenth 
volume, pages' 182 and 265. 1876. 
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then k is called the xnodulnfl of F, and mnst be less than unity if f is to be teal for 
all values of ^. The upper limit is called the amplitude of the elliptic integral 
F and is usually written am F. In the same way sin ^, cos ^, and A (0) are written 
sin am ^y cos am F, and A am J*. 
We have by differentiation 

dcos^ . ^ds . ^A 
^=-sm0^^=-sm^A 



dF — ^dF 



-^=cos0^|=cos0A(0) 



d^ 



(4) Psui0cos^(f0 M • ^ 



.(1). 



dF A (0) dF 

These equations may be made identical with Euler's equations if we put 

i^=X(t-r)and Wi=aAamX(t-T) 

iii3=6sinamX(t-r)l (2), 



(«-r)l 
it-r)) 



w3=ccosamX(t- 

A-B cX A-C_ h\ B-C „aX 

C ^ ah* B " ca* ~I~"""^ft^ ^ '' 

We haye introduced here six new constants, yiz. a, ft, c, X, k and r. With these 
we may satisfy the three last equations and also any initial values of (o^ ta^, ta^» 
The solution if real will also be complete. 

When tsr we have from (2) (Oi=a, WjsO, and <a^=c. Hence by Art. 141 

Aa^ + Cc*=T, A*a^ + (Pc^=G^; 






A(A'C)' C{A^C)' 

Dividing the second of equations (3) by the first, we have 

h»_ A^C C ^ AT-0^ 

t^^A-B B' •'• ^-^BiA-B)' 

Multiplying the first and second of equations (8), we obtain 

^- ABC ^• 

The ratios of the right-hand sides of (3) are as c^ : &* : &<a', and these have just 
been found. Hence if the signs of a, &, c, X be chosen to satisfy any one of the 
three equalities, the signs of all will be satisfied. 

Dividing the last of equations (3) by either of the other two, we find 

A-B G^-CT' •' A-B G*-VT ' 

If G'>£7* and il, B, C are in descending order of magnitude, the values of 
a^, &', (^ and X* are all positive. Also k^ is positive and less than unity. The 
solution is therefore real and complete. 

If G^<BT we must suppose ^, B, C to be in ascending order of magnitude to 
obtain a real solution. If we may anticipate a phrase used by Poinsot, and which 
will be explained a little further on, we may say that the expression for w^ in this 
solution is to be taken for the angular velocity about that principal axis which is 
enclosed by the polhode. 

If G'=Br we have **=1 and 

„ f^ d4> .. l + 8in0 . _ e'-*-' 

yocos0 ^ ^l-sm0 «'+«-' 
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Bubstitnting in eqalttions (2) the elliptic fiinctionB become exponential. 
If £=C we have k^^O and in this case F—^, bo that sjsiF=F. If we again 
substitute in equations (2) the elliptic functions become trigonometrical. 
The geometrical meaning of this solution will be given a little further on. 



Poinsofs and MacCullagh's constructions for the motion. 

144. The fundamental equations of motion of a body about a 
fixed point are 

^V + ^V + C"«."=^ (1), 

Aw^^ + Bo)^^ + CfD^ ^ T (2). 

These have been already obtained by integrating Euler's 
equations, but they also follow very easily from the principles of 
Angular Momentum, and Vis Viva. 

Let the body be set in motion by an impulsive couple whose 
moment is O. Then we know by Vol. I. Chap. VI., that throughout 
the whole of the subsequent motion, the moment of the momentum 
about every straight line which is fixed in space, and passes through 
the fixed point 0, is constant, and is equal to the moment of the 
couple G about that line. Now by Art. 16, the moments of the 
momentum about the principal axes at any instant are Ato^, £a>,, 
Ca>^. Let a, yS, 7 be the direction angles of the normal to the 
plane of the couple G referred to these principal axes as co- 
ordinate axes. Then we have 

-4<»j= G cosa^ 

5o>,= Gcosfi[ (3), 

Cwg = G cos 7; 
adding the squares of these we get equation (1). 

Throughout the subsequent motion the whole momentum of 
the body is equivalent to the couple G. It is therefore clear 
that if at any instant the body were acted on by an impulsive 
couple equal and opposite to the couple G, the body would be 
reduced to rest. 

145. It follows from the definition given in Vol. I. Chap. VI. 
that the plane of this couple is the Invariable plane and the 
normal to it the Invariable liDe. This line is absolutely fixed in 
space, and the equations (3) give the direction cosines of this line* 
referred to axes moving in the body. 

* That the straight line whose equations referred to the moving principal axes are 
xIAtOi = y/Boj^ = zjCio^ is absolutely fixed in space may be also proved thus, if we assume 
the truth of equation (1) in the text. Let a;, y, e be the co-ordinates of any point 
P in the straight line at a given distance r from the origin, then each of the equali- 
ties in the equation to the straight line is equal to r/G and is therefore constant. 
The actual velocity of P in space resolved parallel to the instantaneous position of 
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It appears from these equations, that if the body be se£ in 
rotation about an axis whose direction cosines are (I, m, n) when 
referred to the principal axes at the fixed point, then the direction 
cosines of the invariable line are proportipnal to Al, Bm, Cn. If 
the axes of reference are not the principal axes of the body at the 
fixed point, the direction cosines of the invariable line will, by 
Art. 16, be proportional to Al—Fm—En, Bm — Dn —Fl, and 
Gn— El — Dm, where A, F &c, are the moments and products of 
inertia. 

146. Since the body moves under the action of no impressed 
forces, we know that the Vis Viva will be constant throughout the 
motion. We have therefore 

Aco^ + Boi^ + C(o; = r, 

where T* is a constant to be determined from the initial values 

of CD,, G)j, CO3. 

The equations (1), (2), (3) will suffice to determine the path in 
space described by every particle of the body, but not the position 
at any given time. 

147. Poinsot's construction. To explain Poinsot's repre- 
sentation of the motion by msans of the mom^ental ellipsoid. 

Let the momental ellipsoid at the fixed point be constructed, 
and let its equation be 

Ax^ + By^+Cz^^Me*. 

Let r be the radius vector of this ellipsoid coinciding with the 
instantaneous axis, and p the perpendicular from the centre on 
the tangent plane at the extremity of r. Also let w be the an- 
gular velocity about the instantaneous axis. 

The equations to the instantaneous axis are 

and if (ar, y, z) be the co-ordinates of the extremity of the length r, 
each of these fractions is equal to r/a>. Substituting in the equa- 
tion to the ellipsoid, we have 

(Jo,.' + B<o,* + £7a,/) ^ = if6- .-. 0, = ^^ J . 

The equation to the tangent plane at the point (x, y, z) is 

Ax^-\'Byri + Czi;=M€\ 

dx 7* I d(i3 I 

the axis of a; is =^ -y«8 + ^*^s= ?» "j-^ "Tt^^ (^■" ^"a^^sf ' ^^* *^® ^® ^&[o^ by 

Euler's equation. Similarly the velocities parallel to the other axes are zero. 

* It should be observed that in this Chapter T represents the whole vis viva of 
the body. In treating of Lagrange^s equations in Chapter 11. it was convenient to 
let r represent half the vis viva of the system. 
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substitutmg again for (x, y, z) we see that the equations to the 
perpendicular from the origin are 

j_^jL r. 

A(0^ B(o^ Cco^ ' 

but these are the equations to the invariable line. Hence this 
perpendicular is fixed in space. 

The expression for the length of the perpendicular on the 

tangent plane at {x, y, z) is known to be -| = ro^g , 

substituting as before we get 

1 ^V + ^V + C'cos' r^^O^ M^ 

From these equations we infer 

(1) The angular velocity about the radius vector* round which 
the body is turning varies as that radius vector. 

(2) The resolved part of the angular velocity about the per- 
pendicular on the tangent plane at the extremity of the install- 
taneous axis is constant This theorem is due to Lagrange. 

For the cosine- of the angle between the perpendicular and 
the radius vector =p/r. Hence the resolved angular velocity 
is = ap/r = T/0, which is constant. 

(3) The perpendicular on the tangent pland at the extremity 
of the instantaneous aods is fixed in direction, viz. normal to the 
invariable plane, and constant in length. 

The motion of the momental ellipsoid is therefore such that, 
its centre being fixed, it always touches a fixed plane, and the 
point of contact, being in the instantaneous axis, has no velocity. 
Hence the motion may be represented by supposing the momental 
ellipsoid to roll on the fixed plane with its centre fi^xed. 

148. Ex. 1. If the body while in motion be acted on by any impnlsive oonple 
whose plane is perpendicular to the invariable line, show that the momental ellipsoid 
will continue to roU on the same plane as before, but the rate of motion will bo 
altered. 

Ex. 2. If a plane be drawn through the fixed point parallel to the invariable 
plane, prove that the area of the section of the momental ellipsoid cut off by this 
plane is constant throughout the motion. 

Ex. 3. The sum of the squares of the distances of the extremities of the princi*- 
pal diameters of the momental ellipsoid from the invariable line is constant through- 
out the motion. This result is due to Poinsot. 

Ex. 4. A body moves about a fixed point under the action of no forces. Show 
that if the surf ace ^a;* + JBy« + .(7^2 = Jtf (xa + y a + j82)5« be traced in the body, the principal 
axe& at O. being the axes of co-ordinates, this surface throughout the motion wiU 
roU on a fixed sphere. 
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149. The Polhode. To assist our conception of the motion 
of the body, let us suppose it so placed, that the plane of the 
couple O^ which would set it in motion, is horizontal Let a 
tangent plane to the momental ellipsoid be drawn parallel to the 
plane of the couple (7, and let this plane be fixed in space. Let 
the ellipsoid roll on this fixed plane, its centre remaining fixed, 
with an angular velocity which varies as the radius vector to 
the point of contact, and let it carry the given body with it. We 
shall then have constructed the motion which the body would have 
assumed if it had been left to itself after the initial action of the 
impulsive couple (?*. 

The point of contact of the ellipsoid with the plane on which 
it rolls traces out two curves, one on the surface of the ellipsoid, 
and one on the plane. The first of these is fixed in the body and 
is called the polluxie, the second is fixed in space and is called the 
herpolhode. The equations to any polhode referred to the prin- 
cipal axes of the body may be found from the consideration that 
the length of the perpendicular on the tangent plane to the ellip- 
soid at any point of the polhode is constant. Taking the expres- 
sions for this perpendicular given in Art. 147 we see that the 
equations of the polhode are 

A'a^ + Sy + Cz'^-p^ 
Eliminating y, we have 

• 

Hence if B be the axis of greatest or least moment of inertia, 
the signs of the coefiicients of a^ and z^ will be the same, and the 
projection of the polhode will be an ellipse. But if B be the 
axis of mean moment of inertia, the projection is a hyperbola. 

A polhode is therefore a closed curve drawn round the axis of 
greatest or least moment, and the concavity is turned towards the 
axis of greatest or least moment according as 0^/T is greater or 
less than the mean moment of inertia. The boundary line which 
separates the two sets of polhodes is that polhode whose projection 
on the plane perpendicular to the axis of mean moment is a 



* Prof. Sylvester has pointed out a dynamical relation between the free rotating 
body and the ellipsoidal top, as he caUs Poinsot's central eUipsoid. If a material 
ellipsoidal top be constructed of uniform density, similar to Poinsot's central ellip- 
soid, and if with its centre fixed it be set rolling on a perfectly rough horizontal 
plane, it will represent the motion of the free rotating body not in space only, but 
also in time ; the body and the top may be conceived as continually moving round 
the same axis, and at the same rate, at each moment of time. The reader is referred 
to the memoir in the Philosophieal Transactions tor 1866. 



THE POLHODE. §1 

Jiyperbola whose concavity is turned neither to the axis of greatest, 
nor to the axis of least moment. In this case G' = BT, and the 
projection consists of two straight lines whose equation is 

This polhode consists of two ellipses passing through the axis 
of mean moment, and corresponds to the case in which the^ per- 
pendicular on the tangent plane is equal to the mean axis of 
the ellipsoid. This polhode is called the separating polhode. 

Since the projection of the polhode on one of the principal 
planes is always an ellipse, the polhode must be a re-entenng 
curve. 

150. To find the motion of the extremity of the insttrntaneouB axis along the 
polhode whioh it describes we have merely to substitute from the equations 

Wj __ Wj _ Wg _^ « _^ / 2' 1 

in any of the equations of Art. 141. For example we thus obtain 

Ex. 1. A point P moves along a polhode traced on an ellipsoid, show that the 
length of the normal between P and any one of the principal planes at the centre 
is constant. Show also that the normal traces out on a principal plane a conic 
similar to the focal conic in that plane. Also the measure of currature of an 
ellipsoid along any polhode is constant. 

Ex. 2. Show that the straight line OJ whose direction cosines are proportional 
to dwildt, dw^jdt, dio^/dt lies in the diametral plane of the inyariable line and is 
at right angles to the invariable line. Show also that the sum of the squares 
of these quantities is 

0'*= -«*+(2rp,- GapO««/pB-{l>2"^-(l>il>a+i'8) 0«r+i>,G<}/p,«. 
where Pi, p^t p^ are the sum of the products of the quantities A^ B, C taken re- 
spectively one, two and three together. 

Ex. 3. Show that the resolved pressures P, Q, R on the fixed point in the 
directions of the principal axes at are given by 

P = - w^wgy {A ~B)C+ toiWg^ (G -A)IB + w^ (wjy + <a^) - ( Wj* + «,')a: 

with similar expressions for Q and i2, where «, y, z are the co-ordinates of the 
centre of gravity G, and A, B, C are the principal moments of inertia at 0. 

Thence show that the pressure on is equivalent to two forces (1) a force 
cy* . GK which acts perpendicular to the plane OOKf where GK is the perpendicular 
drawn from G on the straight line OJ described in the last example, (2) a force 
(^ . OH acting parallel to GH where GH is a perpendicular from G on the instan- 
taneous axis. 

151. The Herpolhode. Since the herpolbode is traced out 
by the points of contact of an ellipsoid rolling about its centre on a 
fixed plane, it is clear that the herpolhode must always lie between 
two circles which it alternately touches. The common centre of 
these circles will be the foot of the perpendicular from the fixed 
centre on the fixed plane. To find the radii let OL be this 

R. D. II. 6 
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perpendicular, and / be the point of contact. Let LI == p. Then 
we have by Art. 147, p* = r" — jp*=nTr(«' — 7^) • 




The radii will therefore be found by substituting for ©* its 
greatest and least values. But by Art. 142, these limits are X,, 
and the greater of the two quantities \, X,. 

The herpolhode is not in general a re-entering curve ; but if 
the angular distance of the two points in which it successively 
touches the same circle be commensurable with 27r, it will be 
re-entering, Le. the same path will be traced out repeatedly on the 
fixed plane by the point of contact. 

152. MacCullagh'8 Construction. To explain MacCv}- 
lagKs representation of the motion, by means of the ellipsoid of 
gyration. 

This ellipsoid is the reciprocal of the momental ellipsoid, and 
the motion of the one ellipsoid may be deduced from that of the 
other by reciprocating the properties proved in the preceding 
Articles. We find, 

(1) The equation to the ellipsoid referred to its principal 
axes is a^ f 2^ _1 

(2) This ellipsoid Tnoves so that its superficies always passes 
through a point fi^xed in space. The point lies in the invariable 

line at a distance , from the fixed point. By Art. 142 we 

JMT . 

know that this distance is less than the greatest, and greater than 

the least semi-diameter of the ellipsoid. 

(3) 2%^ perpendicular on the tangent plane at the fi^xed poini; 
is the instantaneous axis of rotation, and the angular velocity of 
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iJie body varies inversely as the length of this perpendicular. If p 

1 /T 
be the length of this perpendicular, then ® = " v "T/ • 

(4) The angular velocity aibout the invariable line is constant 
and = 77 . 

The corresponding curve to a polhode is the path described on 
the moving surface of the ellipsoid by the point fixed in space. 
This curve is clearly a sphero-conic. The equations to the sphero- 
conic described under any given initial conditions are easily seen 

tobe a? + y« + ,« = _, _ + J + ^ = ^. 

These sphero-conics may be shown to be closed curves round 
the axes of greatest and least moment. But in one case, viz. 
when G^/r= B, where B is neither the greatest nor least moment 
of inertia, the sphero-conic becomes the two central circular sections 
of the ellipsoid of gyration. 

The motion of the body may thus be constructed by means of 
either of these ellipsoids. The momental ellipsoid resembles the 
general shape of the body more nearly than the ellipsoid of gy- 
ration. It is protuberant where the body is protuberant, and 
compressed where the body is compressed. The exact reverse of 
this is the case in the ellipsoid of gyration. 

153. BbeOoUagh's g«onMtrleal IntarprwIatloB. MacCnllagh has used the 
eUipsoid of gyration to obtain a geometrical interpretation of the solution of Euler*s 
equations in terms of elliptic integrals. 

The ellipsoid of gyration moves so as always to touch a point L fixed in space. 
liet us now project the point It on a plane passing through the axis of mean 
moment and making an angle a with the axis of greatest moment. This projection 
may be effected by drawing a straight line parallel to either the axis of greatest 
moment or least moment. We thus obtain two projections which we will call 
P and Q, These points will be in a plane PQL which is always perpendicular to 
the axis of mean moment. As the body moves about the point L describes on 
the surface of the ellipsoid of gyration a sphero-conic KK\ and the points P, Q 
describe two curves pp\ qq* on the plane of projection OBD, li the sphero-conic 
as in the figure enclose the extremity A of the axis of greatest moment, the curve 
inside the ellipsoid is formed by the projection parallel to the axis of greatest 
moment, but if the sphero-conic enclose the axis of least moment, the inner curve 
is formed by the projection parallel to that axis. The point P which describes the 
inner curve will obviously travel round its projection, while the point Q which 
describes the outer curve will oscillate between two limits obtained by drawing 
tangents to the inner projection at the points where it cuts the axis of mean 
moment. 

Since the direction-cosines of OL are proportional io Aw^, Bia^^ da^ it is easy to 
see that, Mx^y^z are the co-ordinates of L, 

Aw^ Bio^ Cw^ G JmT 

6—2 
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Let OPsp^ OQssp\ and let the angles these radii yectores xnaSce with the plflse 
oontainiing the axes of greatest and least moment be ^ and ^' measured in tho 




direction BD so that DOP= * 4>, DOQ ^^^': we then have 

-p8m0=y=B<Dj(Jfr)-h 
pcos^sina=2= Cv^{MT)'hj 



(2). 



p'cos 0'oosa=x=iifl^ (AfT)-i 
- p' sin 0' =y =Bwa {MT) 



■:i 



(3). 



It is proved in treatises on solid geometry that, if the plane on which the 
projection is made is one of the circular sections of the eUipsoid, the projections 
will be circles. This result may be verified by finding p or p' from these equations. 
Remembering that p and p' are constants, let us substitute in Euler*s equation 

from (2) and the first of equations (3). We have . 

d0 A-C 



Since p' cos 4/ is the ordinate of Q, we see that the velocity of P varies as the 
ordinate of Q, and in the same way the velocity of Q varies as the ordinate of P. 

To find the constants />, p* we notice that p is the value of y obtained from 
the equations to the sphero-conic when ;? =0. We thus have 



{AT-Q^B 



^ ((P-CDB 



MT(A-By 
the latter being obtained from the former by interchanging the letters A and C. 

/velocity \ _ Jb^G # j=— ^j /ordinateN 
V ofP J'jjm'''^^''^ \ of« J' 



Henoe 



/yelocity\ _ ^A -B , /ordinateN 

V of« )-^jjm^^~^^\ OfP ;• 
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154*. Since fi sin ^'aep sin 0, wd have by substitution 

where X^ has the same value as in Art. 1 43. Let os suppose ^ expressed in terms 
of t by the elliptic integral 

so that 0=amX(t-r). Substituting this value of in equations (2) or (3), we 
obtain the values oi ta^^ v>^^ ta^ expressed in terms of the time. 

155. Stability of Rotation. If a body be set in rotation 
about any principal axis at a fixed point, it will continue to rotate 
about that axis as a permanent axis. Bat the three principal 
axes at the fixed point do not possess equal degrees of stability. 
If any small disturbing cause act on the body, the axis of rotation 
will be moved into a neighbouring polhode. If this polhode be a 
small nearly circular curve enclosing the original axis of rotation, 
the instantaneous axis will never deviate far in the body from the 
principal axis which was its original position. The herpolhode also 
will be a curve of small dimensions, so that the principal axis will 
never deviate far from a straight line fixed in space. In this case 
the rotation is said to be stable. But if the neighbouring polhode 
be not nearly circular, the instantaneous axis will deviate far from 
its original position in the body. In this case a very small dis- 
turbance may produce a very great change in the subsequent 
motion, and the rotation is said to be unstable. 

If the initial axis of rotation be the axis OB of mean mo- 
ment, the neighbouring polhodes all have their convexities turned 
towards B, Unless, therefore, the cause of disturbance be such 
that the axis of rotation is displaced along the separating polhode, 
the rotation must be unstable. If the displacement be along the 
separating polhode, the axis may have a tendency to return to its 
original position. This case will be considered a little further on, 
and for this particular displacement the rotation may be said to 
be stable. 

If the initial axis of rotation be the axis of greatest or least 

moment, the neighbouring polhodes are ellipses of greater or less 

eccentricity. If they be nearly circular, the rotation will certainly 

be stable ; if very elliptical, the axis will recede far from its initial 

position, and the rotation may be called unstable. If 00 be the 

axis of initial rotation, the ratio of the squares of the axes of the 

A (A- 0) 
neighbouriBg polhode is ultimately p ) p _ p\ • I^ is therefore 

necessary for the stability of the rotation that this ratio should not 
diflfer much from unity. 

156. It is well known that the steadiness or stability of a moving 
body is much increased by a rapid rotation about a principal axis. 
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The reason of this is evident from what precedes. If the body 
be set rotating about an axis very near the principal axis of 
greatest or least moment, both the polhode and herpolhode will 
generally be very small curves, and the direction of that principal 
axis of the body will be very nearly fixed in space. If now a 
small impulse /act on the body, the effect will be to alter slightly 
the position of the instantaneous axis. It will be moved from one 
polhode to another very near the former, and thus the angular 
position of the axis in space will not be much affected. Let fl 
be the angular velocity of the body, a> that generated by the im- 
pulse, then, by the parallelogram of angular velocities, the change 
in the position of the instantaneous axis cannot be greater than 
sin'* (a)/ft). If therefore ft be great, co must also be great, to produce 
any considerable change in the axis of rotation. But if the body 
have no initial rotation ft, the impulse may generate an angular 
velocity © about an axis not nearly coincident with a principal 
axis. Both the polhode and the herpolhode may then be large 
curves, and the instantaneous axis of rotation will move about 
both in the body and in space. The motion will then appear 
very unsteady. In this manner, for example, we may explain 
why in the game of cup and ball, spinning the ball about a ver- 
tical axis makes it more easy to catch on the spike. Any motion 
caused by a wrong pull of the string or by gravity will not produce 
so great a change of motion as it would have done if the ball had 
been initially at rest. The fixed direction of the earth's axis in 
space is also due to its rotation about its axis of figure. In rifies^ 
a rapid rotation is communicated to the bullet about an axis in 
the direction in which the bullet is moving. It follows, from 
what precedes, that the axis of rotation will be nearly unchanged 
throughout the motion. One consequence is that the resistance 
of the air acts in a known manner on the bullet^ the amount of 
which may therefore be calculated and allowed for. 

On the Cones described by the Invariable and Instantaneous Axes 

treated by Spherical Trigonometry. 

157. There are various ways in which we may study the 
motion of a body about a fixed point. We may have recourse to 
the properties of an ellipsoid as Poinsot and MacCullagh have 
done. But we may also use a sphere whose centre is at the fixed 
point and which is either fixed in the body or fixed in space at our 
pleasure. This method is particularly useful when we wish to find 
the angular motion of any line in space or in the body. By 
referring these angles to arcs drawn on the surface of the sphere 
we are enabled to shorten our processes by using such formulae of 
spherical trigonometry as may suit our purpose. 

The cones described by the invariable line and the instanta- 
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neous axis intersect this sphere in sphero-conlcs. The properties 
of such cones are not usually given with sufficient fulness in our 
treatises on solid geometry. For this reason we have added a list 
of several properties likely to be useful In order not to interrupt 
the general line of the argument this list has been placed at the 
end of the chapter. 

158. It is clear from what precedes that there are two im- 
portant straight lines whose motions we should consider. These 
are the invariable line and the instantaneous axis. The first of 
these is fixed in space, but as the body moves the invariable line 
describes a cone in the body, which by Art. 152 intersects the 
ellipsoid of gyration in a sphero-conic. This cone is usually called 
the Invariahle Cone. The instantaneous axis describes both a 
cone in the body and a cone in space. By Art 147, the cone de- 
scribed in the body intersects the momental ellipsoid in a polhode, 
and the cone described in space intersects the fixed plane on 
which the momental ellipsoid rolls in a herpolhode. These two 
cones may be called respectively the instankmeoua cone and the 
cone of the herpolhode. 

159. The Cones. Let the principal axes at the fixed point 
be taken as the axes of co-ordinates. The axes of reference are 
therefore fixed in the body but moving in space. By Art. 144, 
the direction-cosines of the invariable line are AtoJG, BcoJO, 
GayJO; and the direction-cosines of the instantaneous axis are 
G>j/o), (oJg), ft)g/a). From the equations (1) and (2) of Art. 144, we 
easily find 

{Aa>^^ + Bay,' + Ca>,') G^ = {A'co,' + R^; + C*©,") T. 

If we take the co-ordinates Xy y, z to be proportional to the 
direction-cosines of either of these straight lines and eliminate ©j, 
o>j, ©3 by the help of this equation, we obtain the equation to the 
corresponding cone described by that straight line. In this way 
we find that the cones described in the body by the invariable 
line and the instantaneous axis are respectively 

AT-(P . BT^O' - . CT-GP , ^ 
— 3— ^" + -^— 2/"+— ^-^' = 0, 

A (AT^ 0') x^ + B (BT-- G^)y^ + C {CT- G') z^ = 0. 

These cones become two planes when the initial conditions are 
such that G' = BT. 

Ex. 1. Show that the circular sections of the invariable cone are parallel to 
those of the ellipsoid of gyration and perpendicular to the asymptotes of the focal 
conic of the momental elUpsoid. 

160. There is a third straight line whose motion it is sometimes convenient to 
consider, though it is not nearly so important as either the invariable line or the 
instantaneous axis. If a;, y, z be the co-ordinates of the extremity of a radius vector 
of an ellipsoid referred to its principal diameters as axes and if a, &, c be the semi- 
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axes, the straight line whose direotion-coBines are xja, yjh, zfe is called the eceentri<r 
line of that radius yeotor. Taldng this definition, it is easy to see that the direc- 
tion-cosines of the eccentric line of the instantaneous axis with regard to the 

momental ellipsoid are u-^ *Ja]T, ch, sjBlT^ ta^ 'sjOjT, These are also the direction- 
cosines of the eccentric line of the invariable line with regard to the ellipsoid of 
gyration. This straight line may therefore be called simply the eccentric line and 
the cone described by it in the body may be called the eccentric cone. 

Ex. 1. The equation to the eccentric cone referred to the principal axes at the 
fixed point is {AT- G^)2^+{BT-G^y^ + {CT-G*)z*=0. 

This cone has the same circular sections as the momental ellipsoid and outs that 
ellipsoid in a sphero-conic. 

Ex. 2. The polar plane of the instantaneous axis with regard to the eccentric 
cone touches the invariable cone along the corresponding position of the invariable 
line. Thus the invariable and instantaneous cones are' reciprocals of each other 
with regard to the eccentric cone. 

161. The sphero-conlcB. Let a sphere of radius unity be 
described with its centre at the fixed point about which the 
body is free to turn. Let this sphere be fixed in the body, and 
therefore move with it in space. Let the invariable line, the 
instantaneous axis, and the eccentric line cut this sphere in the 
points Lf I, and E respectively. Also let the principal axes cut 
the sphere in A, B, C. It is clear that the intersections of the 
invariable, instantaneous, and eccentric cones with this sphere will 
be three sphero-conics wlaich are represented in the figure by the 




lines KIC, JJ\ DD\ respectively. The eye is supposed to be 
situated on the axis OA, viewing the sphere from a considerable 
distance. All great circles on the sphere are represented by 
straight lines. Since the cones are co-axial with the momental 
ellipsoid, these sphero-conics are symmetrical about the principal 
planes of the body. The intersections of these principal planes 
with the sphere will be three arcs of great circles, and the portions 
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of these arcs cut off by any sphero-conic are called axes of that 
sphero-conic. If we put ^r = in the equations to any one of the 
three cones, the value of yjx is the tangent of that semi-axis of the 
sphero-conic which lies in the plane of xy. Similarly, putting 
y = 0, we find the axis in the plane of xz. If (a, 6), (a', b'\ (cr, /8) 
be the semi-axes of the invariable, instantaneous, and eccentric 
sphero-conics respectively, we thus find 



tan 



a _ tan a! _ tan a JaT—G^ 1 



B A Jab Jg^—btJab' 

tan h _ tan V __ tan /9 _ J AT- O* 1 
G '^ A "jAG^jW^WVAd' 

The first of these two sets gives the axes in the plane AOB, 
the second those in the plane A OG, The former will be imagi- 
nary if G^ < BT, In this case the sphero-conics do not cut the 
plane AOB. The sphero-conics will therefore have their con- 
cavities turned towards the extremities of the axes OA or OG, i.e. 
towards the extremities of the axes of greatest or least moment 
according as (?* is > or < 57. 

162. Ex. 1. If we put 1 - «8= sm*&/sm% we may define f to be the eccentricity 
of the sphero-conic whose semi-axes are a and 5. If e and e' be the eccentricities of 
the invariable and eccentric sphero-conics respectively, prove that 

e^=A{B-C)IB(A-C) and e'»=(B-C)/(^ -C) 

BO that both these eccentricities are independent of the initial conditions. 

Ex. 2. If the radius of the sphere had been taken equal to (G^jMT)^ instead of 
unity, show thi^t it would have intersected the ellipsoid of gyration along the invari- 
able cone, and if the radius had been (ilfTe^/G^)^, it would have intersected the 
momental ellipsoid along the eccentric cone. 

Ex. 3. A body is set rotating with an initial angular velocity n about an axis 
which very nearly coincides with a principal axis OG at a fixed point 0. The 
motion of the instantaneous axis in the body may be found by the following 
formulas. Let a sphere be described whose centre is 0, and let / be the extremity 
of the radius vector which is the instantaneous axis at the time U If (a;, y) be the 
co-ordinates of the projection of I on the plane AOB referred to the principal axes 

OA, OB, then x = Jb {B - C) L sin (jpnt + M), 

y= J A (A-CjL cos {put + M), 

where jp2 = (B - C) {A - C)IAB, and L, M are two arbitrary constants depending on 
the initial values of or, y, 

Ex. 4. If in the last question L be the point in which the sphere cuts the 
invariable line, if (p, 6) be the spherical polar co-ordinates of C with regard to 
L as origin, and a the radius of the sphere, then 



P^=n^^,L^{2AB-C(A + B) + (A-B)C^82[pnt-^M)h 0=^t + ^^^f 
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163. To find the motion of the invariable line and the instan^ 
taneous aais in the body. 

Since the invariable line OL is fixed in space and the body 
is turning about 01 as instantaneous axis, it is evident that the 
direction of motion of OL in the body is perpendicular to the 
plane lOL. Hence on a sphere whose centre is at ^ arc IL 
is normal to the sphero-conic described by the invariable line. This 
simple relation will serve to connect the motions of the invariable 
line and the instantaneous axis along their respective sphere- 
conies. 

164. Let V be the velocity of the invariable line along its 
sphero-conic, then since the body is turning about 01 with an- 
gular velocity ©, and OL is unity, we have t; = ct> sin LOI. But 
by Art. 14e7 T/0=^(o cos LOL Eliminating o we have 

t; = (iy(?)taniO/. 

165. Produce the arc IL to cut the axis AK in If, so that 
LN is a normal to the sphero-conic described by the invariable 
line. Taking the principal axes at the fixed point as axes of 
reference, the direction-cosines of OL and 01 are respectively 
proportional to Ato^, Bo)^, Cm^, and ©j, ©,, ©,. The equation to 
the plane LOI is 

(B - C) ft),©^ + ( (7 - J[) (o^co^y + {A'-B) co^co^z = 0. 

This plane intersects the plane of ocy in the straight line ON, 
hence putting ^ = 0, we find the direction-cosines of OJS" to be 
proportional to (-4 — (7) ©j, (J? — 0) w,, and 0. Hence 

G J(A - Cf < + (iJ - CO V 

The numerator of this expression is easily seen to be fl'* — CT. 
Expanding the quantity under the root we have 

A*is* + £»«,• -20 {A(o* + £«,') + C* {w* + «,»), 

which is clearly the same as 

CP - C*o>* -2C(T- C<o^ + (7» (a»» - »,'). 

Substituting we find 

(P-CT 



cos LON = 



taniO^= 



a\/0*-2CT+CW' 



G' - CT 



But T/G = o>coaLOI, .'. TtaxLLOI = ^0'<o'-T\ Eence the 

ratio r-T^-n = — tsth — . cind is therefore constant tiirotighout 

taniOiV CT . •' " 

the motion. 
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Combining this result with that given in the last Article^ we 
see that the 

velocity of i ) CT-CT 

along its conic] ''CO * 

where n is the angle LON. If we adopt the conventions of 
spherical trigonometry, n is also the length of the arc normal to 
the sphero-conic intercepted between the curve and the principal 
plane AB of the body. 

166. Ex. 1. If the focal lines of the invariable oohe oat the sphere in 5 and 8\ 
these points are called the foci of the sphero-conic* Prove that the velocity 
of L resolved perpendicular to the arc SL is constant throtighout the motion and 

equal to )(G«-Br) {AT^ G*)/^BG»}*. If LM be an arc of a great circle perpen- 
dicular to the axis containing the foci, and p be the arc SL, prove also that 

dt C\ AB ) ""'"^" 



Ex. 2. Prove that the velocity of L resolved perpendicular to the central radios 
vector AL is — cot AL. 

Ex. 3. If r, /, r^' be the lengths of the arcs joining the extremity ^ of a princi- 
pal axis to the extremities X, /, E of the invariable line, instantaneous axis, and 
eccentric line respectively; $, ff', &' the angles these arcs make with any principal 
plane AOB, prove that 

cosr _ cos/ _ eos/^ tang _ tang' _ tBXiff* 

AT-G'^oosrojAf' C " B " JM' 

where I—bxcLI. This theorem will enable us to discover in what manner the 
motions of the three points X, /, £ are related to each other. 

Ex. 4. Show that the velocity of the instantaneous axis along its sphero-conic 
^ -m — TB — tann' cos ^, where n' is the length of the normal to the instantaneous 

J. A.iS 

sphero-conic intercepted between the curve and the arc AB, and f =sarc LI, 

Comparing this result with the corresponding formula for the motion of L given 
in Art. 165, we see that for every theorem relating to the motion of L in its sphero- 
conic there is a corresponding theorem for the motion of /. For example, if 5' be a 
focus of the instantaneous sphero-conic, we see by Ex. 1 that the velocity of / 
resolved perpendicular to the focal radius vector S'l bears a constant ratio to cos LI. 
This constant ratio is equal to that given in Ex. 1 multiplied by O^CjTAB, 

Ex. 5. Show that the velocity of the eccentric line along its sphero-conic is 

{(G3 - CTjIJaBCT) tan »", where n" is the length of the arc normal to the sphero- 
conic intercepted between the curve and the principal arc AB, 

Ex. 6. Prove that (velocity of EY - (velocity of L)^= constant. Show also that 
this constant = (^ r - G«) (BT-Q^) (CT-Q^)IABCG^T. 

Ex. 7. The motion of L along its sphero-conic is the same as that of a particle 
acted on by two forces whose directions are the tangents at L to the arcs L8, LS' 
joining L to the foci of the sphero-conic and whose magnitudes are respectively 
proportional to sin L8 cos L8' and sin L8' cos L8, 

Solutions of these examples and proofs of other theorems in this section may 
be found ii} a paper contributed by the aiUhor to the Proceedings of the Boyal 
Society, 1878. 



92 



MOTION UNDER NO FORCES. 



167. The instantaneous axis describes a cone in space, which 
has been called the cone of the herpolhode. The eqaation of 
this cone cannot generally be found, but when it can be determined 
we have another geometrical representation of the motion. For 
suppose the two cones described by the instantaneous axis in 
space and in the body to be constructed. Since each of these 
cones will contain two consecutive positions of their common 
generator, they will touch each other along the instantaneous 
axis. Then the points of contact having no velocity the motion 
will be represented by making the cone fixed in the body roll on 
the cone fixed in space. 

168. Poinsot's theorem. To find the motion of the instan- 
taneous axis in spa^ce. 

Since the invariable line OL is fixed in space, it will be con- 
venient to refer the motion to OL as one axis of co-ordinates. 
Let the angle the instantaneous axis 01 makes with OL be called 
f, and let ^ be the angle the plane lOL makes with any plane 
passing through Oi and fixed in space. 

During the motion the cone described by 01 in the body rolls 
on the cone described by 01 in space. It is therefore clear that 
the angular velocity of the instantaneous axis in space is the 
same as its angular velocity in the body. Describe a sphere 
whose centre is at and radius unity, and let this sphere be 
fixed in the body. Let L, I be the intersections of the invariable 
line and instantaneous axis with the sphere at the time ty L\ T 
their intersections at the time t + dt. Then /Z, I'L are con- 
secutive normals to the sphero-conic KK traced out by the in- 
variable line and therefore intersect each other in some point P 




which may be regarded as a centre of curvature of the sphero- 
conic. Let p = Pi. Then clearly 

velocity of / resolve^) _ /velocity\ sin (/) + f ) 

perpendicularly to IL] \ of L J ' sin p 
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Therefore by Art 164 we have 

sin f -^ = yy tan f (cos f + cot p sin f) ; 



at G\ tan pj 



But in any sphero-conic tan o = tan' n/tan* f , where n is the 
length of the normal intercepted between the curve and that axis 
which contains the foci, and 21 is the length of the ordinate 
through either focus, and is usually called the latus rectum. 
Substituting for tan/>, and remembering that 

^^^=-^p5^, byArt.l6o,andtanZ = ^-^^,weget 

d<l> T . T ((P-CT\^ /tan»6\» .^ 

If we substitute for tan a and tan b their values, we get 

dt^ O^ ABCOr ^ ^ 

169. A simple geometrical construction for this result has 
been given by Dr Ferrers in a Smith's Prize paper (1882). If 
OH be the projection of the instantaneous axis 01 on the in- 
variable plane drawn through the fixed point 0, and if OH in- 
tersect the momental ellipsoid in H, then 

d<f> _ CPMe' 1 
dt "■ TABC OH^ ' 

170. Since the resolved angular velocity about the invariable 
line is constant, we easily find ay =^ see ^ T/G. Substituting this 
value of ft) in equation (6) of Art. 141, we find a relation between 
f and d^/dt, which however is too complicated to be of much use. 

The values of d(f>/dt and d^/dt in terms of f have now both been 
found; from these the motion of the instantaneous axis in space 
can be deduced. 

171. Ex. 1. Show that the angular velocity v' of the instantaneooa axis in 

space or in the body is given by w*^'*=7^7^ f-4 + B + C-2j - ^^ ' , where w is 

the resultant angular velocity of the body and Xi» X3, X3 have the meanings given 
to them in Art. 141. This result is due to Poinsot. 

Ex. 2. The length of the spiral between two of its successive apsides, described 
in absolute space, on the surface of a fixed concentric sphere, by the instantaneous 
axis of rotation, is equal to a quadrant of the spherical ellipse described by the same 
axis on an equal sphere moving with the body. This is Booth's Theorem. 
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Kz. 8. If the eooentrio line intersect in the point E the nnit sphere which is 
fixed in the body and has its centre at the fixed point, prove that 

where the letters have the meanings given to them in Art. 168. 

172. The Rolling and Sliding Cone. Let be the fixed 
pointy 01 the instantaneous axis. Let the angular velocity to 
about 01 be resolved into two, viz. a uniform angular velocity T/O 
about the invariable line OL, and an angular velocity a) sin lOL 
about a line OH lying in a plane fixed in space perpendicular to 
the invariable line, and passing through the fixed point 0. Let 
this fixed plane be called the invariable plane at 0. As the body 
moves, OH will describe a cone in the body which will always touch 
this fixed plane. The velocity of any point of the body lying for a 
moment in OH is unaffected by the rotation about OH, and the 
point has therefore only the motion due to the uniform angular 
velocity about OL. We have thus a new representation of the 
motion of the body. Let the cone described by OH in the body 
be constructed, and let it roll on the invariable plane at with the 
proper angular velocity, while at the same time this plane turns 
round the invariable line with a uniform angular velocity T/Gf-. 
The cone described by OH in. the body has been called by Poinsot 
the Rolling and Sliding Cone. 

173. To find a construction for the sliding cone. Its generator 
OH is at right angles to OZ, and lies in the plane lOL, Now 
OL is fixed m space; let OL' be the line in the body which, after 
an interval of time dt, will come into the position OL. Since the 
body is turning about 0/, the plane LOL is perpendicular to the 
plane LOT, and hence OH is perpendicular to both OL and OU. 
That is, OH is perpendicular to the tangent plane to the cone 
described by OL in the body. The cone described by OH in the 
body is therefore the reciprocal cone of that described by OL. 
The equation to the cone described by OL has been found in Art. 
159. Turning therefore its coeflScients upside down we see that 
the equation to the cone described hj.OH is 

The focal lines of the cone described by OH are perpendicular 
to the circular sections of the reciprocal cone, that is the cone 
described by OL. And these circular sections are the same as 
the circular sections of the ellipsoid of gyration. Hence the focal 
lines lie in the plane containing the axes of greatest and least 
moment, and are independent of the initial conditions. 

This cone becomes a straight line in the case in which the 
cone described by OL becomes a plane, viz. when the initial con- 
ditions are such that (?* = BT. 
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174. To find the motion of OH in space and in the body. 

Since OL, OH and 01 are always in the same plane the 
motion of OH in space round the fixed straight line OL is the 
same as that of 07, and is given by the expression for dd>ldt in 
Art. 168. 

To find the motion of OH in the body it will be convenient 
to refer to the figure of Art. 168. Produce the arcs PL, PU 
to H and H' so that LH and LH' are each quadrants. Then 
H and H are the points in which the axis OH intersects the 
unit sphere at the times t and t-\-dt. We have therefore 

Substituting for tan p as before we may express the result in 
terms of f or © at our pleasure. 

Since the cone described by OH in the body rolls on a plane 
which also turns round a normal to itself at 0, it is clear that the 
angular velocity of OH in the body is less than the angular 
velocity of OH in space by the angular velocity of the plane, i. e. 

/velocity\ rf<^ T 
\ oiH J^di'O' 

175. Ex. If It m, n he the direction-cosines of OH referred to the principal 
axes of the body, prove 

I ifi _ n 1 

Ur--(?a)«i'' (BI^TGif^;- (02^^02^^ 



Motion of the Principal Axes. 

176. To find the angular motions in space of the principal 
axes. 

Since the invariable line OL is fixed in space it will be con- 
venient to refer the motion to this straight line as axis of z. 
Let OA, OB, 00 be the principal axes at the fixed point 0, and 
let, as before, a, /S, j be their inclinations to the axis OL or OZ. 
Let X, fi, V be the angles the planes LOA, LOB, LOG make 
with some fixed plane LOX passing through OL. Our object is 
to find da/dt and d\/dt with similar expressions for the other axes. 
We might here refer to Eulers geometrical equations given in 
VoL I. chap. 5 and by writing a, \ for 0, y^ respectively obtain the 
required expressions, but it will be found advantageous to make a 
slight variation in the argument. 

Describe a sphere whose centre is at the fixed point, and 
whose radius is unity. Let the invariable line, the instantaneous 
axis and the principal axes cut this sphere in the points L, I, 
A, B, G respectively. The velocity of A resolved perpendicular 
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to LA will then be sin a dkjdt But since the body is turning 
round 01 as instantaneous axis, the point A is moving perpen- 
dicularly to the arc /-4, and its velocity is cD^inlA, Resolving 
this perpendicular to the arc LA, we have 

sin a —rr = 0) sin J./ cos LAI 
at 



= (O 



cos LI — cos LA cos I A 



sin LA ' 

by a fundamental formula in spherical trigonometry. But a> cos LI 
is the resolved part of the angular velocity about OL, which is 
equal to T/0, and <o cos lA is the resolved part of the angular 




velocity about OA, which is (o^. We have therefore 

. , dk T 
sm a "^ — 77 " ®j cos a, 

a result which follows immediately from Art. 1 2. Since (? cos a = -4 ©^ , 
we have 

. . dK T ffcos'a 

This result may also be written in the form 

d\ T . AT-CP 



dt a-'^ AU 



cot'a (2). 



d2 

dt 



177. To find ^ we may proceed in the following manner. 



By Art. 144, we have cos a = Am JO, cos jS = BcdJG, cos 7 = CayJG, 
Substituting in Euler's equation 



A^-iB-C)a>,a>, = 0, 



we have 



^^^^'^^ [b" c) ^ ^^^ ^ ^^^^ ^^^' 
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But by Art 141 cos a, cos P, cos 7 are connected by the equations 

cos'a cos"/8 cos*7 T\ 
~:4~'*"~B~'^~C~"Gn (4). 

cos*a + cos*^ + cos' 7 = 1 J 

If we solve these equations so as to express cos fi, cos 7 in 
terms of cos a, we easily find 

178. Sinoe the left-hand side of equation (5) is necessarily real, we see that thia 
values of cos^a are restricted to lie between certain limits. If the axis whose 
motion we are considering is the axis of greatest or least moment let B be the 
axis of mean moment. In this case cos* a must lie between' the two limits 

^" ^^ _i.^ and ^^^^^ jzTb ^ ^^ ^ positive. By Art 142 the former of 

these two is positiye and less than unity; this is easily shown by dividing the 
numerator and the denominator by ACG\ If the latter is positive the spiral 
desoribed by the principal axes on the surface of a sphere whose centre is at the 
fixed point lies between two concentric circles which it alternately touches. If the 
latter Umit is negative cos a has no inferior limit. In this case the spiral always 
lies between two small circles on the sphere, one of which is exactly opposite the 
other. 

If the axis considered is the axis of mean moment, cos^a must lie outside the 
same two limits as before. Both these are positive, but one is greater and the 
other less than unify. The spiral therefore lies between two small circles opposite 
each other. 

In order that dXjdt may vanish we must have G* cos' a = iiT, but this by substitu- 
tion makes da/dt imaginary. Thus dk/dt always keeps one sign. It is easy to see 
that if the initial conditions are such that G^/T is less than the moment of inertia 
about the axis which describes the spiral we are considering, the angular velocity 
will be greatest when the axis is nearest the invariable line and least when the axis 
is furthest. The reverse is the case if G^jT is greater than the moment of inertia. 

179. Ex. 1. Let OM be any straight line fixed in the body and passing 
through and let it cut the ellipsoid of gyration at in the point M, Let OM' be 
the perpendicular from on the tangent plane at M. If OM=ry OM'^p, and if 
i, i' be the angles OM^ OM* make with the invariable line 0£, prove that 

where j is the angle the plane LOM makes with some plane fixed in space passing 
through OL and m is the mass of the body. This follows from Art. 12. 

Ex. 2. If KLK' be the conic traced out by the invariable line in the manner 
described m Art. 161, show that \=(T/G) t+ (angle Zil^)- (vectorial area L /I f'y, 
where X is the angle described by the plane containing the invariable line and the 
principal axis OA. 

» 

Ex. 3. If we draw three straight lines OA, OB^ 00 along the principal axes at 
the fixed point of equal lengths, the sum of the areas conserved by these lines on 
the invariable plane is proportional to the time. [Poinsot.] 

R. D. II. 7 
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Ex. 4. U (he leagiha Oi, OB, OC be proportional to the ndU of gyration 
about the axes re8peotiyel7« the sum of the areas conseryed by these lines on tho 
inTariable plane will also be proportional to the time. [Poinsot.] 



Motion of the body when two principal txxes are equal, 

180. Let the body be rotating with an angular velocity to 
about an instantaneous axis OL Let OL be the perpendicular 
on the invariable plane. The momental ellipsoid is in this case a 
spheroid, the axis of which is the axis of unequal moment in the 
body. Let the equal moments of inertia be A and B. From 
the symmetry of the figure it is evident that as the spheroid rolls 
on the invariable plane, the angles LOG, LOT are constant, and 
the three axes 01, OL, OG are always in one plane.- Let the angles 
LOC=^y, lOG^i. 

Following the same notation as in Art. 141, we have 

©a = ««> cos i, G)j" + (0^ = 0)* sin*f, 
(^•^(^'sinV+C'cos'i)®*, 
T^(A&mS + Gcos'i)a>\ 

We therefore have 

— CSwg_ Ccosi 

cos7~-^-^^^^._^^^._^^,==. 

This result may also be obtained as follows. In any conic if 
i and 7 be the angles a central radius vector and the perpendicular 
on the tangent at its extremity make with the minor axis, and if 
a, h be the semi-axes, then tan7 = tan».fc7a*. Applying this to 
the momental spheroid, we have 

A , 
tan7 = y^tani. 

The angle i being known from the initial conditions, the angle 7 
can be found from either of these expressions. The peculiarities 
of the motion will then be as follows. 

The invariable line describes a right cone in the body whose 
axis is the axis of unequal moment, and whose semi-angle is 7. 

The instantaneous axis describes a right cone in the body 
whose axis is the axis of unequal moment, and whose semi-angle 
is i. 

The instantaneous axis describes a right cone in space, whose 
axis is the invariable line, and whose semi-angle is i^^. 

The axis of unequal moment describes a right cone in space 
whose axis is the invariable line, and whose semi-angle is 7. 

The angular velocity of the body about the instantaneous 
axis varies as the radius vector of the spheroid, and is therefore 
constant. 
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181. To find the common cmgular velocity in spcu^e of the in- 
stcmtaneous cuds and the axis of unequal mxmient rownd the iwoariahle 
line. 

Let G be the extremity of the axis of figure of the momental 
ellipsoid, and let II be the rate at which the plane LOG ia turning 
round OL. Let CMy GN be perpendiculars on OL and 01. 
Then since the body is turning round 0/, the velocity of is 
CJf . G>. But this is also GM . ft. Since GM — OG sin 7, 
G N^ =0G sin {, we have at once 

il sin 7 = (o sin i, 
whence O can be found. 

182. To find the common angular velocity in the body of the 
invariable line and the instantaneovs aoois round the oMs of unequal 
moment 

Let H' be the rate at which the plane LOG is turning round 
OG in the body. Let LMy LN be perpendiculars from any point 
L in the invariable line on OG and 0/. Then since OL is fixed 
in space and the body is turning round 0/, the velocity of L in 
the body is LN . cd. But this is also LM . fi'. Since LM =» OL sin 7, 
LN=^ OL sin {i — 7), we have at once 

Xl' sin 7 = 0) sin (i — 7), 
whence fl' can be found. 

183. Ex. 1. If a right circnlar cone whose altitude a is double the radius of 
its base turn about its centre of ^avity as a fixed point, and be originally set in 
motion about an axis inclined at an angle a to the axis of figure, the vertex of the 
cone wiU describe a circle whose radius is fa sin a. [Coll. Exam.] 

Ex. 2. A circular plate rerolves abont its centre of gravity as a fixed point. If 
an angular velocity w were originaUy impressed on it about an axis making an angle 
a with its plane, a normal to the plane of the disc will make a revolution in space in 

a time r given by 2ir/r = w^/l + 3 sin^ a, [Coll. Exam.] 

Ex. 3. A body which can turn freely about a fixed point at which two of the 
principal moments are equal and less than the third, is set in rotation about any 
axis. Owing to the resistance of the air and other causes, it is continually acted 
on by a retarding couple whose axis is the instantaneous axis of rotation and whose 
magnitude is proportional to the angular velocity. Show that the axis of rotation 
will continually tend to become coincident with the axis of unequal moment. In 
the case of the earth therefore, a near coincidence of the axis of rotation and axis 
of figxure is not a proof that such coincidence has always held. [Astronomical 
Notices, March 8, 1867;] 



Motion v:hen G' = BT. 

184. The peculiarities of this case have been already alluded 
to in Art. 141. When the initial conditions are such that this 

7—2 



.(2). 
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relation holds between the Yis Viva and the Momentum of the 
body the whole discussion of the motion becomes more simple*. 

The fundamental equations of motion are 

iiV+^««"+o'»,»=G«=£rj ^ ^' 

Solving these, we have 

"^'"A-C AB 

"^^"A^G' BG 
T> . dw^ C-A 

dflt,_ /{A^B){B^O) CP^B'to^ 
•• de "^V AC • . ^ • 

When the initial values of ©^ and ©, have like signs, (C— -4)© gj, 
is negative and therefore cUojdt must be negative, hence in this 
expression the upper or lower sign is to be used according as the 
initial values of o)^, o), have like or unlike signs. 

•*• (?»-5V dt^^V AG 

If we put T n for the right-hand side and integrate we have 

2G . 

+ Bfo, _^ y^nt . Ba>,_E.e''B'^-l 

where E is some undetermined constant. As t increases indefi- 
nitely, ft), approaches + G/B as its limit and therefore by (2) a>^ 
and ft), approach zero. 

The conclusion is that the instantaneous axis ultimately ap- 
proaches to coincidence with the mean axis of principal moment, 
but never actually coincides with it. It approaches the positive 
or negative end of the mean axis according as the initial value 
of (G — A) ft>jft)3 is positive or negative. 

185. To find what (ke cones traced oitt in the body by the 
invariable line and instantaneous axis become when G' = BT. 

Eliminating to^ from the fundamental equations of the last 
Article we have A (A- B) g)^ -=G(B-G) a>^\ 

Taking the principal axes at the fixed point as axes of refer- 
ence, the equations of the invariable line are x/Aay^^ y/Bo)^= z/C<o^. 

* This case appears to haye been considered by nearly every writer on this 
subject. As examples of different methods of treatment the reader may consult 
Legendre, Traiti des Fonctions ElliptiqueSf 1825, Vol. i. page 382, and Poinsotf 
Thiofie NouveUe de la Rotation des corps, 1852, page 104. 
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Eliminating a>^ and co, the locus of the invariable line is one of 
the two planes lA — B IB—G 



\/^'"=±\/- 



z. 



A -"-^V G 
The equations of the instantaneous axes are xfto^ s= y\^% ^ V^s* 
Eliminating. 6>^ and o, the locus of the instantaneous axis is one 
of the two planes 

JA{A-B)x=^±JC{B'-G)z. 

In these equations since z/x follows the sign of <oJo>^ the upper 
or lower sign is to be taken according as the initial values of 
&^y CO3 have like or unlike signs. These planes pass through the 
mean axis, and are independent of the initial conditions except 
so fer that G" = JSr. 

The rolling and sliding cone is the reciprocal of that described 
by the invariable plane Art. 173, and is therefore the straight line 
perpendicular to that plane which is traced out by the invariable 
line. 

Ex. 1. Show that the planes described by the invariable line ooinoide with the 
central circular sections of the ellipsoid of gyifation and are perpendicular to the 
asymptotes of that focal conic of the momental ellipsoid which lies in the plane of 
the greatest and least moments. 

Ex. 2. The planes described by the instantaneous axis are perpendicular to the 
umbilical diameters of the ellipsoid of gyration and are the diametral planes of 
the asymptotes of the focal conic in the momental ellipsoid. 

186. The relations to each other of the several planes fixed 
in the body may be exhibited by the following ngure. Let 
A, B, G he the points in which the principal axes of the body 
cut a sphere whose centre is 0, and radius unity. Let BLK\ 
BIJ' be the planes traced out bv the invariable line and the 
instantaneous axis respectively. Then by the last Article 

^ ^^, /A B-'C , ^j, IG B^G 
^^^^\/G'A^^^^'^'^\/A'A^rB' 
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Hence we find 

This is the quantity which has been called n in Art. 184. 

Exactly as in Art. 163 the direction of motion of Z is perpen* 
dicular to IL and hence the angle ILB is & right angle. Thus 
the spherical triangle ILB has one angle right, and another 
constant and independent of all initial conditions. 

Exactly as in Art 163, the velocity of L along LB is equal to 
6>sin IL which, by Art. 147, is equal to ia,nIL.T/G, But from' 
the spherical triangle ILB we have n sin BL = tan IL, If then we 
put as before /9 = BL, we have 

dB T . ^ 

-£- = ± 77 » sm p. 
at G 

If the initial values of cu,, ao^ have the same sign, the body 
is turning round I from K' to B. Hence, since L is fixed in 
space, BL is increasing and therefore the upper sign must be 
used in this figure. See also Art. 184. 

We may also find an expression for in terms of the time. 
Since cos )9 = BtoJO we have, by Art. 184, 

\±^^Ee->, .-. cot| = /&'-^"'. 
1 — cos /3 2 

Ex. Show that the eccentric line describes & great circle passing through B and 
ontting ACin some point jy where taa:^ CP'^tan CJ' tan CK\ If £ be the inter- 
section qI the eccentho line with the sphere, show that the ares BE and BL aM 
always equal. 

187. To find the motion of the body in space. 

We have already seen that the motion is such that a plane 
fixed in the body, viz. the plane £ir', contains a straight line 
fixed in space, viz. the invariable line OL. Since the body is 
brought from any position into the next by an angular velocity 
6> cos lOL = TjQ about OL, and an angular velocity w sin lOL 
about a perpendicular to OL, vi?. OH, it follows that the plane 
fixed in the body turns round the line fixed in space with a 
uniform angular velocity TjG or OjB, At the same time the 
plane moves so that the line fixed in space appears to describe the 
plane with a variable velocity « sin lOL. If yS be the angle BL, 
this has been proved in the last Article to be n sin j3T/0. 

188. The cone described by OH in the body is the reciprocal 
cone of that described by OL, and from it we may deduce re- 
ciprocal theorems. The motion is therefore such that a straight 
line fixed in the body, viz. OH, describes a plane fixed in space, 
viz. the plaue perpendicular to OL, The straight line moves 
along this plane with a uniform angular velocity equal to T/G or 
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QfBf n^ile the angular velocity of the body about this straight 
lioeis±nsin;8(?/£. • 

189. The motion of the principal axes may be deduced from 
the general results given in Art. 176. But we may also proceed 
thu& Since the body is turning about 07, the point B on the 
sphere is moving perpendiculany to the arc IB. Hence the 
tangent to the path of B makes with LB an angle which is the 
complement of the constant angle IBL. The path traced out 
by the axis of mean moment on a sphere whose centre is at is 
a rhumb line which cuts all the great circles through Zr at an 
qj]gle whose cotangent is ± n. 

190. To find ike motion of the instantaneous axis in space. 

This problem is the same as that considered in Art 168. We 
may however deduce the result at once from Art. 187. The angle 
ILB is always a right angle, it therefore follows that the angular 
velocity of / round L is the same as that of the arc BL round L. 
But the angular velocity of the latter is constant and equal to T/G, 
If then <f> be the angle the plane LOI containing the instanta- 
neous axis and the invariable line makes with some fixed plane 

passing through the invariable line, we have ;^ =* ^ • 

191. To find the equation of the cone described by the 
instantaneous axis in space, we require a relation between f and ^, 
where f is the arc IL on the sphere. From the right-angled 
triangle ILB we have w sin yS = tan f, and by Art. 186, 

Eliminating yS, we shall have an expression for f in terms of t 

We find 7 — ^=cot^ + tang = V^e -b +-i=e ^ . 
tanf 2 2 ^ Je 

By the last Article ^ = (T/O) t + F, where F is some constant. 
Let us substitute for t in terms of 0, and let us choose the plane 
from which ^ k measured so that Jl^"^^^^ 1, 

The equation to the oone traced out in space by the instan- 
taneous axis is 

2/2C0tf=e»*-f 6-«*. 

When ^ = 0, we have tan f = w. Therefore the plane fixed in 
space from which <f> is measured is the plane containing the axes 
of greatest and least moment at the instant when that plane 
contains the invariable line. 

On tracing thia cone, we see that it cuts a sphere whose centre 
is at the fixed point in a spiral curve. The branches determined 
by positive and negative values of <f> are perfectly equal. As <f> 
increases positively the radial arc f continually decreases, the 
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spiral therefore makes an infinite number of turns round the 
point Ly the last turn being infinitely small. 

Ex. In the herpolhode ^^■••^^-mtf^ jf ^^^ Iqcus of the extremity of the 

polar Bubtangent of this onrye be foond and another carve be similarly generated 
ftrom this locos, the oorve thas obtained will be similar to the herpolhode. (Math. 
Tripos, 1863.] 



On Correlated and Contrarelated Bodies. 

192. To compare the motiona of different bodies acted on by 
initial couples whose planes are paraUeL 

Let a, ff, 7 be the angles the principal axes OA, OB, 00 of 
a body at the fixed point make with the invariable line OL. 
Then by Art. 144, Euler s equations may be put into the form 

d cos a.^/ll\ a /» /-ix 

--5^+<?(^^-Y;jcosy3coS7 = (1), 

with two similar equations. Let X, fi, v be the angles the planes 
LOAy LOB, LOG make with any plane fixed in space, and passing 
through OL, 1'hen 

. , dX T (7 cos' a .^v 

^'''''dt^Q--ir <^^' 

with similar equations for /i and v. 

If accented letters denote similar quantities for some other 
body, the corresponding equations will be 

^^ +g (^^-^jcosi8'cos7=0 (3), 

. , ,dX' T G'cos'a' ,., 

^^^ d?==^' AJ— (*>• 

If then the bodies are such that 

the equations (1) to find a, /9, 7 are the same as the equations (3) 
to find a', /8', 7'. Therefore if these two bodies be initially placed 
with their principal axes parallel and be set in motion by impulsive 
couples whose magnitudes are Q and G\ and whose planes are 
parallel, then after the lapse of any time t the principal axes of 
the two bodies will still be equally* inclined to the common axis 
of the couples. 

* In order that the angles which the principal axes make with the axis of the 
couple may be the same in each body, it is necessary that the cones described by 
the axis QL in the body should be the same. Hence by Art. 159, the two ellipsoids 
of gyration must have the same circular sections, or which isihe same thing, the 
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The equations (5) may be put into the form 

A A'^B B" C Cr W- 

Since by Art. 146 the Vis Viva is given by 

T cos* a cos')8 cos' 7 



.(7), 



(?» A ' B ' G 

we see that each of the expressions in (6) is equal to T/Q — T/0\ 
It immediately follows by subtracting equations (2) and (4) 
and dividing by sin' a that 

dt dt'Q &' 

with similar equations for 11 and v. Thus the two bodies being 
started as before with their principal axes parallel each to each, 
the parallelism of the principal axes may be restored by turning 
the body whose principal axes are A\ ff, C about the com- 
mon axis of the impulsive couples through an angle {TjQ — T'/O') t 
in the direction in which positive impulsive couples act*. 

193. When the couples G and 0' are equal the condition (6) 

becomes 1 11 11 1 T^T 

A^A'^B F^G C" (P ' 

the bodies are then said to be correlated. If momental ellipsoids 
of the two bodies be taken so that the moment of inertia in each 

- - _ ^ ■ - _ ■ _ - - : ■ * , 

two momental ellipsoids must have the same asymptotes to their hyperbolio fooal 
conies. Also in order that the cones may be the same we mast have 

If we put each of these equal to some quantity r, we easily find 

1 i 1^1 1 1 

A" B B G C ^ A 

TTT " 1^ ~ TIT"*'" 

A' B' &" a a A' 

If in the two bodies the angles between the principal axes and the axis of the couple 
are to be equal each to each at the same timet the equations (1) and (S) of Art. 192 
show that we must have in addition G'IQ=r, This leads to the generalization of 
Prof. Sylvester's theory given in the text. 

* Since the cones described by the invariable line in the two bodies are identical, 
their reciprocal cones, i.e. Poinsot*s rolling and sliding cones, are also identical in 
the two bodies. Thus in the two bodies, the rolling motions of these cones are 
equal, but the sliding motions may be different. The sliding motions represent 
angular velocities about the invariable line respectively equal to TjG and TIG\ 

„ , d\ dX' duL dii' dv di/ T T 

Hence we have :jr-^5r = 3r-^=3-*-j7 = 7?-?v- 

dt dt dt at dt dt G G' 

This remark on the former note is due to Prof. Cayley. 
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bears the same ratio to the square of the reciprocal of the radius 
vector these ellipsoids are clearly confocal. 

When the couples O and O' are equal and opposite, the 
equation (6) becomes 

and the bodies are said to be caiitrarelated* 

^ 194. To compare the angular velocities of the two bodie$ a* 
any instant. 

Let o) be the angular velocity of one body at any instant, then 
following the usual notation we have 

If the same letters accented denote similar quantities for the 
other body ,, n/t /co^ , cos' ^ cos* 7 ^ 

But remembering the condition (6) these give 

By referring to (7) the quantity in sqnare brackets ie ©amly 
seen tober/(?+r/ff'. 



8 ^ 



GP G"" 



196. Ex. If two bodies be so related that their ellipsoids of gyration are con- 
focal, and be initially so placed that the angles (a, /9, 7) (a', /S', 7') their principal 
axes make with the invariable line of each are connected by the equations 

cosa__cosa' cos /3 __ cos /3' cos7_cos7' 



and if these bodies be set in motion by two impulsive couples G, G' respectively 

proportional to ^JaBC and Ja'B'C\ then the above relations will always hold be- 
tween the angles (a, /3, 7) (a', j^, 7^. If p and p' be the reciprocals of dXjdt and 
dX'Jdty then Gp-O'p' will be constant throughout the motion, where X, V, &g.j are 
the angles the planes LOA, VO'Al nukke at the time % with their poeitiana at the 
time <»Q. 



* This result may also be obtained in the foUowing manner. By Art 172 the 
angular velocity w of one body is equivalent to an angular velodty T\(jt lUnnit the 
invariable line and an angular velooity about a straight line OR which is a gene- 
rator of the rolling and sliding oone. Hence i»^=T^/G^+Q>. A similar equation 
with aocented letters wUl hold for the other body. Since in the two bodies the 
angles between the principal axes and the invariable line are equal each to each 
throughout the motion, the rolling motions of the two cones must be equal, hence 
0=0'. It follows immediately that w3-«'»=T2/G2- T'^G'^. 
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196. SylwettitT^m mearare of the time. Wh^i a body 
iums about a fixed point its motion in space is represented by 
making its momental ellipsoid roll on a fixed plane. This gives 
Bo representation of the time occapied by the body in passing fix>m 
any position to any other. The preceding Articles will enable ns 
to supply this defect. 

To give distinctness to our ideas let us suppose the momental 
ellipsoid to be rolling on a horizontal plane underneath the fixed 
point 0, and that the instantaneous axis 01 is describing a polhode 
about the axis of ^. Let us now remove that half of the ellipsoid 
which is bounded by the plane of BG^ and which does not touch 
the fixed plane. Let us replace this half by the half of another 
smaller ellipsoid which is confocal with the first. Let a plane 
be drawn parallel to the invariable plane to touch this ellipsoid 
in F and suppose this plane also to be fixed in space. These two 
semi-ellipsoids may be considered as the momental ellipsoids of 
two ocMrrelated bodies. If they were not attached to each other 
and were free to move without interference, each would roll, the 
one on the fixed plane which touches at I, and the other on that 
which touches at F. By Arts. 192 and 193 the upper ellipsoid 
(being the smallest) may be brought into parallelism with the 
lower by a rotation Qi {1/A — 1/A') about the invariable line. If 
then the upper plane on which the upper ellipsoid rolls be made 
to turn round the invariable line as a fixed axis with an angular 
velocity G {1/A — 1/-4'), the two ellipsoids will always be in a state 
of pandlelism^ and may be supposed to be rigidly attached to each 
other. 

Suppose then the upper tangent plane to be perfectly rough 
and capable of turning in a horizontal plane about a vertical axis 
which passes through the fixed point As the nucleus is made 
to roll with the under part of its surface on the fixed plane below, 
the friction between the upper surface and the plane will cause 
the latter* to rotate about its axis. Then the time elapsed will 
be in a constant ratio to this motion of rotation, which may be 
measured off on an absolutely fixed dial face immediately over the 
rotating plane. 

197. The preceding theory, so far as it relates to correlated 
and contrarelated bodies, is taken from a memoir by Prof. Sylvester 
in the Philosophical Transactions for 1866. He proceeds to in- 
vestigate in what cases the upper ellipsoid may be reduced to a 

* As the ellipsoid rolls on the lower plane, a certain geometrical condition must 
be satisfied that the nndeus may not quit the upper plane or tend to force it 
npwards. This condition is that the plane containing 01 j 0I\ must contain 
the inyariable line, for then and then only the rotation about 01 can be resolved 
into a' component about Or and a component about the inyariable line. That this 
condition must be satisfied is clear from the reasoning in the text. But it is also 
clear from the known properties of confocal ellipsoids. 
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disc. It appears that there are always two such discs and no 
more, except in the case of two of the principal moments being 
equal, when the solution becomes unique. Of these two discs 
one is correlated and the other contrarelated to the given body, 
and they will be respectively perpendicular to the axes of greatest 
and least moments of inertia. 

198. "PoinMoVn measure of the time. Poinsot has shown 
that the motion of the body may be constructed by a cone fixed 
in the body rolling on a plane which turns uniformly round the 
invariable line. If, as in the preceding theory, we suppose the 
plane rough, and to be turned by the cone as it rolls on the plane, 
the angle turned through by the plane will measure the time 
elapsed. 



The Sphero- Conic or Spheiical Ellipse. 

199. The foUowing properties of a sphero-conio will be found useful in con- 
nexion with the theorems of Art. 157. They appear to be new. The curve is 
represented by the line DED'E\ As before, the eye is supposed to be situated in 
the radius through A, viewing the sphere from a considerable distance. The three 
principal planes of the cone intersect the sphere in the three quadrants ABj BCf CA, 
and any one of the three points A^B, C might be called the centre. The arcs AD 
and AE are represented by a and h. 

The letters are not always the same as those used in the dynamical applications 
of the curve, but have been chosen to agree as far as possible with those usually 
employed in plane conies. In this way the analogy between the plane and the 
spherical ellipse will be made more apparent. 




1. Equation to the conic. Draw the arc PN perpendicular to AD and let 
PN=^yt AN=x» Let NP produced cut the small circle described on i)D' as diame- 
ter in P't let NP* be called the eccentric ordinate and be represented by y\ We 



then have 



tany , . tanfe , 

. ^_ . = constant = r , cos a = cos tr cos x, 

tany tana ^ 
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2. The projeetion oi the nomial PO on the foeal ndine veetor SP, Le. PL, u 

eonstant and equal to half the latiu reetmn. Also . „^,=eoiulanl. 

nnPN 

If 21 be the latnB lectimi, then tan 1= r . 

tana 

3. If QAF be an are eotting PG at right angles, QA mtj be eaDed the aemi- 
eonjugate of AP, Then tan PGf . tan PF= tan* h. 

1 The length PK cat off the food radina vector by the conjugate diameter it 
constant and eqnal to a. This follows from (2) and (3)« 

sin' 6 ^— 

5. If 1-^= . ^ , € may be called the ecoentriAt7 ^ *he fphoo-oonio. Then 

taniia=r«*tani(y. 

6. Also fifbeinga focii8£f£=H£=a, andtanSiis«tana 

tan(5P-a)=6tanJi^. 

7. Polar equations to the conic 

.= 1 ^^eOBPSA, -r-r-r=L = l-«>00S«Pi<D. 



tanfifP 008»6 sin'JP 

8. If p be the radios of carvature at P, then tan p = .-— «-: . 

'^ tan* i 

9. Begarding AP, ^Q as conjugate semi-diameters, defined as above, 

8in*^P+sin*^Q=:8in*a+sin*&) . njT> * i^^r. «^'* 

- ^^ • -n^ • • r }• tanP-iD.tanQi<D= --.-_- 

Bm^Q. 8inPP=sma. smi ) ^ sm'a 

10. If j> be the perpendicular from the centre A on the tangent at P, 

tan* a tan' 6 



tan'p 



=tan»o+tan*6-tan*i4P. 



11 Ai », ^nry i. ^1 « • « n*T tan*PG tan* 6 

11, Also tan*P(?-tan*Z= — j-,Bm*P^. -»— «» — » ttp *'-» • . 

cos^ 6 sm SP . sm HP sm* a 

lA Bin*a-8in*-4P) «• . , „._ 

12. ' • An ' sj.( = i tSm*P2ir. 

=sm*-4Q-sm*6) l-«* 

tan* 6 

Cob. tan2PG= rT . , (oos»iiP-coe*acos^6). 

cos* 6 sin* a 

If sin AM= sin ^iilf '= -^ — , the planes of the arcs BM and BM' are parallel to 

sma 

the circular sections of the cone. Some of the properties of these arcs resemble 

those of asymptotes when B is regarded as the centre of the conic. The properties 

which connect the sphero-conic with the arcs BM and BM' will be found in 

Dr Salmon's Solid Geometry. 

Many other properties of sphero-conics wiU also be fonnd in Dr Frost's Solid 
Geometry, 

EXAMPLES*. 

1. A right cone the base of which is an ellipse is supported at G the centre of 
gravity, and has a motion communicated to it about an axis through G peipendicu- 
lar to the line joining (?, and the extremity B of the axis minor of the base, and in 
the plane through B and the axis of the cone. Determine the position of the in- 
variable plane. 

* These examples are taken from the Examination Papers which have been set 
in the University and in the Colleges. 
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ResuU, The nonnal to the inTarial^e plane Iks in the plaine paafeiiig ihrongh 
the axis of the cone and the axis of instantaneous rotation, and nmkes an angl^ 
whose tangent is h (M + 4a2)/16& {a^+h^). 

2. A spheroid has a particle of mass m fastened at each extremity of the axis of 
revolution, and the centre of gravity is fixed. If the body be set rotating about any 
axis, show that the sj^lieroid will roll on a fixed plane during the motion provided 
m/itf =^ (1 - a^jc^f where M is the mass of the i^hevoid, a and e are the axes of the 
generating ellipse, c being the axis of figure. 

8. A lamina of any form rotating with an angular velocity a about an axis 
through its centre of gravity perpendicular to its plane has an angular velocity 
tL{B-¥C)^l{B-C)^ impressed upon it about its principal axis of least moment, 
Af Bi C being arranged in descending order of magnitude : show that at any time t 
the angular velocities about the principal axes are respectively 

2a _ / bTC e^ -^"^ , / B + C 2a 

e^ + e-<^* V B-c'^e'^+e-^ W B-C e^*+«-a«' 

and that it will ultimately revolve about the axis of mean moment. 

4. A rigid body not acted on by any forces is in motion abont its centre of 
gravity: prove that if the instantaneous axis be at any moment situated in the 
plane of contact of either of the right circular cylinders described about the central 
ellipsoid, it will be so throughout the motion. 

If a, 5, c be the semi-axes of the central ellipsoid, arranged in descending order 
of magnitude, e^, e^ e^ the eccentricities of its principal sections, O^, O^, O, the 
initial component angular velocities of the body about its principal axes, prove that 
the condition that the instantaneous axis should be situated in the plane above 
described is Oi/«i = (ahjc^) {OJe^), 

5. A rigid lamina not acted on by any forces has one point fixed about which 
it can turn freely. It is started about a line in the plane of the lamina the moment 
of inertia about which is Q. Show that the ratio of the greatest to the least angular 

velocity is ^Ja +B : ,JB+Qt where Ay B are the principal moments of inertia about 
axes in the plane of the lamina. 

6. If the earth were a rigid body acted on by no forces rotating about a diameter 
which is not a principal axis, show that the latitudes of places would vary and that 
the values would recur whenever ^A - B J A - C Ju>jdt is a multiple of 2TrjBC, 
{f a man were to lie down when his latitude is a minimum and to rise when it be- 
comes a maximum, show that he would increase the vis viva, and so cause the pole of 
the earth to travel from the axis of greatest moment of inertia towards that of least 
moment of inertia. 

7. If dQ be the angle between two consecutive positions of the instantaneous 



axis 



8. If n be the angular velocity of the plane through the invariable line and 
the instantaneous axis about the invariable line and \ the component angular 
velocity of the body about the invariable line, prove that 

G^t)^'-«(-3°)(-|) (-§)■«• 

9. If a body move in any manner, and all the forces pass through the centre of 

gravity, prove that -^+ 2 j^(log «i) j^(logw2)-(logw8)=0, where wi, wg, wg 

are the angular velocities about the principal axes at the centre of gravity, and w 
is the resultant angular velocity. 



CHAPTER V. 



MOTION OP A BODY UNDEE ANY FORCES. 

200. In this Chapter it i^ proposed to discuss some cases 
of the motion of a rigid body in three dimensions as examples 
of the processes explained in Chapter I, The reader will find 
it an instructive exercise to attempt their solution by other 
methods ; for example, the equations of Lagrange might be 
applied with advantage in some cases. 

In each section of the Chapter the general method of proceedr 
ing wiir first be explained and a number of examples will then be 
considered. These have been chosen as being apparently the most 
interesting cases of the motion of a body which occur. But of 
course all the results obtained are not equally valuable. Besides 
this, some of the processes are only slight variations of those 
which have been already explained. Accordingly it has not been 
thought necessary in every case to give the whole of the alge- 
braical work. The plan of the solution is sketched more or less 
fully and the results are stated. It is believed that the reader 
will be able to supply the omitted steps for himself. The student 
will find his interest in the subject greatly increased if, after 
reading the first few articles in each section, he will attack the 
problems which follow in his own way. He may then profitably 
compare his results with the solutions here sketched out. 

Motion of a Top. 

201. A body two of whose principal moments at the centre 
of gravity are equal moves about some fixed point in the asda 
of unequal moment under the action of gravity. Detei^mine th^ 
motion*. 

To give distinctness to our ideas we may consider the body 
to be a top spinning on a perfectly rough horizontal plane. 

Let the axis OZ be vertical. Let the axis of unequal mtoment 
at the centre of gravity be the axis 00 and let this be called 
the axis of the body. Let h be the distance of the centre of 
gravity of the body from the fixed point and let the mass 
of the body be taken as unity. Let OA be that principal axis 

* A partial solution of this problem by Lagrange's equations is given in Vol. i., 
Chap. vm. 
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at which lies in the plane ZOC, OB the principal axis perpen- 
dicular to this plane. 

If we take moments about the axis OC we have by Euler's 
equations (Vol. I.. Chap, v.), 



Ita 



But in our case A = B, and since the centre of gravity lies 
in the axis OC, we have JV= 0. Hence o, is constant and equal 
to its initial value. Let this be called n. 

Let us measure along the axis OC in the direction OG a 
length OP^A/h. Then, by Vol. i. Chap, ill., P is the centre* 
of oscillation of the body. This length we shall call l. Let d 
be the incliuation of the axis OC to the vertical, yjr the angle 
the plane ZOC makes with some plane fixed in space passing 
through OZ. Then by the same reasoniug as in Euler's geome- 
trical equations (VoL I. Chap. V.) we find that the velocities of P 
resolved 

perpendicular to plane ZOC = — Zw^ = Z sin dy^/dt) .- v 

parallel to plane ZOC-- ^ =:ld0/dt y"^ ^' 




It is clear that the moment of the momentum about OZ 
will be constant throughout the motion. Since the direction- 
cosines of OZ referred to OA, OB, OC are — sin^, and cos^, 
this principle gives 

-A<o^^in6+ Cncos0 = E, (2), 

where E is some constant depending on the initial conditions, 
and whose value may be found from tnis equation by substituting 
the initial values of a>^, and 0, 

The equation of Vis Viva gives 

il((»,' + a),")+Cw« = J?*-2^Acos^..... (3). 

♦ To avoid confusion in the figure, the body, which is represented by a top, 
is drawn smaller than it should be. 
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where F is some constant, whose value may be found by substi- 
tuting in this equation the initial values of w^, g),, and 0*, 

202. MotioB of th« centre of OseiXUtion. Let us measure along the vertical 
OZf in the direction opposite to gravity as the positive direction, two lengths 
OV^EljCn, 0V=l(F-Cn^)l2glL These lengths we shall write briefly OU=a, 
and OV=b. Draw throngh U and V two horizontal planes, and let the vertical 
through P intersect these planes in M and N, Then the equations (2) and (3) give 

by (1), transverse velocity of P=(Cnlh)t&nPUM (4). 

(velocity of P)9=2^PN (6). 

TTms the resultant velocity of "P ie that due to the depth of F below the horizontal 
plane through Y, and the velocity of P resolved perpendicular to the plane ZOP 
is proportional to the tangent of the angle PU makes with a horizontal plane. 

It appears from this last result that when P is below the horizontal plane 
through Uy the plane POV turns round the Tertical in the same direction as the 
body turns round its axis, i.e. according to the usual rule, OV and OP are the 
positive directions of the axes of rotation. When P passes above the horizontal 
plane through U*, the plane POV turns round the vertical in the opposite direction. 
If P be below both the horizontal planes through O and U these results are still 
true, but if a top is viewed from above, the axis wiU appear to turn round the 
vertical in the direction opposite to the rotation of the top. In aU the cases 
in which P is below the plane UM the lowest point of the rim of the top moves 
round the vertical in the same direction as the axis of the top. 

If we substitute for cu^* <a^ E and P in (2) and (3) their values, we easily obtain ' 

hi sin* -^+CneoB$=Cn^ 



HO'-^-'K^yh^^^*-^-")^ 



These equations give in a convenient analytical form the whole motion. We 
see from 13ie last equation, what is indeed obvious otherwise, that h-leosO is 
always positive. The horizontal plane through V is therefore above the initial 
position of P and remains above P throughout the whole motion. 

Ex. 1. If (a be the resultant angular velocity of the body and v the velocity of P 
show that w' = »« + {v/iyK 

Ex. 2. Show that the cosine of the inclination of the instantaneous axis to the 
vertical is {E + (A-C)nQe6d]lA<a. 



* If we eliminate d^i, Wj &om equations (1), (2), (3) we have two equations from 
which and \J/ may be found by quadratures. These were first obtained by 
Lagrange in his M€canique Analytique, and were afterwards given by Poisson in 
bis Traits de Micanique, The former passes them over with but slight notice, 
and proceeds to discuss the smaU oscillations of a body of any form suspended 
under the action of gravity from a fixed point. The latter limits the equations to 
the case in which the body has an initiskl angular velocity only about its axis, and 
applies them to determine directly the small oscillations of a top (1) when its axis 
is nearly vertical, and (2) when its axis makes a nearly constant angle with the 
vertical. His results are necessarily more limited than those given in this 
treatise. 

R. D. II. 8 
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203. RIm and Fall of a Top. As the axis of the body 
goes round the vertical its inclination to the vertical is continually 
changing. These changes may be found by eliminating d'^jdt 
between the equation (6). We thus obtain 

{^dt) =2flr(6-?co8^)- -^,- [-j^^) (7). 

It appears from this equation that can never vanish unless 
a^l, for in any other case the right-hand side of this equation 
would become infinite. This may be proved otherwise. Since 
a/l is equal to the ratio of the angular momentum about the 
vertical to that about the axis of the bodv, it is clear the axis 
could not become vertical unless the ratio is unity. 

Suppose the body to be set in motion in any way with its 
axis at an inclination i to the vertical The axis will begin to 
approach or to fall away from the vertical according as the initial 
value of d0/dt or w^ is negative or positive. The axis will then 
oscillate between two limiting angles given by the equation 

= 2^*V(ft-«cos5)(l-cos*^)-(7V(a-fcos^/ (8). 

This is a cubic equation to determine cos 0, It will be neces- 
sary to examine its roots. When cos^ = — 1 the right-hand side 
is negative ; when cos = cos i, since the initial value of {d0jd£f is 
essentially positive, the right-hand side is either zero or positive ; 
hence the equation has one real root between cos 5 = — 1 and 
cos = cos {, Again, the right-hand side is negative when cos^= + 1 
and positive when cos 5 = oo . Hence there is another real root 
between cos ^ = cost, and cos^ = l, and a third root greater than 
unity. This last root is inadmissible. 

204. These limits may be conTenientlj expressed geometrically. The equation 
(7) may evidently be written in the form 

[^di)=^^'^^^i^iuM) • (^)- 

Describe a parabola with its vertex at 17, its axis vertically downwards and its 
latns rectum equal to C^n^j^gh?, Let the vertical PMN cut this parabola in 12, we 

thenhaTe 2g _ 1 1 

{IdejdtY^^MN'FM'^FR ' .-....(10). 

The point P oscillates between the two positions in which the harmonic mean 
of PM and PR is equal to —2 ,MN, In the figure V is drawn above U, and in 
this case one of the limits of P is above UM, and the other below the parabola. If 
we take U as origin and UO as the axis of x, we have PM=Xy UM=y. Let 2pl be 
the latus rectum of the parabola, and UV= c, then the axis of tiie body oscillates 
between the two positions in which P lies on the cubic curve 

y^x+c\=2pb? (11). 

When e is positive, i.e. when V is above U^ the form of the curve is indicated 
in the figure by the dotted line. The tangents at U cut each other at a finite 
angle and the tangent of the angle either makes with the vertical is (2pllc)^, When 
c is negative the curve has two branches, one on each side of the vertical, with a 
conjugate point at the origin. It is clear from what precedes that the upper 
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branch will lie above, and the lower branch below, the initial position of P, 
and that P mast always lie between the two branches. 

205. In the case of a top, the initial motion is generally given 
by a rotation n about the axis. We have initially g), = 0, o), = 0, 
and therefore by (2) and (3) E=Gn cos i and F—Cn^ — 2gh cos t. 
This gives a = 6 = Z cos i. Putting G^n^l2,g}? = 2p?, a s before, the roots 

of equation (8) are cos = cos «, and cos ^ =p — Vl — 2jpcosz+^*. 
The value cos^ = p + Vl — 2^cos«+jp* is always greater than 
unity, for it is clearly decreased by putting unity for cos/, and 
its value is then not less than unity. The axis of the body will 
therefore oscillate between the values of just found. 

Sincea=&, the horizontal planes through U and V coincide, and c^O. The 
cubic curve which determines the limits of oscillation, becomes the parabola VR 
and the straight line VM, The axis of the body will then oscillate between the two 
positions in which P lies on the horizontal through XJ and on the parabola. 

Generally the angular velocity n about the axis of figure is 
very great. In this case p is very great, and if we reject the 
squares of 1/p we see that cos^ will vary between the limits cosi 
and cost — sin* i . /2p. 

If the initial value of i is zero, we see that the two limits of 
cosi are the same. The axis of the body will therefore remain 
vertical. 

206. Examples. Ex. 1. When the limiting angles between which varies are 
equal to each other, so that $ is constant throughout the motion and equal to a, 
show that tan^ <f> — tan tan a + tan' a cos ajip = Q, where is the angle PUM, 

Ex. 2. A top is set in motion on a smooth horizontal plane with an initial 
resultant angular velocity about its axis of figure. Show that the path traced out 
by the apex on the horizontal plane lies between two cirdes, one of which it touches 
and the other it cuts at right angles. [Af. Finck, Nouvelles Annales de Math^matiques^ 
Tom. IX. 1850.] 

Ex. 3.' Show that the vertical pressure of a top on the ground is greater than 

its weight by ^h -z { sin ^ -j- ) . Hence by equation (7) of Art. 203 show that R 

d cos V \ cLtJ 

is a quadratic function of cos $ with constant coefficients. 

207. Freoesslon and BTntatlon of a Top. A body, two of whose principal 
moments at the centre of gravity G are equal, turns about a fixed point in the axis 
of unequal moment under the action of gravity. The axis OG being inclined to the 
vertical at an angle a, and revolving about it with a uniform angular velocity, find 
the condition that the motion may be steady, and the time of a small oscillation. 

The equations (2) and (3) of Art. 201 contain the solution of this problem. But 
if we use the equation of Vis Viva in the form (3) we shall have to take into account 
the squares of small quantities. It will be found more convenient to replace it by 
one of the equations of the second order from which it has been derived. The 
simplest method of obtaining this equation is to use Lagrange's Bule as given in 
Vol. I. Chap. vin. We thus obtain 

^^-ilcos^sin^ (-^\ +Cn Bin e-J^=ghsm$ (12). 

8—2 
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Tliis equation might also have been obtained by differentiating both (2) and (3) 
and eliminating <2'^/<2t'. 

When the motion is steady both B and dyj^jdi are constants. Let d=a, d\l/ldt=fi, 
then the equation (2) only determines the constant E and (12) becomes 

Bin a { - A COB afjL^ + Cn ft.- gk) = (13). 

This indicates two possible states of steady motion, one in which a=0 or ir, and 
the other in which Cn ± Jc^n^ - ^ghA cos a ,^ ,, 

''= 2^cosa <^^)' 

a relation which does not necessarily hold when a=0 or ir. 

In the former of these two motions the axis of the body will oscillate about 
the vertical and dtpjdt will not be small or nearly constant. It will therefore be 
more convenient to discuss the oscillations about this state of steady motion with 
other co-ordinates than and ^. 

In the latter of these two motions, if the centre of gravity of the body be above 
the horizontal plane through the fixed point O, h cos a will be positive. In this case 
the angular velocity n of the top round its axis of figure must be sufficiently great 
to make the quantity under the radical positive. We must therefore have n^ not 
less than ighA cos ajC*. 

When a and n are given we can make the body move with either of these 
two values of /i by giving the proper initial angular velocities to the body. By 
equations (1) we see that the conditions bt steady motion are fa^= - /lana, <a^=0. 
When a top is set in motion by unwinding a string from the axis, the value of n is 
very great while the initial values of tai and ta^ are zero. The steady motion about 
which the top makes small oscillations will therefore have fi small. Hence the 
radical in (14) will have the negative sign. We have therefore very nearly ff=ghlCn, 

208. To find the small oscillation. Let ^=a + ^, and (Z^/<2t=fi+<i^/<2t, where (?' 
and drj/'ldt are small quantities whose squares are to be neglected. Let a and ft be 
such that they contain the whole of the constant parts of $ and (2^/<2t, so that ^ and 
dyf/ldt contain only trigonometrical terms. Then when we substitute these values 
in equations (2) and (12), the constant parts must vanish of themselves. The equa- 
tions thus obtained determine E and /i, and show that their values are the same as 
those determined when the motion is steady. The variable parts of the two equa- 
tions become, after writing for Cn its value obtained from (13), 

d\l/ 
Afi Bin a —-- {gh—Afi* cos o) ^' =0 

-4/[A--7-g + sin a {gh - Afi^ cos a) -^ + fJ?A sin^ a^ = 1 

To solve these, put e'=F sin (pt +/), and ^' = G cos {pt+f). 
Substituting, we have 

- A ft sm a, pO ={gh-Afi^ COB a) F ) 

(Afip^ - fi^A sin^ a)F=-{gh'- Afjfl cos a) sin a . Gp 1 ' 
Multiplying these equations together, we have 

, ii V - 2ghA cos aft^ + g^h^ 

and the required time is 2vlp*, It is evident that p^ is always positive, and there- 
fore both the values of ft given by (14) correspond to stable motions. 



* This expression was given by the Rev. N. M. Ferrers, now Master of GonviUe 
and Caius College, as the result of a problem proposed by him for solution in the 
Mathematical Tripos, 1859. 
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It is to be observed that this investigation does not apply if a be very small, for 
in that case some of the terms rejected are of the same order of magnitude as those 
retained. A different mode of investigation is therefore required, this case will be 
considered in Art. 212. 

209. We may also determine the steady motion very simply by another process, 
'which wiU be found useful when we come to consider Precession and Nutation. Let 
OC be the axis of the body, 01 the instantaneous axis of rotation, OZ the vertical. 
Then when the motion is steady, these three must be in oi^e vertical plane which 
revolves about OZ with a uniform angular velocity /t. Let <a be the angular velocity 
about 01 f then a; cos IC=n. Let OB be the horizontal axis about which gravity 
tends to turn the body, then OB is perpendicular to the plane ZOG. 

Since gravity generates an angular velocity {gh sin alA) dt in the time dt about 

OB, therefore by the parallelogram of angular velocities, the instantaneous axis 01 

has moved in the time dt through an angle {gh sin alAu) dtin a plane perpendicular 

to the plane ZOL Hence the angular velocity of I round Z due to the action of the 

. . d^i a^sina 1 

forces IS -^ = ^— .-: — =r=, . 

dt Aia 81D.IZ 

Also, since the angular velocity of the body about OB is zero, the moments of 

the centrifugal forces about the axes OA, OC axe zero. The moment about OB is 

{A — CjTKa sin IC dt^ and this generates an angular velocity {{A- Cj/A) ntj sin IC dt 

about OB. Hence the angular velocity of I round Z due to the centrifugal forces of 

XT- 1- J • d^a A-C sin IC 
the body is -±f = - .— n -. — ^^ • 
'' dt A BinlZ 

The whole angular velocity is the sum of these two, i.e. 

Bin IC 



/ghaina . _^ A-C \ si 

M'=[—i cotIC7+— J- n]- 

\ An A J Bi 



BinIZ' 




But when the motion is steady OZ, 01 and OC are all in one plane. Now the 
angular velocity of G round / is w, and therefore its angular velocity round Z is fA 
where /* sin ZC = « sin IC. But w cos IC = n, hence, tan IC=fi sin a[n. Substituting 
this value of tan IC in the value of fi, we get ghjfi^Cn- A ii cob o, the same expres- 
sion as before. 

210. Ex. A top two of whose principal moments at are equal is set in rota- 
tion about its axis of figure, viz. OC with an angular velocity n, the point being 
fixed. If OC be horizontal^ and if the proper initial angular velocity be communi- 
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cated to the top about the vertical through O, prove that the top will not lall down, 
but that the axis of figure will revolve round the vertical, in Bteady motion, with an 
angular velocity /[/i=^/t/ On, where h i& the distance of the centre of gravity of the top 
from O, and C is the moment of inertia about the axis of figure- Show also that if 
the top be initially placed with OC nearly horizontal and if a very great angular 
velocity be communicated to it about 00 without any initial angular velocity about 
OA or OB, then 00 will revolve round the vertical remaining very nearly in a hori- 
zontal plane with an angular velocity n given by the same formula as before, and 
the time of Ihe vertical oscillations of OC about its mean position will be 2irAICn, 

211. UnBymmetrical Tops. A body whose principal mo- 
ments of inertia are not necessarily equal has a point O fixed in 
space and moves about O under the action of gravity. It is required 
to form the general equations of motion. 

Let OA, OB, OG be the principal axes at the fixed point 0, 
and let these be taken as axes of reference. Let h, h, I be the 
co-ordinates of the centre of gravity O, and let the mass of the 
body be taken as unity. Let F be drawn vertically upwards 
and let p, q, r be the direction-cosines of OV referred to 0-4, 
OB, 00, Then we have by Euler s equations 



dt 



\ (!)• 



Also p, q, r may be regarded as the co-ordinates of a point 
in OV, distant unity from 0. This point is fixed in space, and 
therefore its velocities as given by Art. 8 are zero. We have 

dp dq dr .^^ 

-^ = 6)3? - a>/, ^ = G>,r - G>j>i ^ = 6),p - Q),?. . .(2). 

It is obvious that two integrals of these equations are supplied 
by the principles of Angular Momentumi and Vis Viva. These 
give A (o^p + Btoji -f Ctojr = E, 

Aco^ + B<o^ + Cfi)3» = i^ - 2gr (pfc+ qh + rl), 
where E and F are two arbitrary constants. The first of these 
might also have been obtained by multiplying the equations (1) 
hy py q, r respectively, and (2) by Aeo^, Bw^, Coy^, and adding all six 
results. The second might have been obtained by multiplying 
the equations (1) by ©,, g)^, ©3 respectively, adding and simpli- 
fying the right-hand side by (2). 

212. A body whose principal moments of inertia at the centre of gravity G are 
not necessarily equal, has a point in one of the principal axes at G fixed in space 
and can move about under tJie action of gravity. It is set in rotation about OG 
which is supposed to be vertical. Find tlie small oscillations. 
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Beferring to the general equations of Art. 211, we see that in this case A^O, 
h=zO, Since OC remains always nearly vertical, ui and », are small quantities, we 
may therefore reject the product Wiw, in the last of equations (1). This gives w, 
constant. Let this constant value he called n. For the same reason r=l nearly 
and p, q are hoth small quantities. Substituting we get the following linear 
equations, 






dp 



To solve these, assume 

Wi=Fsin{\«-f/)J i) = Psin(X«+/)l 

' CO, = G cos (Xt +/) J * q = Q cos (Xt +/) J ' 

Substituting, we get 

B\G-{A-G)nF^glPj ^ '• XQ=Pn-J'J ^ '' 

Eliminating th« f atios F : G : P : Q vre have 

W{A^B-C)^={^l + A\^ + {B-On^{gl + B\^ + {A--C)n^). 
If the values of X thus found should be real, the body will make small oscillations 
about the position^ in. which OG is vertical. If C be the greatest moment, and n^ 
[ sufficiently great to make both gl^{G-A)n^ ejid. gl-(C-B)n^ negative, then all 

! the values of X are real and the body will continue to spin with OG vertical. If G 

^ be beneath 0, 1 is negative and it will be sufficient that OC should be the axis of 

j greatest moment. 

I In order that the values of X^ may be real, we must have 

' {gl{A+B)+n^{AC + BC-2AB-C^)]^>^{{B-C)n^-{-gl}{(A-C)n^+gI}AB, 

and in order that the two values of X' may have the same sign we must have the 
last term of the quadratic positive; .*. {{B - C) n* + gl} {{A ^ C) n^ + gl} is positive, 
and in order that the values of X' maybe both positive, we must have the coefficient 
j of X* in the quadratic negative ; . *. gl{A+B)<n^{B-C){A-C). 

In the particular case in which A=Bf each side of the quadratic becomes a 
perfect square and we have 

A\^±{2A-C)n\^ {A - C)n«H-pi = 0; 

2^ - C *JChi^ - AAgl 

In this case the conditions of stability reduce to n > 2 ^AgljC, By referring to 
equations (5) and (6) it will be seen that when ^ =B we have F=G and P= Q. If 
X^, X2 be the two values of X found above, we have 

p = Pi sin i\t +/i) + Pa sin (Xj« +fM 
5r = PiCOs(Xi«4/i) + Pa0O8(Xa«+/2)J *' 

Following the notation used in Euler's geometrical equations Vol. i. Chap; v., 
let be the angle OC makes with the vertical taken as axis of z, then 7^ = cos^ $==1-0^, 
and hence ff^=p^ + q^=Pi^+P^^ + 2P^P^ cos {(X^ - Xg) e+/i -f^l 

Let be the angle the plane containing OA, OC makes with the plane contain- 
ing OC and the vertical OV, we have p = - sin ^ cos 0, and g = sin ^ sin 0, and hence 

- tan A = :?I^^ (M^+/i) + ^aC08(V+/2) 
^ Pi8in(Xit+/i) + P2Bin(X3«+/2J' 

Since 6 is very small we have, still following the same notation, ^=nt + a - 0, 

where a is some constant, depending on the position of the arbitrary plane from 

which ^ is measured. 
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When the axis of the top is inclined at an angle a to the vertioal, the period of 
oscillation about the steady motion is found in Art. 208 to be 2r/p. Bnt this perioil 
is different from either of the periods found in Art. 212 when the axis is snppos«d 
to be nearly vertical. We easily see by eliminating ii from the expression for p tlmt 
j)=X|-X2f so that the period of oscillation of when the axis is inclined is (he 
same as the period of oscillation of 0^ when the axis is vertical*. 

213. A body whose principal moments at the centre of gravity are not necessarily 
equal is free to turn about a fixed point O, and is in equilibrium under the action of 
gravity » A small disturbance being given, find the oscillations, 

Beferring to the general equations in Art. 211 we see that in this ease Wj, 0^2* ^* 
are small, hence in equations (1) we may omit the terms containing the products 
ioiia^i v^^f io^toi. AIso' since in equilibrium OG is vertical, p, q, r are alwaifs 
nearly in the ratio h :k :l; hence if OG = a, we may write hja, kja^ Ija for p, q,r 
on the right-hand sides of equations (2). The six equations are now all linear. To 

solve these we put «i=H8in.(Xt+M) w^d jj=ft//i+Pcos(Xt+/^) (3), 

<*^3> <>^t 9 and r being represented by similar expressions with K and L written for 
H\ Q,k and JR, I written for P and h. Substituting these in the equations we get 
8ix linear equations. Eliminating P, Q, R we have 



* In order to understand the relation which exists between the results and 
those of Arts. 208 and 212j it will be necessary to determine the oscillations by some 
process which holds both when a is large and veiy small. This may be done as 
follows. We have by Vis Viva the equation (see Art. 201) 



(de\^ f E-Cnco sey _ F'-2ghco8e 

\dt)'^\ Aame j" A ^^^' 



where F' has been put for F- Cn^, If we put r=cos 0\ this takes the form 

A^(dzldty-\-(E-Cn2)^=A{F'-2ghz){l-z^) (2). 

Let us assume as the solution of this equation z=cosa + Pcos (Kt+f) (3), 

where P is so small thai: on substituting in the above equation we may neglect P^, 
Substituting and equating to zero the coefficients of the several powers of. cos (Xt+/) 
we get A^Pn.^ + {E-Cn cos a)^ = ^ (JF* - 2gh cos a) (1 - cos^a) V 

-{E-Cneo9a)Cn= -ghA- AF' cob a + dghAcoa^a\. (4). 

- A^^ + GV= -AF + eghA cos a j 

Now let us change the constant E into another /;t by putting ' . ^ — =/* + 7^» 

A siu a 

where 7 is to be so chosen as to remove the term A^P^ in our first equation. 

, ,^x 1 /^*v * ^ «/v^ d\lf E-GncoaO 
Smce by (1) and (2) Art. 201 -^ = --A8ii^e~ ^^^* 

we see that, when $ is not small,. p> differs from the constant part of difz/dt only by 
quantities depending on the squares of the small oscillation, and these are 
neglected in the text. Substituting for E and eliminating F' between the first 
and second equations we get Cnfi=A cos a/ji^-^gh. 

Eliminating F between the first and third of equations (4) and substituting for n 
we get \^={fji*A^-2ghA COB afi'^ + g^h^)lA^lM\ 

This process gives the period of the small oscillation in cos 0, When is finite 
this is the same as the oscillation in 0, since cos ^= cos a- sin a0'. When is very 
small, cos d= 1 - i^^ and the time of oscillation in cos is the same as that in 0^, 
With this understanding it will be seen that there is a perfect agreement between 
the results of Arts. 208 and 212, when a is put equal to zero. 
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hkK-lhL=0 



(-AX^+k^+An- 
-hkH+ (-B\' + l^ + hAK-lkL^O 



(4). 



£jliminating the ratios of H, K, L we have an equation to find X'. One root is 
X'=0, the others are given hy the quadratic 



*+V~^ B ^ C )a^^ ABC 



=0. 



(5). 



To ascertain if the roots are real we must apply the usual criterion for a quad- 
ratic. This requires that 

{A (5- C)h^ + B{a-A)1e^-C (A-'B)P}'^ + 4.AB {B - C) {A -C)Wl? (6) 

should be positive. Since A, B, C can be chosen to be in descending order, we see 
that the condition is satisfied. See also Art. 58. 

If G is above 0, a is positive and the values of X' are both negative. The equi- 
librium is therefore unstable. If G is below O, a is negative and the values of X' 
are both positive. If the roots are equal, the two positive terms in (6) must be 
separately zero, this gives k=0 and A(B-C)h*=^C {A-B)P, i.e. the centre of 
gravity lies in the asymptote to the focal hyperbola of the momental ellipsoid. In 
this case we find X'= -agjB, The case in which il;=:0, Z-=0, B = C has been con- 
sidered in Art. 212. 

If the values of X' are written 0, Xj', X^^ we have 

with similar expressions for ta^, w,. Equations (2) then give j>, g, r. But substitut- 
ing in (1) we find that all the non-periodic terms which contain t are zero. 
Bemembering that p^ + g' + r* = 1 we have finally 

Wj = tihja + Hi sin (X^t + Mi) + H^ sin {\t + /ij), 
ta^ and (1)3 being represented by similar expressions with X;, K and Z, L written for 
A, H. The values of K^ , L^ and £3, L^ are determined by equations (4) in terms of 
Hi and H^ respectively. We also have 



h IK. - kL. 

• = - + — ^r ^ 






a\ 



cos(Xa<+/ia), 



with similar expressions for q and r. There remain five constants, viz. Q, Hi, H^, 
fii, fji^ to he determined by the initial values of w^, u^, w,, r and q. 

When the roots are equal the equations depending on jp, r, u>^ separate from those 
depending on g, Wj, w,, forming two sets; we find 



«j=0-+JErsin (X« + /*i) 

A\ 
g= H -. cos (Xt + fi^) 



> » 



W2= KBm{Xt+fjL^ 

r= — £"— -cos(Xt + a«) 

a aX ^ * 



A solution of this problem conducted in a totally different manner has been 
given by Lagrange in his Mecanique Analytique. His results do not altogether 
agree with those given here. 

If we substitute the values of wj, wj, f»>zi Pt 9t r in the equation of angular 
momentum of Art. 211 and neglect the squares of small quantities, we evidently 
obtain (Ah* -i- Bk^ -{■ CV) = Eo^, AHk-¥ BKk + CLl = 0. 
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i 



The first of these equations shows that vanishes when the initial conditions 
are such that the angular momentum about the yertical is zero. In this case the . 
problem reduces to that considered in Art 134. 

214. A body whose principal moments of inertia are not necessarily equal has a 
point fixed in space and moves about O under the action of gravity. It is required 
to find what cases of steady motion are possible in which one principal axis OC at O 
describes a right cone round the vertical while the angular velocity of the body about 
OC is constant; and to find the small oscillations. 

Referring to ihe general equations of Art. 211, we see that r and m, are given to 
be constants. In this case the first two equations of (1) and (2) form a set of linear 
equations to find the four quantities |), 9, ta^, w^* The solution of these equations 
is therefore of the form 

<a^= Pq + F^ Bin (\t-\-f)) i>=Po + PiSin(Xt+/)1 

Uz=GQ+Gj^coa(\t-^f)]* q = Qo-¥QiOoa{\t-k-f)S ' 

But these must also satisfy the last of equations (1). Substituting we see that 
there will be a term on the left side of the form 

-^(^-J5)FiGi8in2(\t+/). 
But there will be no such term on the right side. Hence we must have either 
A=B, Fi=0 or 0^=0. The motion in the case in which A^B has already been 
considered in Art. 207. Again, substituting in the last of equations (2) and equat- 
ing to zero the coefficient of sin 2 (\t +/) we find 

Substituting in the first two of equations (1) and equating to zero the coefficients 
of cos {\t +/) and sin (\t +/), we find 

from these equations we have F^, 0^, P^, Qi aU equal to zero and therefore w^, w^ 
Pf q are all constant as well as Uie given constants <a^ and r. 

In this case the equations (2) give oJp=wJqs=taJr, so that the axis of revolu- 
tion must be vertical. Let u be the angular velocity about the vertical. Then 
u)i=p(a, i02=q<itt 6)3 srw. Substituting in equations (1) we get 

i> 9 ^^ 9^^ 9 ' ^ '' 

Unlen, therefore, two of the principal moments are equal, it is necessary for 
steady motion that the axis of rotation should be vertical and the centre of gravity 
(hkl) must lie in the vertical straight line whose equations are (3). 

This straight line may be constructed geometrically in the following manner. 
Measure along the vertical a length OV^^gjul^ and draw a plane through V perpen- 
dicular to or to touch an ellipsoid confocal with the ellipsoid of gyration. The 
centre of gravity must lie on the normal at the point of contact. 

To find the small oscillations about the steady motion, i.e. to determine whether 
this motion be stable or not, we must put 

p = cos o -I- Pq sin X< 4- Pj cos Xt, 

with similar expressions for g, r, (a^, Wj, Wj. Substituting we shall get twelve linear 
equations to determine eleven ratios. Eliminating these we have an equation to 
find X. It is sufficient for stability that all the roots of this equation should be real. 
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Motion of a Sphere, 

215. General equations of Motion. To determine the motion 
of a sphere on any perfectly rough surface under the action of any 
forces whose resultant passes through ike centre of the sphere. 

Let be the centre of gravity of the body and let the moving 
axes OCy GA, OB be respectively a normal to the surface and 
some two lines at right angles to be afterwards chosen at our 
convenience. Let the motions of these axes be determined by 
the angular velocities 6^^ 0^, 0^ about their instantaneous positions 
iu the manner explained in Art. 8. Let u, v, w he the velocities 
of G resolved parallel to the axes so that w? = 0, and <» , o>,, w, the 
angular velocities of the body about these axes. I^t F, F' be the 
resolved parts of the friction of the perfectly rough surface on the 
sphere parallel to the axes, OA^ OB, and let R be the normal 
reaction. Let X, Y, Z be the resolved parts of the impressed 
forces on the centre of gravity. Let h be the radius of gyration 
of the sphere about a diameter, a its radius, and let its mass be 
unity. We shall suppose that in the standard case the sphere 
rolls on the convex side of the fixed surface and that the positive 
direction of the axis Z is drawn outwards from the surface. The 
equations of motion of the sphere are by Arts. 22 and 5, 



dco„ 



dt 
d(o 



^.«, + <'.«! 



Fa 



dt 



(1). 



» - 5,«, + 0^w^ = 









=:Y + F 



I f 



{% 



-S^u+e^v^-Z+B 

and since the point of contact of the sphere and surface is at rest, 
we have 

w — cu»,= 0, v-f aG>^ = (3). 

Eliminating F, F", od^, o), from these equations, we get 



du ^ «^ XT 

dv . Q a 



dt 



a^+k 






a»+/fc 



(4). 



216. The meaning of these equations may be found as follows. 
They are the two equations of motion of the centre of gravity of 
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the sphere, which we should have obtained if the given surface 

had been smooth and the centre of gravity had been acted on 

A:* k* 

by accelerating forces , .^ ^i^««>8 ^^^ » t^ ^fi^z along the axes 

0/ "T" A/ d "T" A/ 

G-4, (?5, and by the same impressed forces as before reduced in 

the ratio -, — p. The motion therefore of the centre of gravity 

in these two cases with the same initial conditions will be the 
same. More convenient expressions for these two additional forces 
may be found thus. The centre of gravity moves along a surface 
formed by producing all the normals to the given surface a constant 
length equal to the radius of the sphere. Let us take the axes 
G'Ay GB to be tangents to the lines of curvature of this surface 
and let p,, p, be the radii of curvature of the normal sections 
through these tangents respectively. Then 

':'-i' "''7, ■■•■■<^'- 

If Q be the position of the centre of gravity at the time t, the 
quantity O^dt is the angle between the projections of two successive 
positions of OA on the tangent plane at G. Let %,, %„ be the 
angles the radii of the curvature of the lines of curvature at G 
make with the normal. The centre of the sphere may be brought 
from G to any neighbouring position G' by moving it first from G 
to H along one line of curvature and then from H to G' along the 
other. As the sphere moves from G to H, the angle turned round 
by GA is the product of the ai'c GS into the resolved curvature 
of GH in the tangent plane. By Meunier's theorem, the curvature 

is , multiplying this by sin Xi to resolve it into the tangent 

plane we nnd that the part of 0^ due to the motion along GH is 

u 

— tan y(^. Treating the arc HO' in the same way, we have 

d, = Jtanxi + ^tanx, (6). 

This result follows also from that given in Art. 13, Ex. 2. 

We have also an expression for w, given by equations (1). 
Substituting for w^, ©j, from the geometrical equations (3) we get 



°^-="(s4) ^- 



Many of the results in this section are deduced from equations 
(4) and (7) and in all these cases an apparently independent 
solution may be obtained by forming over again the equations 
(1), (2), (3), &c. (from which (4) and (7) have been derived), with 
such simplifications as suit the problem under consideration. An 
example of this process is given in Art. 221. 
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217. The solution of the equations may he conducted as fol- 
lows. Let (ar, y, z) be the co-ordinates of the centre of the sphere. 
Then u, v may be found from the equation to the surface in terms 
of dx/dt, dy/dt, dzjdt by resolving parallel to the axes of reference. 
If we eliminate u, r, 0^, 0^, 0^ by means of (4), (5), and (6), we 
shall get three equations containing 9;, y, z, (o^, and their differential 
coefficients with respect to t These together with the equation 
to the surface will be sufficient to determine the motion at any 
time. One integral can always be found by the principle of Vis 
Viva. Since the sphere is turning about the point of contact as 
an instantaneously fixed point we have 

where ^ is the force function of the impressed forces. This is 
the same as ^ ^ k'^a* i o «* jl /o\ 

^ +" +^^^p''- =^^m:p* (»>' 

and the right-hand side of this equation is twice the force function 
of the altered impressed forces. 

218. It will sometimes be more conyenient to take the axis GA to be a tangent 
to the path. Then v=iQ and therefore w^^O. If IT be the resultant Telocity of 
the centre of the sphere we have u» U. Also if 12 be the radius of torsion of a 
geodesic touching the path at O and p the radius of curvature of the normal 
section at G through a tangent to the path, we have $1= U/R and 0^=Ulp, In these 
expressions, as elsewhere, R is estimated positive when the torsion round GA is 
from the positive direction of GB to the positive direction of GC If x be the 
angle the radius of curvature of the path makes with the normal, we have as before 
$2=t&nxUlp, The equations (4) become 

dU_ gg ^ k^ V \ 

r«, a« ^ k^ V ( ^^^' 

The expression for wg given by equations (1) now takes the form 

^df=':B (^^)- 

It may be shown by geometrical considerations that this form is identical with 
that given in (7). 



219. To find the pressure on the surface we use the last of equations (2). This 
may be written in either of the forms 

E^ = ^^t = .Z-B (9). 

P Pi Pa 

The sphere will leave the surface when R changes sign. This will generally 

occur when the velocity of the centre of the sphere is that due to one half of the 

projection of the radius of curvature of the normal section on the direction of the 

resultant force. 

220. Ex. 1. Show that the angular velocity of the sphere about a normal to 
the surface, viz. w,, is constant when the direction of motion of the centre of 
gravity is a tangent to a line of curvature, and only then. 
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Ex. 2. A sphere 10 projected vithoat initial angnlar velocity aBont the radins 
normal to the surface, so that its centre begins to move along a line of eurvatnxe. 
Show that it will continue to describe that line of enrratnre if the force transverse 
to the line of corvatore and tangential to the surface is equal to seven-fifths of the 
centrifugal force of the whole mass collected into the centre, resolved in the tangent 
plane to the surface. 

Ex. 3. If the sphere be not acted on by any forces, show that 

(2\ 7 d f 2\ 2 

tan«x-^7J= constant, awj=-C^tanx, ^log ( tan'x+y ) =-^tanx. 

Show also that the path will not be a geodesic unless the path is a plane curve. 

221. Motion on a rough plane. If the given surface on 
which the sphere rolls he a plane, we have p^ and p, both infinite, 
hence 0^ , 6^ are both zero. If therefore a homogeneous sphere roU 
on a perfectly rough plane under the action of any forces whatever 
of which the resultant passes through the centre of the sphere, the 
motion of the centre of gravity is the same as if the plane were 
Smooth, and all the forces were reduced to five-sevenths of their 
former value. And it is also clear that the plane is the only surface 
which possesses this property for all initial conditions. 

We may easily obtain the first part of this theorem from first princijdes. 
Taking the directions of the axes of x and y tabe fixed in space and parallel to the 
rough plane we have (Arte. 22 and 236) 

^'^=-H S=^-d '"""'''"'' 

Eliminating F, F', w^, a;, we find 

du _^ a^ dv _ a^ 

di~t^^Tk^ * dl-tt^TP * 
which is the analytical statement of the theorem. The six equations of motion 
from which this result is derived are obviously only simplified forms of equations 
(1), (2), (3) of Art. 215. 

222. Ex. A homogeneous sphere is placed upon an inclined plane sufficiently 
rough to prevent sliding and a velocity in any direction is coromunicated to it. Show 
that the path of its centre will be a parabola, and if V be the initial horizontal 
velocity of the centre of gravity, a the inclination of the plane to the horizon, the 
latus rectum will be ^ V*lg sin a. 

223. Motion on a rough spherical surfkoe. If the given 
surface on which the sphere rolls be another sphere of radius 6 — a, 
we have p^ = p^ = b. Hence 0)3 is constant ; let this constant value 
be called n, and let U be the velocity of the centre of gi'avity. 
Since every normal section is a principal section, let us take GA a 
tangent to the path. Hence the motion of the centre of gravity is 
the same as if the whole mass collected at that point were acted on 

by an accelerating force -^ — p —j— in a direction perpendicular to 

the path, and all the impressed forces were reduced in the ratio 
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a« 



— ^ — p . According to the usual convention as to the relative poei- 

tions of the axes OA, GB, GC it is clear that if the positive 
direction of GA be in the direction of motion, the angular velocity 
n should be estimated positive when the part of the sphere in 
front is moving to the right of GA and the additional force when 
positive will also act toward the right-hand side of the tangent. 
Since this additional force acts perpendicular to the path, it will 
not appear in the equation of Vis Viva. Hence the velocity of 
the centre of gravity in any position is the same as if it had 
arrived there simply under the action of the reduced forces. Let 
be the centre of the fixed sphere, 6 the angle OQ makes with 
the vertical OZ, and i/r the angle the plane ZOO makes with any 
fixed plane passing through OZ, Then by Vis Viva we have 

where F is some constant to be determined from the initial con- 
ditions. This also follows from equation (8). 
Also taking moments about OZ^ we have 

b d f . iad^lr\ . Jc" d0 

- — J, -J- sm* ^ -^ = a . ya an -7- , 
sm 6 dt\ dtj ar + tr dt 

an equation which will be found to be a transformation of the 
second of equations (4). Integrating this equation we have 

^lVLd-±=E — z — Ta -T-cos^, 
dt a* + k^ b * 

T^here E is some constant. These two equations will suffice to 
determine d0/dt and d-^jdt under any given initial conditions. 

If the sphere have no initial angular velocity about the normal 
to the surface it is clear that w = and the additional impressed 
force is zero. If therefore a homogeneous sphere roll on a perfectly 
rough fixed spherical surface, and if the sphere either start fronn, 
rest or have its initial angular velocity about the common normal 
equal to zerOy the motion of the centre of the sphere is the same as 
if the fixed spherical surface were smooth and the forces on the 
rolling sphere were reduced to five-sevenths of their former value. 

224. Ex. A homogeneous sphere rolls tender the action of gravity in any 
manner on a perfectly rongh fixed sphere whose centre is 0. Prove that tibrongh- 
ont the motion (1) the velocity of the centre O of the moving sphere is that dae to 
five-sevenths of its depth below a fixed horizontal plane ; (2) the moving sphere will 
leave the fixed sphere when the altitude of its centre above is ten- seventeenths of 
the altitude of the fixed plane above the same point; (3) the transverse velocity of 
G is proportional to the tangent c^ the angle (?£/' makes with the horizoui where U 
is a fixed point on a vertical through 0. 

225. Motion on a roagb eylinder. If the surface on which the sphere rolls he 
a cylinder the lines of curvature are the generators and the transverse 'sections. 
Let the axis GA be directed parallel to the generators, then p^ is infinite and p^^-a 
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is the radius of enrvatnre of the transyerse sectioiL We have $^=~vlp^ ^3=0, 
and since Xt-^i 9s=0. The equations (4) and (7) therefore become 

du _ a? y _ *^ ^ 

dv _ g* y, 

dt^o^ + fc' 

From these equations the motion may be found. 

The second of these gives the motion transverse to the generators of the cylinder, 
and if y be the same for all positions of the sphere on the same generator, this 
equation may be solved independently of the other two. Tht trantvene motion of 
the centre of the sphere is therefore the same under the same initial circumstances 
as that of a smooth sphere constrained to slide in a plane- perpendicular to the 
generators on the transverse section of the cylinder and acted on by the same impressed 
forces but reduced in the ratio a^f (o* + Ic^^ 

Having found v we may proceed thus-; let be the angle the normal plane to 
the cylinder through a generator and through the centre of the sphere makes with 
some fixed plane passing through a generator, then v=p2d^ldt. If d4»ldt be not 
zero, the first and third equations then become 

du k* a* p9 — d (a<a*) 

d0^a« + ** « o* + P r di/> 

If Z be the same for all positions of the sphere on the same generator these 
equations can be solved without difficulty. For v and p^ being known in terms of 0, 
we have in this case two linear equations to find u and aw^ If X be zero, and 
fc«=Ja*, we find 

a«j=^ sin (>/f 0+B), u=A Vf cos {J^<f>-\-B), 
where A and B are two arbitrary constants to be determined bythe initial values of 
u and u^ 

If X be not the same for all positions of the sphere on the same generator, let ^ 
be the space traversed by the sphere measured along a generator. Then 

u^d^ldt=(d^lAf>){vlf^. 

Substituting this value of u, we have two equations to find { and ata^ in terms 
of 0. One integral of these is equation (8) of Art. 217 which was obtained by the 
principle of Vis Viva. 

226. Ex. A sphere rolls under the action of gravity on a perfectly rough 
cylindrical surface with its axis inclined at an angle a to the horizon. The section 
of the cylinder is such that when the sphere rolls on it, the centre describes a 
cycloid with its cusps on the same horizontal line. If the sphere start from rest 
with its centre at a cusp, find the motion. 

Let the position of the sphere be defined by ^ the space described along a gene- 
rator and s the arc of the cycloid measured from the vertex. If 4& be the radius of 
curvature of the cycloid at its vertex, we have 



., /6g cos o ^ 

'='**'^V 286-*- 



Since v=(28/dt and f^^+^=lQb* we find that vjp^ is constant. This gives with- 



out difficulty ^_!i5_? /356^L 1 / 5<ycostt 

"•"" a V cosa ( ^^** 7 V 26 

/lObg . 1 /6g cos a ^ 



u=8m a 
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" 227. The relation, v\p^—ecfDs\»sk\^ holds whenever (1) the forees acting at the 
centre of the sphere, and the form of the section of the cylinder, are so related that 
the tangential component hears a constant ratio to p^pjd»t and (2) the sphere starts 
from rest at a point where p^ is zero. In soch a case, the normal plane to the section 
through the centre of the sphere has a constant angolar velocity in space and the 
resolved motion of the sphere perpendicular to the generators is independent of that 
along the generators. 

Ex. A sphere rolls on a perfectly rongh right circular ^^linder whose radius is 
c under the action of no forces, show that the path traced out by the point of con- 
tact becomes the curve x=^ sin {^y/ley when the 4$ylinder is developed on a plane. 

This result shows that the sphere cannot be made to travel continually in one 
direction along the length of the cylinder except when the point of contact describes 
a generator. 



228, Motton on a voadi eona. If the iurface on which the tphere rolU he a 
eone, the lines of curvature are the generators and their orthogonal trajectories. 
Let the axis GA be directed parallel to the gmierator, then p| is infinite and fi^-a 
is the radius of curvature of a normal section perpendicular to the generators. 
Also $i=i -vfpgf $^=iO, Let the position of the sphere be defined by the distance r 
of its centre from the vertex of the cone on which the centre always lies and by 
an angle ^ such that d0 is the angle between two consecutive positions of the 
distance r, d4» being taken as positive when the centre moves in the positive di- 
rection of GB, If the cene were developed on a plane it is clear that r and would 
be the ordinary polar co-ordinates of a point G, We have 

. (2^ dr d^ 

^«=5t- "=dt* *'=''^- 
The equations (4) and (7) become therefore 

dfi'^Xdt) "a«+ik« a*+Jk«^*"*d« 

rdt\ dtj''a*+k* 
d{<u»^ _ ^ d^'dr 
dt " fi^dt dt 

If the impressed forces have no component perpendicular to the normal plana 
through a generator, TsO, and we have f^fdtssh, where h is some constant de- 
poidtng on the initial values of r and v. 

If also the component X of the forces along a generator be a function of r only, 
another integral can l^ found by the principle of Vis Viva, viz. 

where h' is another constant depending on the initial values of u, v and r. 

If, further, the cone be a right cone, ^=r tan a where a is the semi-angle, and 
we have Acota ,,, 

where h" is a third constant depending on the initial values of m, and r. The equa- 
tions of the motion of the centre of the sphere resemble those of a particle in central 
forces. Hence r and ^ will be found as functions of the time if we regard them as 
the co-ordinates of a free particle moving in a plane under the action of a central 

9 1 ji \ 

force represented by ^^ ■ \x- k^uKi -^'| , where oy, has the value just found. 
B. D. II. 9 
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229. Sx. A sphere rolls on a perfectly rongfa cone sneh tliat the equation to 
the oone on which the centre O always lies is r^p^{^). If the centre is acted on 
hy a force tending to the Tertez, find the law of force that any given path may be 
described. If the equation to the path be l/r=/(^), prove that the force X is 

^=*"«3^ + -^^»/'(/+5;p).wherei^isgivenby^=--J^^. 

230. Motion on a •oxftMO of vevointlon. Let the given rough surface be any 

turf ace of revolution placed with its axis of figure vertical and vertex upwards ^ and 

let gravity be the only impressed force. In this case the meridians and parallels are 

the lines of curvature. Let the axis of figure be the axis of Z. Let tf be the angle 

the axis QC makes with the axis of J7, ^ Uie angle the plane oontaining Z and GC 

makes with any fixed vertical plane* 

di^ d6 d}lf 

Then ^,=5-Bin«-~, ^«=3ri ^,=oos^-^. 

* at 'at • at 

Hence the equations (4) become 

_+0oB « -^ «« __ja«,_ (u). 

and equation (8) becomes 

u^+^+-^^aW=E + 2g^^jpanede (iii), 

where E is some constant, and p is the radius of curvature of the meridian. Also 
we have by (7) du^ _ H^ /I sing X ., 

'di^" ayp" r ) ^*^'* 

where r is the distance of the centre of the sphere from the axis of z. The 

geometrical equations (5) become 

de d^ , , 

• ~=''d*' ^=^di w- 

To solve these, we may put (ii) into the form 

^+cos(?^«=^^,a«„ 

,.,,,., d« . pcos^ A;* 

which by (v) becomes ^ + '^-^ v = ^q:^ «ws ; 

differentiating this, we have by (iv), 

g+^|+i^=o (^,, 

Now p and r may be found from the equation to the meridian curve as functions 
of $. Hence P is a known function of 6. Solving this linear equation we have v 
found as a function of B* Then by (iv) we have 

dci^_ V f ^ p sin \ 

'de'"'aV"'~i~)* 
and thence having found ta^ we have u by equation (iii). Knowing u and v ; $ and 
yf/ may be found by equations (v). 

231, Oactllattona on the summit of a rongli flzad snrftoa. A heavy sphere 
rotating about a vertical axis is placed in equilibrium on the highest point of a surface 
of any form and being slightly disturbed makes small oscillations ^ find the moti(m. 

Let O be the highest point of the surface on which the centre of gravity G 
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Always lies. Let the tangents to the lines of cnryatnre at be taken as the axes of 
X and y, and let (x, y, z) be the oo-ordinates of G, We shall assume that O is not 
a singalar point on the snrfaoe. In order to simplify the general equations of 
motion (4) we shall take as the axes QA and QB the tangents to the lines of 
eorvatnre at G. Bat since G always remains very near O, the tangents to the 
lines of corvatnre at G will be nearly parallel to those at 0. So that to the first 
order of small quantities we have 

-_l<ly _^\ dx dx _dy 

and ^3 will be a small quantity of at least the first oiier. Also since the sphere 
is supposed not to deviate far from the highest point of the surface, we have t^ 
constant, let this constant be called n. 

The equation to the surface on which G Moves, in the neighbourhood of 

the highest point, is;e3=~^(-~ + tL), The cBrectlon cosines of the normal at 

\h. P%J 
x,y,z ate xjf^ , y/pg, 1. Hence the resolved parts parallel to the axes of the normal 

pressure R on the sphere are Iix]f>j^ , By^p^ and it. The equations of motion (4) 

therefore become dPx_ a^ x *' ^ «» 

S«""a«+P^^"'a?+fc« dt ^ 

s^-iTfiki^S+snnP Tt ^ ^ ^ ^• 

But z is A small quantity of the second order, hence the last equation gives 
R=g. To solve these equations, we put 

«=iPoo8{X<+/), y=xG«n(Xt+/). 



The equation ta find X is therefore 



a«XV 



This is a quadratic equation to determine X*. In order that the motion mi^ 
be oscillatory it is necessary' and sufitoient that the roots should be both positive. 
If />!, /i^ be both negative, so that the sphere is placed like a ball inside a cup, the 
roots of the quadratic are positive for all values of fi. If p^, p^ have opposite signs 
the roots cannot be both positive. If />i, p^ be both positive the two conditions of 

stability wiU be found to reduce to »* > — rj— g (v'/h+^/S)"- 

If Pi be infinite, it is necessary that p, should be negative, and in that ease 

the two values of X' are - -^ — r. - and zero, which are both independent of n. 

If P|=p^, we have F= G, In this case if be the inclination of the normal to the 
vertical, we have ^=(c'+y')/p' and, as in Art. 212, we find 

^=JF'i«+Fa«+2JF'iJF'jC0s{(Xi-Xa)«+/j-/,>, 
where X^ , X^ are the roots of the quadratic 



a^+Jr p ar+k^ p 



9—2 
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232. This problem may also be solved by Lagrange's method although the 
geometrical equations contain differential ooefficients with regard to the time. To 
effect this we have reconfse to the method of indeterminate multipliers as explained 
in Vol. I. Chap. yni. Let the axes of reference Ox, Oy, Ox be the same as before. 
Let OC be that diameter which is Tertical when the sphere is in equilibrium on the 
Bommit. Let OA, OB be two other diameters forming with OC a system of rect- 
angular axes fixed in the sphere. Let the position oi these with reference to the 
axes fixed in space be defined by the angular co-ordinates 0, 0, ^ in £uler*s manner. 
The vis viya of the sphere will then be 

2r=«^+y^+«'»+ik*(0'+f costf)«+l:»(^+ sin'^f). 
If we put sin9cos^=:(, sin sin ^=17, ^+^=Xf i^id reject all small quantities 
above the second order, we find that the Lagrangian function is 

\Pi Pi/ 

It is easy to see by reference to the figure for Euler's geometrical equations 
Vol. I. Chap. v. that { and 17 are the cosines of the angles the diameter OC makes 
with the axes Ox, Oy, 

If w^, w^, w^ are the angular velocities of the sphere about parallels to the axes 
fixed in space, the geometrical equations are 

«'-a f wy-w, - j=0, y' + af Wje-«, — j=0. 

These are found by making the resolved velocities of the point of contact in the 
directions of the axes of x and y equal to zero. See the expressions in Vol. i. 
Chap. V. for the velocity of any point. The angular velocities Wg, w,, w, may be 
expressed in terms of $, ^, ^ by formulie analogous to those of Euler. See Vol. i. 
Chap. V. Thus w^s - ^ sin f +^' sin cos ^ 

Substituting and expressing the result in terms of the new co-ordinates {, 17, x» ^^ 
geometrical equations become 

a p^ a pi 

Lagrange's equations of motion modified by the indeterminate multipliers X and /i 
are represented by the ^ical form 

d dL dL^y^ ^-^1 I dLj 
di dq'^dq dq^'^^d^' 
where q stands for any one of the five co-ordinates x, y, {, rf, x* ^^ steady motion 
is given by x, y, ^, 17 all zero and ji^n. Taking q=:x and q=y and giving the 
several co-ordinates their values in the steady motion, we find that X and ft, are both 
zero in the steady motion. 

To find the oscillations, we write for q in turn as, y, x» ^ ^^ V* ^^^ retain the 
first powers of the small quantities. Bemembering that X and m are small quanti* 
ties (Art. 51), we find 



I 






*Mr+xV)-x=0) 

*MV'-xr)+M=or 



These and the two geometrical equations X^ and I., are all linear, and may be 
solved in the usual manner. If we put x'^^ ^^^ eliminate first X and fi and then 
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{ and i| we get two equations to find x and y, which are the same as those marked 
(iv) in the solution of Art. 231. 

233. Ex. A perfectly rongh sphere is placed on a perfectly rough fixed sphere 
near the highest point, l^be upper sphere has an angular Telocity n about the 
diameter through the point of contact; prove that its equilibrium will be stable 
if n^>35jf(a+6)/a^ where b is the radius of the fixed sphere, and a the radius 
of the moving sphere. 

234. Oacillattfflns aboat stcftdy mottoo. A perfectly rough turf ace of revolu^ 
tion is placed with its axis vertidal. Determine the circumstances of motion that a 
heavy sphere may roU on it so that its centre describes a horizontal circle. And this 
state of steady motion being disturbed, find the small oscillations. 

In this case we must recur to the equations of Art 230. We shall adopt the 
notation of that article, except that to shorten the expressions we shall put for ft' 
its value |a^ 

To find the steady motion. We must put u, v\ &»,, 0, <2^/(2t all constant. Let 
a, /i and n be the constant values of 0, dyj^jdi and ta^. Then we have ii=0, v=6^, 
where b is the constant Talue of r. The equation (i) becomes 

- 6 cos a/bi' = f ^ sin a - f an sin aM* 
The other dynamical equations are satisfied without giving any relation between 
the constants. If the moti<m be steady, we have therefore 

5 g 7 b 
2 a/A 2 a 

thus for the same value of n we have two values of /i, which correspond to different 
initial values of v. 

We have the geometrical relation 00^= -v, so that w^ and n have opposite 
signs. Hence the axis of rotation which necessarily passes through the point of 
contact of the sphere with the rough surface makes an angle with the vertical less 
than that made by the normal at the point of contact. 

If the sphere roll on a surface of revolution so that the axis GC.is turned 
from the axis of symmetiy, the angle a must be positive. By inspecting the 
expression fox n and making dn/dfi^O it will be seen that the least value of the 
angular velocity n of the sphere is given by n^=S5 cot a. bg/aK In this case the 
precessional motion of the sphere is given by Ai'=f tan a . g/b. If the sphere roll 
on the inner and upper side of such a surface as an anchor ring held with its axis 
vertical the angle a is negative, and there is no inferior limit to the value of n. 

To find the small oscillation. 

Put 9=a-f^, d^ldt=fi-\-d}p'dt, where a and fi are supposed to contain a {{ the 
constant parts of $ and d^/dt, so that 0' and d^y/dt only contain trigonometrical 
terms. Let e-ahe the radius of curvature of the surface of revolution at the point 
of contact of the sphere in steady motion, so that p differs from c only by small 
quantities, and may be put equal to c in the small terms. Also we have r = d + c cos a. $\ 

Now by equations (iv) and (v) of Art. 230 we have 

cf w, _dd d\^ pa.n0-r _dd' csina-6^ 
at "di'di a "H^ a ' 

c sin a - 5 ., 
••. W3=/A v+n, 

where n is the whole of the constant part of u^. 
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Again, from eqnaftion (ii), we have 

adt\ dtj a at dt a'+A* 'dt 

M dff h^^ eeonafide^ 2 d^ ^ 

integrating we have gn-?fi^)^==^ ^, 

the constant being pat zero becaoee ^ and ^ only contain trigonometrical terms. 
Thirdty, from equation (i), we have 

c d*^ ft+ccosa^, . ^/ ,.A df\ 

•••Jd? j;^— (cosa-sma^^M' + 2M^) 

+ = (8ma+eosa^(M+-^j (n+M ^j s=--(sma+eo8o^). 

This expression must be expanded and expressed in the form 

dV 

In this case, since ^ contains only trigonometrical expressions, we mast have £==0. 
Patting ^=0 in the above expression, we find the same valae f or n as in steady 
motion. After expanding the preceding eqaation we find 

^=M>(-cos««+?sin«a)+M»^^(2cos«a+5sin«a) 

26p»Bintt 10(7 . . 10 fir 

+ 77i -~Ti ■;r rflintt.oosa + -=- -coso. 

49 fi^hc 7 6 1 c 

In order that the motion may be steady, it is safficient and necessary that this 

valae of A shoald be positive. And the time of oscillation is then ^rJ^A. 

It is to be observed that this investigation does not apply if a and therefore b be 
small, for some terms which have been rejected have b in their denominators, and 
may become important. 

235. MoUon on an Imperfeotly rough suifkce. The 

general equations of the motion of a sphere on an imperfectly 
rough surface may be obtained on principles similar to those 
adopted in Vol. I. Chap. VI. to determine the motion of rough 
elastic bodies impinging on each other. The difference in the 
theory will be made clear by the following example, in which a 
method of proceeding is explained which is generally applicable, 
whenever the integrations can be effected. 

236. A homogeneous sphere moves on an imperfectly rough 
inclined plane vnth any initial conditions, find the direction of the 
motion and the velocity of its centre at any time. 

Let be the centre of gravity of the sphere. Let the axes of 
reference OA, OB, OG have their directions fixed in space, the 
first being directed down the inclined plane and the last normal to 
the plane. Let u, v, w be the velocities of resolved parallel to these 
axes, and «!» «•>«» ®8 ^^ angular velocities of the body about these 
axes. Let F, r be the resolved parts of the frictions of the plane 
on the sphere parallel to the axes GA, GB^ but taken negatively 
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in tliose directions. . Let h be the radius of gyration of the sphere 
about a diameter, a its radius, and let the mass be unity. Let a 
be the inclination of the plane to the horizon. 

Whether the sphere roll or slide the equations of motion 
will be 



at 
at 



(1). 



^ = -F+gama 
dt 



(2). 



Eliminating J^ and F' from these equations and integrating we 
have j[.t 

tt + -J acD^ ^ U^ + g sin at 

(3). 



a 



V iCM»,= V^ ' 



a 



where U^ and V^ are two constants determined by the initial 
values of u, v, q>, , cd,. 

The meaning of these equations may be found as follows. Let 
P be the point of contact of the sphere and plane, let Q be a point 
within the sphere on the normal at P so that PQ = (a^ + %*)/a. 
Then Q is the centre of oscillation of the sphere when suspended 
from P. It is clear that the left-hand, sides of the equations (3) 
express the components of the velocity of Q parallel to the axes. 
The equations assert that the frictional impulses at P cannot affect 
the motion of Q, and this also readily follows from Vol. I. Chap, ill., 
because Q is in the axis of spontaneous rotation for a blow at P. 

237. The friction at the point of contact P always acts oppo- 
site to the direction of sliding and tends to reduce this point to 
rest. When sliding ceases the friction (see Vol. i. Chap, iv.) also 
ceases to be limiting friction and becomes only of sufficient magai- 
tude to keep the point of contact at rest. If sliding ever does 
cease, we then have 

u -aa>j = 0, v + afi)j=0 (4). 

The equations (3) and (4) suffice to determine these final values 
of u, V, 6), and 6)^. Thus the direction of the motion and the 
velocity of the centre of gravity after sliding has ceased have been 
found in terms of the time. It appears that both these elements 
are independent of the friction. 

If the equations (4) hold initially the sphere will begin to move 
without sliding provided the friction found from the equations (1), 
(2) and (4) is less than the limiting friction. To determine this 
point we must find the magnitude of the friction necessary to 
prevent sliding. If the sphere does not slide we may differentiate 
the equations (4); then substituting from (1) and (2) we find F'=0 
and F=gsina, l^jicf + k% But since the pressure on the plane is 



13C 



MOTION UNDER ANT FORCES. 



g COS a^ this requires that the coefficient of friction /a > tan a -^ — 7^ . 

Supposing this inequality to hold the friction called into play will 
be always less than or not greater than the limiting friction, and 
therefore equations (3) and (4) give the whole motion. 

This method of finding the inferior limit to the value of 11 is 
the same as that used in Vol. i. Chap. rv. in the corresponding 
problem where the sphere rolls down the inclined plane along the 
line of greatest slope. 

238. If the equations (4) do not hold initially or if the in- 
equality just mentioned be not satisfied, let 8 be the velocity of 
sliding and let 6 be the angle the direction of sliding makes with 
QA. To fix the signs we shall take iS to be positive while may 
have any value from — tt to tt. Then 

5'costf = t* — aw,, /8fsin^=v+a6)j (5). 

The friction is equal to iig cos a and acts in the direction oppo- 
site to sliding, hence 

F^ fig COBOL cos 0^ F' ^ fig cos a sin ft 

The equations (1), (2) and (5) therefore give 

d{S COS0), /. .a*\ a , ' 

^ , — - = — (l+pj/xgrcos a cos^ + ^rsma 

d(flfsin^) /^ aS ' n 

^ -^^-fl+pj/i^rcosasm^ 



dt 

Expanding we find* 
d8 



.(6). 



^ =-(l+pj/igc©sa-f ^fsmacos^ 



0-^ = — ^smasim^ 



(7). 



If d be not constant, we may eliminate t and integrate with 

tan^l ..- (8), 

where n = (1 + a^/k^ f/b cot a,, and A is the constant of integration. 
If 8^ and 0^ be the initial values of 8 and determined by equa- 
tions (5), we have 2 A = 8^dvi 0^ Uot -A (9). 

Substituting the value of 8 given by (8) in the second of equa- 
tions (7) and integrating we find' 



(tan?)"" (tan|)"" (tan|)"" (tan|) 



n — 1 w + 1 «— 1 w + 1 A 

the constant of integration being determined from the condition 
that = 0^ when t = 0. The equations (8), (9) and (10) give 8 and 
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d in terms of t The equations (3) and (5) then give u, v, td^ and flk>, 
in terms of ^. 

The second of equations (7) shows that dOjdt has an opposite sign 
to d, hence 6 beginning at any initial value except ± ir continually 
approaches zero. It follows that, unless a is zero, 6 will be constant 
only when d^ = or ± it. 

If n > 1, i.e. /x > tan a . Vjicf + V), we see from (8) that sliding 
will cease when d vanishes. This, by (10) will occur when 




g sm a 

The subsequent motion has already been found. 

If n < 1 we see by (8) that S increases as decreases, so that 
sliding will never cease. It also follows from (10) that vanishes 
only at the end of an infinite time. 

liS^ = 0, sliding will never begin if « > 1, but will immediately 
begin and never cease if n < 1. 

239. Billiard Balli. The theory of the motion of a sphere 
on an imperfectly rough horizontal plane is so much simpler than 
when the plane is inclined or when the sphere rolls on any other 
surface, that it seems unnecessary to consider this case in detail. 
At the same time the game of billiards supplies many problems 
which it would be unsatisfactory to pass over in silence. The fol- 
lowing examples have been arranged so as both to indicate the 
mode of proof to be adopted and to supply some results which may 
be submitted to experiment. 

The result given in Ex. 1, was first obtained by J. A. Eoler the son of the cele- 
brated Euler, and published in the Mtm, de VAca4» de Berlin, 1758. Most, possibly 
all, of the other results may be found in the Jeu de Billiard par G, CorioliSf pub- 
lished at Paris in 1835. 

Ex. 1. A billiard-ball is set in motion on an imperfectly rough horizontal 
plane, show that the direction and magnitude of the friction are constant through- 
out the motion* The path of the centre of gravity is therefore an arc of a parabola 
while sliding continues, and finally a straight line. The parabola is described with 
the given initial motion of the centre of gravity under an acceleration equal to fig 
tending in a direction opposite to the initial direction of sliding. 

Ex. 2. If Sq be the initial velocity of sliding prove that the parabolic path lasts 
for a time ^ Soj/jg. From some experiments of Coriolis it appears that fi=i nearly. 
If the initial velocity of sliding be one foot per second, the parabolic path lasts 
therefore less than a twentieth part of a second. 

Ex. 3. If P be the point of contact in any position and Q the centre of oscilla- 
tion with regard to P, prove that the velocity of Q is always the same in direction 
and magnitude. Thence show that the final rectilinear path of the centre of gravity 
is parallel to the initial direction of the motion of Q and the final velocity of the 
centre of gravity is five sevenths of the initial velocity of Q, If PF be the initial 
direction of motion and V the initial velocity of the centre of gravity and t the time 



138 MOTION UNDER AKT FORCES. 

given by Ex. 2, prove that the final rectilinear path of the centre of gravity inter- 
Beets PP' in a point P' so flMt PP'=i Ft. 

Ex. 4. A billiard-ball, at rest on an imperfectly rough horizontal table, is stnick 
by a one in a horizontal direction at any point whose altitude above the table is h, 
and the cne is withdrawn as soon as it has delivered its blow. Supposing the cae 
to be snfficiently rongh to prevent sliding, show that the centre of the ball will 
move in the direction of the blow and that its velocity will become uniform and 

equal to= -B after a time —^ where ^ is the ratio of the blow to the mass 

7 a la t^O . 

of the sphere and a is the radius. 

In order that there shoi^d be no sliding the distance of the cue from the centre 

of the ball must be less than a sin c where tan e is the coefficient of fiiction between 

the cue and ball. 

Ex. 5. A billiard-ball, initially at rest and touching the table at a point P, is 
struck by a cue making an angle /3 with the horizon. Bhow that the final recti- 
linear motion of the centre of gravity is parallel to the straight line F8 joining P 
to the point 8 where the direction of the blow meets the table, and the final velocity 
of the oentre of gravity is f B sin/S . PSja in the direction of the projection of the 
blow on the horizon* It will be noticed that these results are independent of the 
friction. 

Ex. 6. Measure 8T=\acoip along the projection of the blow on the horizon- 
tal table, then T8 measures the horizontal component of the blow referred to a 
unit of mass, on the same scale that P8 measures the final velocity of the centre of 
gravity. Prove that during the impact and the whole of the subsequent motion the 
friction acts along PT and that the whole friction called into play will be measured 
by PT on the scale just mentioned. Thence show that unless fxK^PTja the para- 
bolic arc of the path will be suppressed. Show also that PT is the direction in 
which the lowest point of the ball would begin to move if the horizontal plane were 
smooth and the ball were acted on by the same blow as before. 

Motion of a Solid Body on a plane, 

240. Bbrtorleal Smnmarj. The motion of a heavy body of any form on a 
horizontal plane seems to have been studied first by Poisson. The body is supposed 
to be either bounded by a continuous surface which touches the plane in a single 
point or to be terminated by an apex as in a top, while the plane is regarded as per- 
fectly smooth. Poisson uses Euler's equations to find the rotations about the 
principal axes, and refers these axes to others fixed in space by means of the 
formula usually called Euler's geometrical equations. He finds one integral by the 
principle of vis viva and another by that of angular momentum about the vertical 
straight line through the centre of gravity. These equations are then applied to 
find how the motion of a vertical top is disturbed by a slow movement of the smooth 
plane on which it rests. Bee the Trait€ de MScanique, 

In three papers in the fifth and eighth volmnes of Crelle*8 Journal (1830 and 
1832) M. Coumot repeated Poisson's equations, and expressed the corresponding 
geometrical conditions when the body rests on more than one point or rolls on an 
edge such as the base of a cylinder. He also consideiB the two cases in which the 
plane is (1) perfectly rough, and (2) imperfectly rough. He proceeds on the same 
general plan as Poisson, having two sets of rectangular axes, one fixed in the body 
and the other in space connected together by the formulie usually given for 
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of eo-oidiiimtes. As may be nipiKMed, tibe eqiiftaoni obtidiMd tie 
ezlremdy oompUcftted. M. Conznot also fomiB the o w i eiipwHKn g eqpaJ&ooM for 
impulsiTe foioea. Thoee howeter whieh indude the elieete of ftiotkm do not 
agree with the eqnatioiui given in this traaliae. 

In the thirteenih and aerenteenth VQlnmeB of LUmviiUU Jernnml (1848 and 
1852) there will be found two papers by M. Pninnx. In the fint he repeats 
FoiBaon*8 equations and applies them to the ease of a solid of rsvolntioii on a 
smooth plane. He shows that whatsTer angle the axis initially makes with the 
Tcrtieal, this angle will remain ^reiy nearly eonstant if a soffittently great angnlar 
Telocity be commnnicated to the body about the axiB. An inferior limit to this 
.angnlar Telocity is found only in the ease in which the axis is vertical. In the 
fleoond memoir he applies Pois8on*s equations to determine the conditions of 
stability of a solid of any form placed on a smooth plane with, a principal axis at 
its centre of gravity vertical and rotating abont that axis. He also determines 
the small oscillations of a body resting on a smooth plane about a position of 
eqnilibrimn. 

In the fourtii volume of the Qwirterly Journal of MatkewiaHcs, 1861, Mr G. M . 
SloEser forms the equations of motion of a body on a perfectly rough horizontal 
plane and applies them to the problem considered at the end of Art. 251. He uses 
znoviog axes, and his analysis is abnost exactly the same as that which the anther 
independentiy adopted. 

241. OaelllatloBa about steady teotloa. A $oUd of revohUioH rolU on a per- 
feetly rough horizorUal plane under the action of gravity » To find the steady motion 
. and the emaU oseillationt. 

Let G be the centre of gravity of the body, GC the axis of figure, P the point of 




contact. Let GA be that principal axis which lies in the plane PGC and GB the 
axis at right angles to GJ, GC. Let GM be a perpendioolar from G on the hori- 
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zontal plane, and PN a perpendioolar from P on GC, Let R be the normal reactioh 
at P; FfF' the x^solved parts of the frictions respeotively in and perpendicular to 
:the plane PGC. Let the mass of the hody be unity. 

Let be the angle OC makes with the vertical, ^ the angle MP makes with any 
fixed straight line in the horizontal plane. Then 6 and ^ are two of the angles used 
in £uler*s geometrical equations (Vol. i. Chap, v.) to refer the moving oxen GA, GB, 
GC to an axis fixed in spaoe, viz. the yertical. The third Eulerian angle ^ is here 
zero. The moving axes GA^ GB, GC are therefore the same as those described in 
Art. 21. Since GC is fixed in the body we have 0^ = «d^, 0^= w,. Since ^ = the third 
of Euler's geometrical equations gives 0g=costf<2^/dt. Bemembering that the 
angular momenta about the axes are hi^Aui^ h^=Aia^, h^^Cta^ as in Art. 20, the 
equations of moments of Art. 19 become 

^^-iiwa^cos^+CwgWj = -F'.G2^...^ (1). 

^^'-C«jWi+Jl«i^cos^=-F.OJf-B. JfP (2). 

C^=F.PN (3). 

at 

The first two of Euler's geometrical equations give the relations between'^}, 0^ 

and the abgles 0, ^. Since ^x=^i> !^i—**i ^^^ 0=0, these become 

\ 5J=«a (4). Bm^^ = -Mi (5). 

The Eul^an geometrical equations which refer the body to the axes fixed in 
space are not required. We may also notice that the equations (4) and (5) are snfr 
fioiently obvious from the geometry of the figure to render any reference to Euler's 
.equations unnecessary. 

Let u and v be the velocities of the centre of gravity respectively along and per- 
pendicular to MP, both being parallel to the horizontal plane. The accelerations 
of the centre of gravity along these moving axes will be 

S-t=^ («)' 

^-t=^' <^)- 

And if 2 be the altitude of G above the horizontal plane, ie. z = GM, we have 

S=-^+-« <«)• 

Also since the point P is at rest, we have 

tt-GMw2=0 (9), 

v + PN(aj^-GN(ai = (10), 

z = -GNco80 + PN8m0 (11). 

These are the general equations of motion of a solid of revolution moving on a 
perfectly rough horizontal plane. If the plane is not perfectly rough the first eight 
equations will still hold, but the remaining three must be modified in the manner 
explained in the next proposition. 

When the motion is steady, we have the surface of revolution rolling on the 
plane so that its axis makes a constant angle with the vertical. In this state of 
motion, let 0=a, d\ffldt=fi, Wg=n, GM=Pf MP=q, GN=^, NP=rj, and let p be the 
radius of curvature of the rolling body at P. Then the relations between these 
quantities may be found by substitution in the above equations. 

When the form of the solid of revolution is given these equations will admit of 
considerable simplification, and may therefore be formed in any special case without 
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much difiScuIty. Thus if the solid were a hoop or disc of radius a, we shonld have 
GN=zO, GJI£=i=z=a sin 0, MP=a cos $, and the radius of cnnratore p=0. 

242. Suppose it were required to find the conditions that the surface may roll 
with a given angular velocity n with its axis of figure making a given angle with the 
vertical. Here n and a are given, and p, q, (, 17, p may be found from the equa- 
tions to the surface. We have to find fi^ Ui, ut^y u^ v and the radius of the circle 
described by G in space. Then eliminating F and R, we have F'sO, and 

fi^ Bia a (A COB a- p^) -n/i (C Bin a -^pii) - gq = (12), 

tt=0, v= -nvf-^fiLBiaa, 

Let r be the radius of the circle described by G as the surface rolls on the plane. 
Since G describes its circle with angular velocity ft, we have rfn^v, and hence 

r=--^ — {sma. 

Eliminating n we may also find r from the equation 

/I* {Ari sin a cos a+ C^ sin* a + r (C Bma+pri) } =gqri» 

For every value of n and a there are two values of fi, which however correspond 
to different initial conditions. In order that a steady motion may be possible, it 
is necessary that the roots of the quadratic (12) should be real. This gives 

(C sin a + prifn* + ^gq sin a (^i cos a - p^) ~ a positive quantity. 

If the angular velocity n be very great, one of these values of /a is very great 
and the other small. If the angular velocity be communicated to the body by 
unwinding a string, as in a top, tiie initial value of toi will be small. In this case 
the body will assume the smaller value of /i, and we have approximately 

gq 

'^ n(<7sina+|>i7)* 

243. To find the small oscillatum, we put ^ = a + tf', ef ^/dt = /u + d^/tft, co, = n + cd,'. 
Then we have by geometry, 

z=GM=p + q9', PM^q-\-{p'p)e', 

GN^i+pO'ana, P2/=i7+p^cosa, 

^nd substituting in (5), (9), (10), (6), (7) respectively, we find 

dyy d0 

«i= -fisina-ficoso^-Bina ^, **~PT#» 

dxt/ 
v= -/usina|-ni7^(^oosa^+At/>8in'a+n/)C08a)^-Bina{-^-i^\ 

d^ dyl/ d\l/ 

1^=1) ^ +/*' sin a^+n/Ai7+2 sm o/*^ -^ + lyn -^ 

+ M (m 00s o^ + /up su^' a + np cos a) ^' + i7M<^3', 
F= - (/A cos o^-jPM +fip Bin^a+np cos «) -37 - sm o^ -^^- - 17 -^ , 

Substituting these in equation (3) and integrating, we have 

(C+ if) w^'= (2>/* - ftf cos a-fip sin'a - npcos o) 17^ - ij sin a^ -~j (A), 

the constant being omitted because n, a and fi are supposed to contain all the 
constant parts of <o^f $, and d^/(2t. 

Again substituting in (1) and integrating, we have 

{Cn - 2A fi COB a + iipfi- p. COB a^-fion^ap - npcosa) ]0'-(A + p)ama -J7 =^W(B)' 
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Also Bubstitating in (2), we have 

+ ^' Bin o fg + n/iijgf +/*• COB dtp + n^i/»p ooa a + ft* Bill* o/)p } 
+ -J^{-2ii/iBina008o+CWBma+2{p/«Bino+n;>iy} 



=0...(C). 



+ u^' {Cfi Bin a + MPv) 

+{-il Bin a Qoaofi^-k-Cnfi Bina+pg + sin afi*j^+nf/p'n} 

The last term of tliis equation most yanish since $^, dy//ldt, ta^ only contain 
periodic terms. It is the equation thus formed which determines the steady 
motion and gives us the value of /bi. 

To solve these equations we may put 

^'=L8in(Xt+/), ^=Jfsin(X«+/), «i'=A^sin(Xt+/). 

If we substitute these in (A), (B), (C) we shall get three equations to eliminate 
the ratios L iM iN. Before substitution it will be found convenient to simplify 
the equations first by multiplying (A) by ( and (B) by i; and subtracting the latter 
result from the former, and secondly by multiplying (A) by f^/i; and adding the 
result to (0). We then obtain the following determinant, 



+/*'(l?*--4oos2a-2r) 
+n/iC7o08a 


if/isinaoosa 


C/tt (^ Bin a - p) 


Cn~2J/iCosa 


^ sina 


c^ 


Q9 -( cos a-p sin* a)M 
— pncosa 


|sina 


-{C + rf) 



= 0. 



244. BzamplM, Ex. 1. To find the least angular velocity which will make 
a hoop roll in a straight line. 

In this case r is infinite and therefore fi must be zero. It follows from the 
equation of steady motion that $^0, or the hoop must be upright. We have 
j>=sa, 9=0, {ssO, lysa, fi^O, and C=2A, The determinant becomes 

(ii + o«) X«= 2n« (2^ + o>) - o^, 

80 that the least angular velocity which will make X a real quantity is given by 

2(C+a>)n«=aflr. 

Let the hoop be an arc, we have (7= a*, and if F be the least velocity^ of the 
centre of gravity* this equation gives V*>i<ig. Let the hoop be a disc, then 
C= Jo', and we have F* > lag, 

Ex. 2. A circular disc is placed with its rim resting on a perfectly rough 
horizontal table and is spun with an angular velocity O about the diameter through 
the point of contact. Prove that in steady motion the centre is at rest at an 
altitude J;*0*/p above the horizontal plane, where k is the radius of gyration about 
a diameter; and, if a be the inclination of the plane to the horizon, the point of 
contact has made a complete circuit in the time 2v sin a/0. If the disc be slightly 
disturbed from this state of steady motion, show that the time of a small oscillation 
(P + o')sino \h 



is2T 



]*! - _ 

\ga 3ifc*cos2a+@sin' 



-.} 



Bin a. 
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Ex. 8. An itifinitely thin cironlar disc moves on a perfectly rdngh horizontal 
plane in cmch a manner as to preserve a constant inclination a to the horizon. 
.Find the condition that the motion maybe steady and the time of a small oscillation. 

Let the radios of the disc he a, and the radius of gyration about a diameter h. 
Let (o^ be the angular velocity about the axis, fi the angular velocity of the centre 
of gravity about the centre of the cirde described by it, r the radius of this circle, 
then in steady motion 

(2*2+02) w^=ikVooStt-^ cot a, (2t»+a«)r=5-i^coso+^coto. 
If T he the time of a small osdllation 
^^y(t3+o2)=;A«{|4i(i+2co8«a)+a»BinM-nMOOsa(6i«+a«)+2n«(2*«+a*)-^ 

Ex. 4. A heavy body is attached to the plane face of a hemisphere so as to form 
a solid of revolution, the radius of the hemisphere being a and the distance of the 
centre of gravity of the whole body from the centre of the hemisphere being h. The 
body is placed with its spherical surface resting on a horizontal plane, and is set 
in motion in any manner. Show that one integral of the equations of motion is 

iisin'^-^+tyWj, [cos ^+-)=oonstant -whether the plane be smooth, imperfectly 

rough, or perfectly rough. 

It is clear that the first two terms on the left-hand side of this equation is the 
angular momentum about the vertical through O. Let this be called I, Since we 
may take moments about any axis through 6^ as if G were fixed in space, we have 
dIldt=F' . PM, But PM— - PN . A/a, hence eliminating F* by equation (8) and in- 
tegrating, we get the required result. 

Ex. 6. A surface of revolution roUs on another perfectly rough surface of 
revolution with its axis vertical. The centre of gravity of the rolling surface lies 
in its axis. Find the cases of steady motion in which it is possible for the axes of 
both the surfaces to lie in a vertical plane throughout the motion. 

Let 6 be the inclination of the axes of the two surfaces, P the point of 
contact, GM a perpendicular on the tangent plane at P, PN a perpendicular 
on the axis GC of the rolling body ; F the friction, R the reaction at P ; n the 
angular velocity of the rolling body about its axis GC, fi the angular rate at which 
O describes its circular path in space, r the radius of this circle. Then in steady 
motion if/x sin (? (Cn -AfiGOBe)=i-F, GM- R . IfP, 

R=z - ifr/i' sin a +lfj^ cos a, 

Pss - Jtfr/A* cos a- 3fj^ sin a, 

n,PN+fiaji$ , GN^-ffjL, 
\fhffre jtf is the mass of the body. 

245. a«ii«ral aquatioiui of motloii. A surface of any form rolls on a fixed 
horizontal plane under the action of gravity. To form the equations of motion. 

Let GAj GBf GC, the principal axes at the centre of gravity, be the axes of 
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reference and let the mass be nnity. Let 0(^, i|, ^)=0 be the equation to the 
bounding surface, (^ % ^) the co-ordinates of the point P of contact. Let {p, q, r) 
be the direction-cosines of the mUward direction of the normal to the surf^use at 



the point ^,,^ then i'/g=«/g = r/g. 



FinOy, let the plane he perfectly rough. Let X, F, J7 be the resolved parts 
along the axes of the normal reaction and the two frictions at the point (, 17, i*, and 
let the mass of the body be unity. By Euler*s equations we have 



Also the equations of motion of the centre of gravity are by Art. 5, 

du 

dv 

dw 



(1). 



(2). 



Also since the line {p, q, r) remains always vertical (Art. 9), 

dp 

da 

dr 

Since the point (^, 17, i) which, for the moment^ is fixed relatively to the moving 
axes is also, for the moment, fixed in space, we have by Art. 8 



(3). 



F= r-^>l+f«,=0 I (4), 



where U, F, TT are the resolved parts of the velocity of the point of contact P in 
the positive directions of the axes. 

246. Secondly, let the plane be perfectly $mootK The equations (1), (2), (3), 
apply equally to this case, but equations (4) are not true. Since the resultant of 
X, Y, Z iBtk reaction R normal to the fixed plane, we have 

X^'pR, r=-gi«, Z^^-rB (6). 

The negative sign is prefixed to R because {p, g, r) are the direction-cosines of 
the outward direction of the normal,'and it is dear that when these are taken posi- 
tively, the components of JR are all negative. If at any moment R vanishes and 
changes sign the body will leave the plane. 

Since the velocity of O parallel to the fixed plane is constant in direction and 
magnitude, it will usually be more convenient to replace the equations (2) by the 
following single equation. Let GM be the perpendicular on the fixed plane and let 
3fO=«, then dhldt* = 'g+R (6). 

It is neoessazy that the velocity of the point of contact resolved normal to the 
plane should be zero, this condition may be written in either of the equivalent 
forms Up + Vq+Wr=0 \ . 
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247. Thirdly, let the body slide on an imperfectly rough plane* The equa- 
tions (1), (2), (3) and (7) hold as before. If ju be the coefficient of friction the 
resultant of the forces Z, F, Z must make an angle tan'^/ii with the normal at the 

point of contact, hence (§±J^±^ = ji_ (8). 

Also since the resultant of (X, F, Z), the normal at P and the direction of slid- 
ing most lie in one plane, we have the determinantal equation 

X(qW-'rV)-{-Y{rV-pW)->t'Z{pV-qV)=0 (9). 

Since the friction must act opposite to the direction of sliding, we must have 
XU+ YV+ ZW negative. When this vanishes and changes sign, the point of con- 
tact ceases to slide. 

If the body start from rest we must use the method explained in Vol. i. Chap. rv. 
to determine whether the point of contact will begin to slide or not. The rule may 
be briefly stated as follows. Assume JE, F, Z to be the forces necessary to prevent 
sliding. Then since u, t7, ir, Wj, ta^ io^ are all initially zero, we have by differentiat- 
ing (4) and eliminating the differential coefficients of u, t7, w, ci;^, w,, w, three linear 
equations to find X, F, Z, in terms of ihe known initial values of (j9, g, r) and 
(^9 Vi i*)* ^6 point of contact will slide or not according as these values make the 
left-hand side of equation (8) less or greater than the right-hand side. 

In this way when the point of contact is fixed for the moment the equations 
(1), (2), and (4) are sufficient to find ihe initial values of X, F, Z, i,e. the components 
of the reaction at the point of contact. This is also the rule given in Vol. i. Chap. iv. 
under the heading Initial Motions to find the initial value of a reaction, viz. we 
differentiate the geometrical equations, and substitute from the dynamical equa- 
tions. This seems the simplest method of proceeding, but we may also adopt 
either of the following methods. 

The equations to find Z, F, Z may be obtained by treating the forces as if they 
were indefinitely small impulses. In the time dt, we may regard the body as acted 
on by an impulse gdt at G and a blow whose components are Xdt^ Ydty Zdt at P. 
It is shown in the chapter on Momentum in Vol. i. that we may consider these in 
succession. The effect of the first is to communicate to P a velocity gdt in a 
direction normal to the fixed plane and outwards. If P does not slide, the effect of 
the blow at P must be to destroy this velocity. 

In the chapter on Momentum in YoL i. certain formulaa have been deduced from 
the ordinary equations of impact by which we can find the resolved initial velocities 
of the point of application of any impulse. A geometrical representation of these 
formulsB is also given by the help of an ellipsoid, i?= constant, where E is the vis 
viva generated by the impulse. To avoid the repetition of this investigation we 
may use these formulsB to find X, F, Z, We accordingly write y^=pg, Vi=qg, 
tDi=rg and ti^* ^2* ^s ^^ equal to zero on the left-hand sides and (to suit the 
notation of this article) change jp, q, r on the right-hand sides into ^, rf, ^. 
Geometrically the point of contact will not slide if the diametral line of the fixed 
plane with regard to the ellipsoid called E makes a less angle with the normal than 

In any of these cases when p, q, r have been found, the inclinations of the prin- 
cipal axes to the vertical are known. Their motion round the vertical may then be 
deduced by the rule given in Art. 12. When u, f , w and the motions of the axes 
have been found, the velocity of the centre of gravity resolved along any straight 
line fixed in space may be found by resolution. 

B.D. II. 10 
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248. Some integrals of these equations are supplied by the principles of angular 
momentum and vis viva. If the plane is perfectly smooth we have 

il »!« + Bw,* + C«^« + (dzldt)* = /9 - 2gz, 
where a and p are two oonstants. If the plane is perfectly rough we have 

249. BzamplM. Ex. 1. A body rests with a plane face on an imperfectly 
rough horizontal plane whose coefficient of friction is fi. The centre of gravity of 
the body is vertically over the centre of gravity of the face, and the form of the 
face is such that the radius of gyration of the face about any straight line in its 
plane through its centre of gravity is 7. The body is now projected along the 
plane so that the initial velocity of its centre of gravity is Vq and the initial rota- 
tion about a vertical axis through its centre of gravity is uq. If Wq be very small, 
prove that the centre of gravity moves in a straight line and its velocity at the end 
of any time t is Vq - figt. If w be the angular velocity at the same time prove that 

^log — =1--- , where k is the radius of gyration of the body about a vertical 

through the centre of gravity. [PoUsoUy Traits de Mecani^pte.} 

Ex. 2. A body of any form rests with a plane face in contact with a smooth 
fixed plane so that the perpendicular from the centre of gravity O on the plane falls 
within the face. If the body is then struck by a blow which passes through G or 
begins to move from rest under the action of any finite forces whose resultant 
passes through G, prove that it will not turn over, but will begin to slide along the 
plane, even if the line of action of the force cuts the plane outside the base. 
[Coumot,] 

Ex 8. A heavy ellipsoid is placed on an inclined plane, touching it at a point 
P whose co-ordinates referred to the principal diameters are ((, 17, ^). Deduce from 
Arts. 246 and 247 the initial values of the reaction at P. when the plane is (1) 
perfectly rough, and (2) perfectly smooth. Thence deduce the initial direction of 
motion of the centre of gravity. 

250. OMillatlona on a vonfl^ horlsental pUuM. Whatever the shape of a 
body may be we may suppose it to be set in rotation about the normal at the point 
of contact with an angular velocity n. If this angnli^r velocity be not zero, the 
normal must be a principal axis at the i>oint of contact, and yet it must pass 
through the centre of gravity. This cannot be unless the normal be a principal 
axis at the centre of gravity. If however n^O, this condition is not necessary. 
There are therefore two cases to be considered. 

Case 1. A body of any form is placed in equilibrium resting toith the point C on 
a rough horizontal plane ^ with a principal axi$ at the centre of gravity vertical, and 
is then set in rotation with an angular velocity n about GG, A small disturbance 
being given to the body, it is required to find the motion. 

Case 2. A body of any form is pUiced in equilibrium on a rough horizontal plane 
with the centre of gravity over the point of contact, A small disturbance being given 
to the body^ to find the motion^ 

251. Ciue 1. Supposing the body not to depart far from its initial position, 
we have p, g, u, », tr, w^, «, all small quantities and r=l nearly. Hence by (2), 
when we neglect the squares of small quantities, we see that X, Y are also small, 
and Z^-g nearly. It follows by (1) that w^ is constant and .*. =n. Also | and if 
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are small and ^=h nearly, where h is the altitude of the centre of gravity above the 
horizontal plane before the motion was distorbed. The equation to the sarface 
may, by Taylor's theorem, be written in the form 






where (a, b, e) are some constants depending on the onrvatnres of the principal 
sections of the body at the point G. 

The squares of all small quantities being neglected, the equations of Art. 245 
become j^^ /» rr\ t,^ 

du — dv -- 

dp dq 

"^ a h ^ b c 
Eliminating X, Y, u, v, o^, (1)3 from these equations, we get 

^{B+h^)^+{A+B + 2K^-qn^+{{A--C)n^+hg+hhi^p=(g^hv?)i+hn^. 

It will be found convenient to express ^, 17 in terms of p, q. The right-hand, 
sides of each of these equations will then take the form 

To solve these equations, we must then assume j), g to be of the form 

p = Pq cos Xt + Pi sin Xt ) 
g = Qq cos Xt + Qi sin Xt ) * 
If the tangents to the lines of curvature of the moving body at C be parallel to 
the principal axes at the centre of gravity, these equations admit of considerable 
simplification. In that case the equation to the surface may be written in the form 

where a and c are the radii of curvature of the lines of curvature. The right-hand 
sides of the equations then become respectively 

-(g'i-hn^)cq+hna-^ and (g-i'hn^)ap+hne-^t 

To satisfy the equations, it will be sufficient to put 

p=F<iOB{\t+f), g=GBin(X«+/). 

This simplification is possible, because we can see beforehand that if we substi- 
tute these values, the first equation will contain only sin (Xt+/) and the second only 
cos(Xt+/). These trigonometrical terms may be divided out of the equations 
leaving two relations between the constants F, O and X. Eliminating the ratio F/G, 
we get the following quadratic to determine X^. 

[{.l + fe«)X« + {B-C7+A(/i-c)}n2+sf(A-c)][(£ + /i«)X2+U-C+A(/i-a)}n2+ir(^-a)] 

10—2 
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If Xj, Xj be the roots of this equation, the motion is represented by the 
equations p=FiOoa (Xjf +/i ) + JPj cos (X^t +/,)] 

g=Oi8in(Xit+/i) + Ga8in(Xa«+/a)) ' 
where Oj/^j, ^J^% ''^ known functions of X^, X^ respectlYely, and F^^F^^f^, /, are 
constants to be determined by the initial values of p, 9, dpjdt^ dqjdt. 

In order that the motion may be stable, it is necessary that the roots of this 
quadratic should be real and positive. These conditions may be easily expressed. 

252. BzasnplM. Ex. 1. A solid of revolution is placed with its axis vertical- 
on a perfectly rough horizontal plane and is set in rotation about its axis with an 
angular velocity n. If c be the radius of curvature at the vertex, h the altitude of 
the centre of gravity, h the radius of gyration about the axis, k that about an axis 
through the vertex perpendicular to the axis of figure, show that the position of the 

body will be stable if n > 2 *^^^5l43 . 

Ex. 2. An ellipsoid is placed with one of its vertices in contact with a smooth 
horizontal plane. What angular velocity of rotation must it have about the vertical 
axis in order that the equilibrium may be stable? 

RetulU Let a, 6, c be the semi-axes, c the vertical axis, then the angular 

velocity must be greater than kJ — • ~^a m — ~~ • [^i^euxJ] 

Ex. 3. A solid of any form is placed in equilibrium with the point C on a 
smooth horizontal plane, a principal axis GC at the centre of gravity being vertical, 
and an angular velocity n is then communicated to it about OC, A small disturb- 
ance being given, show that the harmonic periods may be deduced from the quad- 
ratic (^X»+E) (BX«+20=(ii+B-C)n«X»+^*(/)'-/))2sin««co8«5, 
where E = (B-C)n«+^{(A-p)sina«+(fc-p')cos2a}, 

jP = (^-C)n»+p{(A-p)cos«3+(^-/)sm«5}. 

Also h is the altitude of the centre of gravity, p, p' are the principal radii of 
curvature at the vertex, and Z is the angle the principal axis QA makes with the 
plane of the section whose radius of curvature is p. [PuUeux.'] 

253. Cau 2. Betuming now to the general problem enunciated in Art. 250, 
we proceed to discuss the oscillations about equilibrium of a heavy body resting on a 
rough horizontal plane with the centre of gravity over the point of contacts 

Supposing the disturbance to be small, we have ta^, a;,, Wg, u, v, w all small 
quantities. Hence when we neglect the squares of small quantities the equations 
(1) and (2) of Art. 245 become respectively, 

A^=„Z-iY, B^=iX-iZ, 0^={r-,X (i). 

du ^ - do ^ dw „ 

ji=gv+^, -ai=n+Y, ^=gT+z (u). 

I^t lot ^0* U ^® ^® co-ordinates of the point of contact in the position of equili- 
brium, and let f=& + ^, ij=!;o+V, i'=i*o+r. Then in the small terms of 
equation (4) we may write $<,, 17^^, l;^ for f, 17, ^, Hence differentiating these and 
eliminating X, T, Z, u, v, w by help of equations (i) and (ii), we get 

(^+V+W^-fo'?o^-Wo^'=-p(i7r-i-g) (iii), 

and two similar equations. 
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^^ Pof 9o» *o ^ ^® Talnes of i>, 9, r in the pontion of aqnOibiiiuii. Thai 
UPo-vJqo=tJ^o—p9 where p ie the xmdine vector from G to the point of aootaet 
Now in the small terms of eqnfttionB (8) we may write pf%tpq^% /*"• f<* ^t %• r«- Heoee 
equations (iii) hecome by snbetitation from the eeoond and third of equations (t) 

^t?=''«^S"^*^S"^<'^'^'' <*^>« 

and two similar equations. At the time ( letp^p^+p', q^q^-^q', end r=r^ + r^. 

Then since (l»o+P')*+(?«+8T+(*'«+'^)*=l» ^'^ ^^ f*i»'+«««'+'«»'«0. The 
form of the surface being known we can find p', q\ ¥ in terms of f', Vt ft ^^^ ^^ 
express lyr- ii2, ip — ^» fg - ^ in the form -i^ (fr- M^Lp'-^M^, 

The equations (iv) now become 

^^="'5?-f«'S+^i'+^»' W- 

and two shnilar equations. 

Differentiating equations (3), snd substituting for dtfjdi^ dmjdt^ dwjdt^ from 
(▼), and for / and d^'jdfi from Pop'+q^'+r^^Ot we get equations of the form 

To solve these we put p'=Pco8(Xt+/), 9'=Qoos(Xl+/)» substituting and 
eliminating the ratios P/Q, we have the following quadratic to determine X* 

JFX«+H, GX«+ir 

rx'+ff', G'x'+jr "" ^^'' 

Thus by virtue of the relation existing between p', q\ r', each of these may be 
represented by an expression of the form 

Pj cos {\t +/i) + P, cos (X^ +/,). 

Substituting these values in equations (v) we see that W|, M|, c^ can each be 
represented by an expression 

Oj + £1 cos (Xi« +/i) + E, cos (X^ +/J, 

vhere Ei, E^ are known functions of P^, P,...and Xji X,, but O^, O,, 0, are small 
arbitrary quantities. By substituting in equations (3) and equating the coefficients 
of cos (X^t+Zx) and cos {\t+f^j we may find the values of E^ and E^ without diffi- 
culty. And we also see that we must have OJpQ=QJq^=QJrQ, so that, of the three 
Qi, O,, Q,, only one is really arbitrary. We have therefore but five arbitraiy 
constants, viz. P^, Pufufi, and O^. These are determined by the initial values 
of Wif ta2t *^i p* and g'. 

To find the motion of the principal axes round the vertical, let ^ be the angle 
the plane containing GC and the vertical makes with the plane of AC, Then by 
drawing a figure for the standard case in which p, g, r are all positive, it will be 
seen that if fi be the rate at which GC goes round the vertical. 

Substituting for ta^^M^y this takes the form 

\i,-n^'\'N^ cos (Xit+Zi) + Njcos (Xa«+/j), 
where n,, N^, i^T, are all known constants. 

In order that the equilibrium may be stable it is necessary that the roots of 
the quadratic (vi) should both be real and positive. These conditions may easily 
be expressed. 
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These 06nditioii8 being rappoaed satisfied, the expressions for p\ 9', r' will only 
contain periodical terms, and thus the inclinations of the principal axes to the 
vertical will not be sensibly altered. Bat the expressions for »|, v„ », may each 
contain a non-periodical term, and if so the rate at which the principal axes will 
go ronnd the yertical will also contain non-periodical terms. The body therefore 
may gradually torn with a slow motion round the normal at the point of contact. 
The expressions for «, v, v> will contain only periodic terms, so that the body will 
have no motion of translation in space. 

Motion of a Rod, 

254. When the body whose motion is to be determined is a rod, it is often 
more conyenient to recnr to the original equations of motion supplied by 
D'Alembert's Principle. The equations of Lagrange may also be used with 
advantage. These methods will be illustrated by the following problem. 

A uniform heavy rod, ttupended from a fixed point O by a string, maket nnall 
oscillatiant about the vertical. Determine the motion. 

Let O be taken as origin, and let the axis of z be measured vertically downwards ; 
let 2a be the length of the rod, b the length of the string. Let {I, m, n) (p, g, r) 
be the direction-cosines of the string and rod. Then {, m, p, q are small quantities 
whose squares are to be n'eglected, and we may put n and r each equal to unity. 
Let u be the distance of any element du of the rod from that extremity A of the 
rod to which the string is attached. Let {x, y, z) be the co-ordinates of the element 
<2u, then we have x=bl+up, y = bm+tiq, z = b + u. (1). 

Let M be the mass of the rod, MT the tension of the string. The equations of 
motion of the centre of gravity will be 

^d^l d'p „, ^d!hn d!^q m fx m i«» 

By D'Alembert's Principle the equation of moments round x will be 

^^^{y^- ''^^^^duiyZ-zY) = 'S^du{yg). 
By equations (1) this reduces to 

f du |-(6+w) (^-^+«-5^)} =2ag(bm+aq). 

Integrating, we get 

« , /i<Pw cPq\ ft, «,d^m Scfi d^q „ ,. . 

which by equations (2) reduces to 

^^(Pm 4 <Pg .^. 

^l^'^B^'dt^"'^^ <^'- 

Therefore by (2) and (3) the four equations of motion are 

^d^l d?p ^ ^d^l 4. d^p 

and two similar equations for m, q. These equations do not contain m or 9, and 
on the other hand the equations to find m and q do not contain { or p. This shows 
that the oscillations in the plane xz are not affected by those in the perpendicular 
plane yz. 

To solve these equations, put Z = JP sin (Xt + a), |) = G^ sin (X/ + a), 
we get &X*^+ a\^0=gF, h\^F+^ oX^G^gQ ; 

ab ab ' 

and the values of X may be found from this equation. 
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255. In order to make a Comparison of different methods, let us deduce the 
motion from Lagrange's equations. In this case we must determine the semi vis viva 
T true to the squares of the small quantities p, q, I, m, we cannot therefore put r= 1, 
n=l. Since i>*+g»+r«=l, P+m^+n'^l, we have 

r=l-i(i>3 + ga), n=l-i(P + m2), 

we must therefore replace the third of equations (1) hy 

8=6n + ttr=6 + «-i6(ia+m«)-i«(i)« + g"). 
If accents denote differential coefficients with regard to t, as in Lagrange's 
equations we have 

Snw/a = 2m ipH"^ + 2bVp'u +p'«tt») = M {b^P + 2biya + 1 a^'»). 
The value of Zmy"^ may be found in a similar manner. The value of Zmz*^ is of 
the fourth order and may be neglected. Hence the vis viva is 

2r= 6« (r« + to'3) + 2ah (Vp* + mV) + 4 a' (jp'^ + 3^). 
Also we have tT = - J ^6 (?• + m') - J ^fa (p* + g') + constant. 

„, ,. d dT dT dU , . ,„ . „ , 

The equation ^ ^, ~ ^ ~ df ^^^^'^^^ ^" + op'' = - pZ ; 

similarly we get bV + 1 op" = - gp. 

These are the same equations which we deduced from D'Alembert*8 Principle, 
and the solution may be continued as before. 

EXAMPLES*. 

1. A uniform rod, moveable about one extremity, moves in such a manner aa 
to make always nearly the same angle a with the vertical ; show that the time of a 

small oscillation is 2r j. / ^-. = — ;— , a being the length of the rod. 

V o^ 1 + 3 cos* a ° 

2. If a rough plane inclined at an angle a to the horizon be made to revolve 
with uniform angular velocity n about a normal Ox and a sphere be placed at rest 
upon it, show that the path in space of the centre will be a prolate, a common, or a 
curtate cycloid, according as the point at which the sphere is initially placed is with- 
out, upon, or within the circle whose equation is 4;^+^^=(35^ sina/2/i3)x, the axis 
Oy being horizontal. 

When the sphere is placed at rest on the moving plane, it should be noticed 
that a velocity is suddenly given to it by the impulsive frictions. 

3. A circular disc capable of motion about a vertical axis through its centre 
perpendicular to its plane is set in motion with angular velocity Q. A rough 
uniform sphere is gently placed on any point of the disc, not the centre, prove that 
the sphere will describe a circle on the disc, and that the disc will revolve with 

angular velocity n^^^j^ — 2~~r2^* where Mk^ is the moment of inertia of the disc 

about its centre, m is the mass of the sphere and r the radius of the circle traced 
out. 

4. A sphere is pressed between two perfectly rough parallel boards which are 
made to revolve with the uniform angular velocities and (^ about fixed axes per- 
pendicular to their planes. Prove that the centre of the sphere describes a circle 
about an axis which is in the same plane as the axes of revolution of the boards and 

* These Examples are taken from the Examination Papers which have been 
set in the University and in the Colleges. 
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whose distanoea from these axes are inversely proportional to the angular yelooitiefl 
abont them. 

Show that when the boards revoWe abont the same axis, their points of contact 
will trace on the sphere small circles, the tangents of whose angular radii will be 

- . ^ — pr> , a being the radius of the sphere and e that of the circle described by its 
a ii + lt 

centre. 

5. A perfectly rough circular cylinder is fixed with its axis horizontal. A 
sphere being placed on it in a position of unstable equilibrium is so projected 
that the centre begins to move with a velocity V parallel to the axis of the cylinder. 
It is then slightly disturbed in a direction perpendicular to the axis. If ^ be 
the angle the radius through the point of contact makes with the vertical, prove 

that the velocity of the centre parallel to the axis at any time t w V cos ijf $ 
and that the sphere will leave the cylinder when cos 9=^. 

6. A uniform sphere is placed in contact with the exterior surface of a perfectly 
rough cone. Its centre is acted on by a force the direction of which always meets 
the axis of the cone at right angles^ and the intensity of which varies Inversely as 
the cube of the distance from, thai axis. Prove that if the sphere be properly 
started the path described by its centre, will meet every generating line of the cone 
on which it lies in the same angle. See the Solutions of Cambridge Problems for 
1860, page 92. 

7. Every particle of a sphese of radms a,. whi(^ is placed on a perfectly rough 
sphere of radius c, is attracted to a centre of force on the surface of the fixed sphere 
with a force varying inversely as the square of the distance ; if it be placed at the 
extremity of the diameter through the centre of force and be set rotating about that 
diameter and then slightly displaced, determine its motion ; and show that when it 
leaves the fixed sphere the distance of its centre from the centre of force is a root of 
the equation 20a;» - 13 (2c + a) x« + 7a (2c + a)« = 0. 

8. A perfectly rough plane revolves uniformly about a vertical axis in its own 
plane with an angular velocity n, a sphere being, placed in contact with the plane 
rolls on it under the action of gravity, find the motion. 

Take the axis of revolution as axis of 2, and let the axis of x be fixed in the 
plane. Let a be the radius, m the mass of the sphere; F, F' the frictions resolved 
parallel to the axes of x and z and B the normal reaction. The motions of the 
axes (Art. 5) are given by <?i=0, ^a=0, dj=«. The equations of motion (Arts. 4, 
5, 22) are 

u=dxldt-an^ v^xn^ w=dzldt, 

dujdt - vn = F/m, dvfdt +un= R/m^ dwjdt = - ^ + F'lm, 

dujdt - nciiy = - F'alk'^, dwyjdt + nw^ = 0, duJdt = Falk\ 

Si ice the point of contact has the same motion as the plane the geometrical 
equations are u+aw^^Oj w-au»^=^Q. Solving these equations we find that the 
sphere will not fall down. If the sphere start from relative rest at a point in the 

axis of or, we have »i^2 = - ^ tan* i {1 - cos (nt cos i)} where ^mi=zJJ. The sphere 
will therefore never descend more than 5(//n* below its original position. 

9. A perfectly rough vertical plane revolves with a uniform angular velocity /it 
about an axis perpendicular to itself, and also with a uniform angular velocity O 
about a vertical axis in its own plane which meets the former axis, A heavy uni- 
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fonn sphere of radios e is placed in oontact with the plane ; prove that the position 
of its centre at any time t, will be determined by the equations 

z denoting the distance of the centre from the horizontal plane throngh the hori- 
zontal axis of revolution, and { that from the plane through the two axes. 

Prove also that 7u=7cO + 2/i&, 7v+2^s0, if a and 6 be the initial values of { 
and z, u and v those of d^dt and dz/de. 

10. A hoop AGBF revolves about AB its diameter as a fixed vertical axis. GF 
is a horizontal diameter of the same circle which is without mass and which is 
rigidly connected to the circle ; DC is a smaller concentric hoop which can turn 
freely about GF as diameter. If 0, 0', w, w', be the greatest and least angular 
velocities about ABj GF respectively, prove that . 0'=w'- w^. 

11. OA, OB, OC are the principal axes of a rigid body which is in motion 
about a fixed point 0. The axis OC has a constant inclination a to a line OZ 
fixed in space, and revolves with uniform angular velocity O round it, and the 
axis OA always lies in the plane ZOC. Prove that the constraining couple has its 
axis coincident with OB, and that its moment is - (ii - C) 0' sin a^cos a. 

12. A heavy sphere rolls, without spinning, round the inside of a rough 
horizontal circular wire, the normal to the sphere at the point of contact being 
inclined at a constant angle a to the vertical ; prove that the angular velocity of the 
point of contact of the sphere is given by i^=^gtajial(h~hBiaa) where h is the 
radius of the ring and h that of the sphere. 



CHAPTER VI. 



NATURE OF THE MOTION GIVEN BY LINEAR EQUATIONS 
AND THE CONDITIONS OF STABILITY. 

Linear Differential Equations, 

256. It has been shown in Chap. Iti. that the problem of 
determining the email oscillations of a system about a state of 
steady motion is really the same as that of solving a corresponding 
system of linear differential equations. In that chapter the forces 
were assumed to have a potential, so that the differential equations 
had a certain symmetry which simplified the solution. We now 
propose to remove this restriction. Taking the differential equa- . 
tions in their most general form, but still with constant co-efficients, 
we shall briefly discuss any peculiarities of their solution which 
appear to have dynamical applications. 

The chief object of this chapter is to determine the conditions 
that the undisturbed motion should be stable. This resolves 
itself into two questions (1) under what circumstances do positive 
powers of the time enter into the expressions for the coordinates, 
and what is the highest power which presents itself? (2) when 
the roots of the fundamental equation cannot be found, what 
conditions must the coefficients of that equation satisfy that 
stability may be assured ? In order to make our remarks on 
these two questions intelligible it will be necessary to sum up a 
few propositions which belong rather to Differential Equations 
than to Dynamics. The discussion of the first question begins 
therefore at Art. 268 though alluded to before that article. The 
second question will occupy the next section. 

257. Following the same notation as in Art. Ill, let ^, <^, &c. 
be the co-ordinates of the system. Let the system be moving in 
any known manner determined by 0=f{t), <l> = F(t), &c. We 
now suppose the system to be slightly disturbed from this state of 
motion. To discover the subsequent motion we put =f(t) + x, 
4> — F(f)'{y, &c. These quantities x, y, &c. are in the first in- 
stance very small because the disturbance is small. The quantities 
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Xt j/y &c. are said to be snudl when it is possible to choose some 
quantity numerically greater than all of them which is such that 
its square can be neglected. This (quantity may be called the 
standard of reference for small quantities. 

258. To determine whether a?, y, &c. remain small, we substi- 
tute these new values of d, 0, &c. in the equations of motion. 
Assuming, for the moment, that x, y, &c. remain small we may 
neglect their squares, and thus the resulting equations will be 
linear. The coefficients of x, dx/dt, (Tx/df, y, dy/dt &c. in these 
equations may be either constants or functions of the time. Fol- 
lowing the definitions in Art. Ill, the undisturbed motion in the 
former case is said to be steady. 

259. We propose to consider first the case in which the system 
depends on two independent co-ordinates or (as it is sometimes 
called) has two degrees of freedom. This is a case which occurs 
very frequently, and as the results are comparatively simple, it 
seems worthy of a separate discussion. We shall then proceed to 
the general case in which the system has any number of co- 
ordinates. 

260. Two degrees of flreedom. The equations of motion of 
a dynamical system performing its natural osciUations with two 
degrees of freedom may be written 

To solve these equations we put 

these suppositions evidently satisfy the first equation whatever V 
may be. Substituting in the second and using the symbol S to 

represent -57 for the sake of brevity we find 



ES^+FS + a irs'+rB + ff 



v=o. 



This is an equation to find V in terms of t. Since S enters 
into the determinant in the fourth power, the value of V when 
found will contain four arbitrary constants. Thence we find 
both X and y by means of the formulae given above. It will be 
observed that these require no operation to be performed except 
differentiation. Thus, no matter how complicated V may be, the 
values of x and y readily follow. 
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261. Let A(S) represent the determinant which is the operator 
on V. Then making A (£) = 0, we have a biquadratic to find h. 
li the roots of this biquadratic be m^, w,, «i,, tw^, we know by the 
rules for solving differential equations that 

where L., L^, L^y L^, are the four arbitrary constants. 

If all the roots of the biquadratic are real and unequal, this is 
the proper expression to use for V. But it takes a variety of 
different forms when the biquadratic contains imaginary or equal 
roots. These however are described in the theory of differential 
equations^ and will be summed up in Ai-t. 264. 

262. Many degrees of freedom. The equations which 
occur in Dynamics are in general all of the second order, but as 
this restriction is not necessary in what follows, we shall suppose 
the equations to contain differential coefficients of any order. 

Let there be n dependent variables represented by a?, y, z, &c. 
and one independent variable represented by t. If the symbol S 
represent differentiation with regard to t, the n equations to find 
w, y, &c. may be written : 

/«(«)^+/«(S)y+/»(8)^+-.=o| (!)• 

... ... ... ... ^^ ^ J 

To solve these, we use the analogy which exists between the 
rules for combining symbols of differentiation and those of common 
algebra. Omitting for the moment any one equation, say the first, 
and proceeding to solve the remaining w — 1 equations by the rules 
of common algebra, we find the ratios 

111 



where each of the equalities has been put equal to F. Here we 
have used the letter I to stand for the minors of the determinant 



A (8) = 






(3). 



The suffix of the letter / indicates the number of the column 
in which the constituent of the omitted equation lies whose minor 
is required. 

Substituting these values of a?, y, z, &c. in the equation pre- 
viously omitted, we obtain 

A(S)F=0 (4). 

This is an equation to determine a single quantity F aa a 
function of t. We may call F the type of the solution. Supposing 
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this equation to be solved by the usual rules, the values of a?, y, z, 
&c. are found by equations (2). Thus we have 

<r = 7.(S)r, y = /,(S)F, &c (5). 

These operators, I^ (8), /, (8), &c., are all integral and rational 
functions ofB;so that when V is once known, all the other opera- 
tions necessary for the complete solution of the equations are 
reduced to the one operation of continued diflferentiation. 

263. This arrangement of the solution of the diflferential 
equations (1) has the advantage of expressing the results by means 
of integral and rational functions of the symbol S. In practice, 
this will be found to introduce a great simplification into the 
solution. The type V can always be immediately written down by 
the usual rules for solving equation (4). It is sometimes very 
complicated. In such cases it may be found very convenient to 
be able to deduce the forms of Xy y, z, &c. without having to per- 
form any inverse operation. 

264. DUCnrent types of the Bolntion. If the roots of the determinantal 
equation A (5)= be 9%, m^t &o. the type V is known to be 

V=I^e^^^+L^^^+ 

where Lj, L^, Ac, are arbitrary constants. When a pair of imaginary roots of the 

form r±p >/ - 1 occurs we replace the two corresponding imaginary exponentials 

by the terms V= e!^ (L cosj^t + M. sin j?t). 

If equal roots occur, the value of V thus given has no longer the full number 
of constants. Supposing that we have a roots each equal to m, the type of the 
solution which depends on these roots is 

where the X*s are a arbitrary constants. This may be put into the form 

If we have a equal pairs of imaginary roots of the form rirkjp J- 1 we replace 
the a pairs of terms by 

^ (Lq cos|>£ + ifo sin pt) + -^ e*"* (L^ cos|>t + M-^^ sin pt) + &o. 

Here, if we please, we may replace the differentiation with regard to r by a differen- 
tiation with regard to 'p. 

The peculiarity of the case of equal roots is the presence of terms containing 
some power of t as a factor. The occurrence of a equal roots will in general indicate 
the presence of terms containing all the integral powers of t up to ^"^ in the 
solution. 

265. In order to deduce the corresponding values of a?, y, &c. from these types, 
we shall have, in the absence of equal roots, to operate with some integral and 
rational function of 8 such as 1 (d) on an exponential real or imaginary. 

I. We have the theorem I{jS)e^=^l{p)e'^, 
so that when the roots of the equation A(5)=0 are aU real and unequal we have 

immediately x = ij Jj (%) t^^ + Ljjli (wa) e"^^ + Ac, 

z =<$rc. 
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n. If Z be any fonctioii of i, we hare the theorem I(a)«*^X=e*^/(d+r) X, 
BO that when a pair of imaginaiy roots occors, and we have to operate on the 
product of a real exponential and a sine or cosine, we can immediately remoye the 
real exponential, and reduce the operator to that of continued differentiation of the 
sine or cosine. 

m. We have the theorem / (^) sin mt =/(- m*) sin tnU 

Hence if we have to operate with F(d)t we arrange the operator in the form 
^ (^) + 8^ C)* We then have F (8) sin me = ^ (- m') sin mf + f (- m') in cos mt, 

266. When the determinantal equation A(8)=0 has equal roots we have to 
operate on expressions which contain some powers of t. But since the operators 
djdt and djdm or djdr are independent we may use the theorem 

Thus when the equation A (i)sO hM a toots eaeh eqnal (o m ve may write 
the eolation given by equation (6) of Art. 263 in the form 

«=i,[A(»»)«'»'j+ri^[rx(m)«"']+...+r._i£^j[j,(m)«n 

y=L. [/, (m) e'-'l+i, ^ [I, (•)«'»'] + ... +i.-l£rri K W *^i' 

267. Ex. 1. li there be two roots of the determinantal equation A (8)=0 each 
equal to m, show by an actual comparison of the several terms that we have the 
same solutions for x, y, Ag, whether we use as operators the minors of the first or 
the minors of any other row of the determinant A (d). 

Ex. 2. The values of «, f, Ao, are obtained from V by operating with certain 
functions of 9, viz. I^ {8), J, (d), &o. If instead of these operators we use /i I^ (8)^ 
ft I, (d), &Q, where ti is some function of 8 such as fi =f{Sjt show that the effect is 
merely to slter the arbitrary constants Lq, L^ <&c. Thence show that the solutions 
are the same, whether there be equal roots or not, whatever set of first minors of 
A (8) are used as operators. 

268. An Indeterminate Case. If the roots of the deter- 
minantal equation A (8) = be m^, m,, &c. we have shown that the 
values of x, y, &c. are given by 

X = Si/j (m) e^y y = %LI^ (m) 6***, &c. 

But we see at once that there is a case of failure. If one of the 
roots of the equation A (S) = make all the minors, J^ (m), /, (m), 
&c. equal to zero, the solution becomes incomplete. One constant L 
disappears from the solution. If all the minors of only one row 
vanished, we could find the values of x, y, z, &c. by choosing as our 
operators the minors of some other row. But this cannot be done 
if all the minors of all the rows are zero*. 



* See also a paper by the author in the Proceedings of the Mathematical Society ^ 
1883. 
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269, We shall now prove that this indeterminate case cannot occur nnless the 
determinantal equation A(d)=0 has equal roots. To show this, we differentiate 
equation (3) of Art. 262. We find 

where the letter / stands for the minor of that constituent of the determinant A {d) 
which is indicated hy the suffix. We notice that the right-hand side of this equa- 
tion vanishes when all the first minors are zero. Thus the equation A (5)=0 must 
have at least two equal roots. In the same way, if the second minors are all zero 
also, any first minor has two equal roots, and therefore the original equation has 
three equal roots. 

270. We may notice two obvious results. (1) If all the first minors of a 
determinant have a root a times, the determinant has the root a + 1 times at least. 
(2) If a determinant have r equal roots, and all its first, second, <&c. minors vanish 
for these roots, then each of the first minors has the equal root r - 1 times, each of 
the second minors r - 2 times, and so on. 

271. We may now consider the following general problem:— 

Let the determinant A (S) have a roots each equal to m. Let 13 of 
these roots make every first minor of A (S) equal to zero. Let y of 
these last muke evei*y second minor equal to zerOy and so on. It is 
required, to state the general form of the solution and to explain how 
the a constants in that solution are to be found. 

272. Solution with a single type. First, let us consider 
the a roots which are equal to m. It has been proved in Art. 266, 
that the part of the solution which depends on these may be 
written in the form 

with similar expressions for y, z, &c. 

If these first minors are finite, these formulae contain powers 
of t from f to t*^~\ and thus supply the a constants which belong 
to the a equal roots. If the first minors have ff roots equal to m, 
I^{m)y I^{m), &c., and their dififerential coefficients up to the 
{fi — 1) th are all zero. In this case the powers of t extend only 
to ^*"^"\ and thus these formulae do not supply the full number 
of constants. 

When all the first minors have the root a times and all the 
second minors have the root 13 times, we know by Art, 270 that 
a — yS — 1 cannot be negative. 

273. Solution with a double type. To find the proper 
forms for x, y, &c. when the first minors are all zero, we return to 
the analogy between operations and quantities alluded to in Art. 
262. We now reject any two of the equations (1), say the first 
two. Solving the remaining w — 2 equations we can express all 
the co-ordinates z, u &c. in terms of x and y, thus obtaining a 
series of equations of the form 

z=(l>{S)x + ylr{S)y, 
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where the functional symhols are really second minors of the 
determinant A(S). We now substitute these expressions for z^ 
u, &C. in the two omitted equations. These two equations will be 
satisfied provided x and y have any values which make I{S)x==0 
and I(S) y = 0, where I (B) is any first minor of A (S). 

We notice also that these two equations are satisfied by the 
separate parts of these values of z, u, &c. which arise from x and 
from y. We may therefore arrange the solution so as to find 
these two parts separately, and then finally add the results. The 
following arrangement will be found convenient in practice. 

When the first minors are all zero, reject some one of the given 
differential equations (1), say the first. We have now n — 1 equa- 
tions to determine the n co-ordinates. Putting y = in these 
e(|uations we find x, z^ &c. in terms of a single type f , where f 
satisfies the equation J, (S) f = 0. Here /, represents the minor of 
the second constituent of the first line of the determinant A (8). 
We write the solution thus found in the form 

where the operators are the second minors of the constituents in 
the first two lines of A(S). Next, putting ^=^0 instead of y 
in the equations after the first, we obtain another solution, by 
which X, z, &c. are expressed in terms of another single type ij. 
Here 17 satisfies the equation I. (S) 1; = 0, where I^ is the minor of 
the first constituent of the first line of A (S). We write the solu- 
tion thus found in the form 

a7 = 0, y = «/a(S)i7, « = j;, (S) 17, &c. 

Adding these two solutions together, we have the following values 
of X, y, z, &c. 

«=«/■..(«)?. y=^(«)'7. ^ = /„ (S) f + /„ (S) 1,, &C. 

These evidently satisfy all the equations except the one rejected. 
But this equation also is satisfied because by hjrpothesis we take 
those parts only of these solutions which make all the first minors 
equal to zero. 

If the minors which the types f and 17 are to satisfy contain 
the root S = m, /8 times, we have therefore 

274. The corresponding values of x, y, &c. are found by sub- 
stitution, and may be written in the form 

with similar expressions for y, &c. 

The peculiarity of the solutions which are derived from the 
double type f, 17 is that the corresponding terms in the expressions 
for X and y have independent constants. 
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If the second minors which form the operators are all finite, 
these formulae contain powers of t up to t^"^ and supply 2fi con- 
stants. But if these second minors contain 7 roots equal to m, 
the powers of t extend only to t^'"*^\ and thus the full number of 
constants has not been found. 

275. Stflntton with a triple typ€. Tliirdly, we have to find the solution when 
the second minors are zero as well as the first minors. In this case the solntion 
just found becomes again insufficient. To determine the proper forms of x^ y, z^ &g. 
we now reject any three of the differential equations (1) of Art. 262, and proceed as 
before. We thus have n - 3 equations to find the n co-ordinate. We see at once 
that we can express all the co-ordinates in terms of any three we please, say as, y, z. 
We thus have three times as many arbitrary constants as there are roots equal to m. 

In the same way as before we can express the solution in terms of a triple type 
^, 17, ^. Putting y and z equal to zero, we find the remaining co-ordinates, viz. 
Xj Uy &o, in terms of a single type ^. Putting x and z equal to zero (instead of y 
and z) in these n - 3 equations we obtain a second solution depending on another 
single type 17. Lastly, putting x and y equal to zero we obtain a third solution 
depending on ^. Adding together these three solutions we find that all the co- 
ordinates may be expressed by means of operators which are really third minors of 
the determinant A (5). The subjects of operation are the three independent 
functions ^, 17, ^. These are such that if I (S) be any of the second minors of the 
constituents of the three omitted equations 7(5)^=0, J(5)i|=0, I(S)^=0. If 
these contain the root d=m, 7 times, each of the three ^, 17, ^ will be expressed by 

a series of the form {K^+Kit+...+Ky__'^ty'~^)e^, 

but with independent constants. 

276. The munlMr of eonstantib Each of the sets of values of x, y, &e, given 
in Arts. (272), (273), and (275) is, of course, a solution. The complete solution is 
really the sum of these partial solutions, provided it has the proper number of 
constants. We appear, however, to have too many constants. We nrast therefore 
examine these, and determine what terms are absolutely zero and what terms are 
repeated in the several partial solutions. 

We begin with the solution derived from the type F, Art. (272), by the help of 
the first minors. Since the first minors have p roots each equal to m, the first p 
terms of each of the expressions for x, y^ &c, are easily seen to be zero. Consider 
the solution derived from any term Z«^, where h lies between ^ - 1 and 2/3. In the 
case of the variables x and y they are expressions of the form 

All these are evidently included amongst the terms derived from ^, 17 by the help 
of the second minors. The corresponding terms in z^ u, &c, must be related to the 
terms in a;, 2^ by the formula given in Art. (273), and are therefore also included in 
the series derived from |, rj. Lastly, consider the solution derived from the terms 
from L2P to ift-l' They include powers of t from 1^ to t*~l~^. These a -2^3 
terms are not included in the terms derived from | and ^, and they supply a - 2/3 
arbitrary constants. 

Secondly, we turn our attention to the solution derived from the double type 
1^ V by ^^6 ^^Ip of the second minors (Arts. 273 and 274). Each of these second 
minors has y roots each equal to m ; hence, by the same reasoning as before, the 
first 7 terms of the series for x and y are zero, and the highest power of t is /S -• 1 - 7 
instead of /3 - 1. In consequence of this, the terms of the series derived from the 

R. D. IL 11 
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single type F, and not incladed in those derived from the doable type |, i;, now 
extend their powers of t from iP~y to t*""^"'^. There are therefore a-^p+y such 
terms instead of a - 2/3. 

The same reasoning applies to all the other partial solutions derived from the 
triple and higher types. We therefore conclude that the partial solution derived 
from a tingle type by operating with the first minors of the first row of the fundamental 
determinant supplies a -2^ +7 terms not included in the tolutioju which follow. 
These supply as many arbitrary constants. The partial solution derived from a 
double type by operating with the second minors of the two first rows of the furkda* 
mental determinant supplies ^ - 27 + 5 tenns not included in the solutions which follow. 
These supply twice as many constants. The partial solution derived from a triple 
type by operating with the third minors of the three first rows supplies y- 25 +e terms 
and thrice as many constants, and so on. 

Thus suppose {for example) the fourth minors are not all zero; the number of 
constants supplied by each of the several partial solutions is indicated by the terms of 
the series (a-'2p+y) + 2{fi-:2y + 9)+d(y-25) + id. 

If none of the terms of this series are negative, we have obtained a series of 
partial solutions containing the proper number of constants. This point we now 
proceed to discuss. 

277. If a determinant contain the root just a times, if the first minors et the 
two first constituents of the two first rows contain the root just ^ times, if the second 
minor of these four constituents contain the root just y times, then m-2fi-hy is 
positive. 

To prove this, let A be the detwminant, I^, Jj, J^ J^ the four first minors, A3 
the second minor. Then we know that ^^\=^IyJ^- I^^i. The left-hand side 
contains the root just a+ 7 times, the right-hand side contains the root at kast 2/3 
times. Hence o + 7 - 2/3 is positive. 

In the same way we may show, on similar suppositions, that /3 - 27+ $ is positive^ 
and so on. 

278. Example. Solve the differential equationa 

(5-l)2(« + l)a?-(8-l){5-2)y + (5^1);?=aj 
3(8-l)«a;-(«-l)(«-3)y + 2(9-l)a=oL 
(«-l)«« + («-l)y + (3-l)-e=0j 

The fundamental determinant (Art. 262) is A (2) == - (9 - \f. This determinant 
(Art. 271) has six equal roots (a =6), every first minor has the root three timea 
(/3=3), and eveiy second minor has the root once (7=1). The part of the solution 
depending on a single type (Art. 276) will supply a -2/3 +7 (i.e. cme) eonstanta. 
These accompany the highest powers of t which occur in the type, one constant for 
each power (Art. 272). The part of the solution depending on a double type will 
supply 2(/3-27) (i.e. two) constants. These accompany the highest powers of t 
which occur in this type, two constants to each power. The part ol the solution 
depending on a triple type will supply 87 (i. e. three) constants which again accom- 
pany the highest powers of t, three constants to each power. To obtain the full 
number of constants it is necessary in this example to retain only the one highest, 
power of t which occurs in each type. 

The single type is ^=(<&c. -\-Ai^) e* by Art. 261. Taking the minors of the first 
rowof A (5) we have by Art 262 a;=-(8-l)»^, y=-(8-l)*^, 2=5(5-1)3^. 

To find the part of the solution which depends on a double type we reject the 
first equation (Art. 273). Putting a; = we find 2/ =(5-1)^, 2=-(3-l)f where 
(3-1)3^=0. Putting y = we find x = (5-l)77, 2=-(5-l)2iy where (8^1)»i?=0. 
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The doable type is therefore | = {&c. 4- Bf) e^, v= {Ao. + efi) if. The Talnefl of the oo- 
erdinatesare aj=(«-l)iy, y=(«-l)^, 2=- (a- 1)^ -(«-!)« iy* 

To find the part of the Bolation which depends on ft triple type we reject the two 
first equations (Art. 275). The three partial solutions are then^r«f, x—% y^O, 
2:=D«*; secondly, a;=0, y=E^, 2=0, thirdly, x=F^, y=0, z=0. The sum of 
these is the solution derived from s triple type* 

Adding up the solutions whieh are derived from all the different types and sim- 
plifying the constants we have 

x=(F + Ct-hAt^e*, y = {E+Bt+At^e*, M = {D-Bt'-A(t^+2t))t*. 

d7'9. Ck)nversely, suppose it is given that \oe have such a solution as that described 
in Art, 276, let us enquire what minors must he zero. 

tjet it be given that the solution contains terms depending on a triple type eon~ 
t&ining (7 •* 1) iK>wers of t aocompenied by independent constants in some three 
oo-ordinates. Putting any two of these co-ordinates equal to zero the differential 
equations are satisfied by a solution depending on a single type. Thus we have 
n equations containing n - 2 co-ordinates all satisfied by values of the co-ordinates 
which contain powers of t up to the (7-l)th. This shows that all the second 
minors which can be formed from these equations muAt be zero and each of these 
minors must contain the root 7 times. 

i^rom this we infer by Art. 270 that every first minor must 6ontain the root 7 + 1 
times. But let us suppose that the given solution contains also terms derived from 
a double type which have powers of t extending up to the (fi-y- I)th with inde- 
pendent constafits in dome two of the co-ordinates. Beasoning in the same way as 
before, we see that every first minor must have the root O3-7-I) times. These 
must be in addition to the 7+I roots already counted, because we may regard the 
given solutions derived from the double and triple types as solutions which depend 
on unequal roots &nd then make these roots become equal in the limit. It follows 
iSieretote that every first minor has the root fi times. 

We now infer by Art. 270 that the determinant (4) of Art« 261 must have the 
root fi-1 times. Bat if the given solution also contains terms derived from a 
single type with powers of t extending to the (a -/}- l)th, we deduce by the preced- 
ing reasoning that the determinant (4) must have the root d times. 

280^ We may notice as a corollary of this theory that the solution cannot contain 
terms in which the high powers of t depend on a larger type than the low powers 
of t. For exoAipIe, if the term t^e^* occur accompanied by k independent con- 
stants, this term must be part of a solution derived from a kih type. It follows 
that all the lower powers of t which multiply the same exponential will be part of 
the same type and must be accompanied by at least k independent constants. 

281. Condition that all powers of t are absent. In some 
dynamical problems it is well known that, though the fundamental 
determinant has a equal roots, yet there are no terms in the solution 
with powers of t. We may now determine the conditions that this 
fnay occur. 

We see by Art. 272 that, unless every first minor has the root 
a — 1 times at least, a solution can be deduced from the first minors 
which has some power of t greater than zero in the coefiicient. 
Again, unless every second minor has the root a — 2 times at least, 
a solution can be deduced from the second minors with some power 

11—2 
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of t in the coefficient. • On the whole, we infer that when a eqrml 
roots occur in the determinanty and the terms in the solution with t 
as a factor are to be absent, it is necessary as well as sufficient that 
all the first, second, Jkc. minors up to the (a— l)th should be zero. 

282. D3rnamical Meaning of the Types. We shall now 
consider how the three different types of solution given in Art. 264 
indicate different kinds of motion. Let us begin with a real root. 
In this case every co-ordinate has a term of the form Me^^. If'f^ 
be positive this term will become greater as time goes on, and the 
system will therefore depart widely from its undisturbed state, 
and our equations will represent only the manner in which the 
system begins its travels. If mbe negative this term will gradually 
dwindle away and the motion will finally depend on the other 
term in the solution. 

Similar remarks apply whenever we have a real exponential 
whether multiplied by a trigonometrical function or not. We may 
therefore state as a general principle, subject to some reservations 
in the case of equal roots which will be presently mentioned, that 
the necessary and sufficient conditions of stability are that the real 
roots and the real parts of the imaginary roots should be all 
negative or zero, A simple rule to determine whether this is the 
case or not will be given in another section of this chapter. 

283. Effect of equal roots on stability. When there are 
equal roots in the determinantal equation we have seen that the so- 
lution in general has terms which contain powers of < as a factor. 
The important question for us to determine is the effect of these 
terms on the stability of the system. If m be positive the presence 
of a term Mfe^ will of course make the system unstable. But if m. 
be negative, this term can never be numerically greater than 

M [ — ] . If m be very small the initial increase of the term may 

make the values of x, y, &c. become large, and the motion cannot 
be regarded as a small oscillation. But if the system be not so 

disturbed that M {—\ is large, the term will ultimately disappear 

and the motion may be regarded as stable. If m be wholly 
imaginary and equal to UhJ — l, this term will take the form 
P sin nt and will of course cause the system to be unstable. 

Thus equal roots do not disturb the stability if their real parts 
are negative, but do render the system unstable if their real parts 
are zero, 

284. It is clear from this that the whole character of the 
motion depends on the nature of the roots of the determinantal 
equation A (8) = 0. If we can solve this equation and find the 
roots, we of course know immediately the nature of the motion. 
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But if this cannot be done we must have recourse to the Theory 
of Equations to determine whether the roots are real or imaginary, 
and whether any roots are equal or not. The theorems of Fourier 
and Sturm will be of use in the equations of the higher orders, but 
in many dynamical problems we have only to deal with two co- 
ordinates, and we have therefore to examine the roots of the 
biquadratic in Art. 260. 

Kules by which the analysis of a biquadratic is made to depend 
on the solution of a cubic are given in most treatises on the 
Theory of Equations ; but as this form is not convenient in prac- 
tice, a short analysis will be given here for reference. 

285. Analysifl of a Uqnadratic. Let the biquadratio be 

oa;* + 4605* + 6ca5* + 4da; + e = 0, 
so that the invariants are J= ae - ^bd + S<^i and J=ace + 2bcd - ad? - e&' - c'. This 
last may also be written as a determinant. It will generally be found convenient 
to clear the eijnation of the second term. Let the equation so transformed be 

ai*' - 2aH^-¥ aG^ - aF=0, 
where a^H= 3 (6« - ac) and a^G = 4 (26^ _ Sabe + a^d). By using the invariants or by 
actual transformation it is easy to see that 

/=ia«H-a2jF and J=-fyam^-^^a^G^-iaIH. 

Let A be the discriminant, i.e. A=P'-27J\ then it is proved in all books on 
the theory of equations that if A is negative and not zero, the biquadratic has two 
real and two imaginary roots. If A is positive and not zero the roots are either all 
real or all imaginary. 

Usually we can distinguish between these two oases by ascertaining if the- bi- 
quadratic has or has not a real root. Thus if a and e have opposite signs, one root 
is real and therefore all the roots are real. In any case we can use the following 
criterion. Having cleared the given biquadratic of the second term we may writ« 
the resulting equation in the form (^ - H)^+ G^=K. 

If S^ be the arithmetic mean of the nth powers of the roots, we have by 
Newton's theorem on the sums of powers, 5i=0, S^^Hy 4jS'3 = - 3G and K=S^-S^^. 
If aU the roots are real we have S^ positive and by a known theorem in ** in- 
equalities" S^ is greater than S^^ Hence H and K are both positive. If all the 

roots are imaginary, let them be r =fc/) a^ - 1 and - r ± j >/ - 1. Then 

If H is positive or zero we see that K is Negative. The criterion may therefore be 
stated thus. If H and K are both positive the four roots are real. If either is 
negative or zero the four roots are imaginary. 

If the discriminant A is zero hut I and J not zero, it is known that the biquad- 
ratic has two roots equal. If two of the roots are real and equal and the other two 
imaginary we see (by putting 2=0) that if if is positive or zero, K must be negative. 
The criterion therefore is, if H and K are both positive all the roots are real, if H or 
K is negative or zero^ two roots are real and two are imaginary. If G is zero, there 
are then two pairs of equal roots. In this case K is zero and these roots are all 
real if H is positive, all imaginary if fZ" is negative. 

Lastly let the discriminant A be zero and also both I and J zero. The biquad- 
ratic has three roots equal and therefore all the roots are equal. If H be also zero 
the four roots are all equal and real. 
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£x. If the disoriminant of a biqnadratio be positive, clear the equation of the 
tenn containing the third power in the osaal manner, and then arbitrarily erase the 
term containing the first power. If both the roots of the qnadratio thns formed be 
real and the sum of the roots be positive, then all the four roots of the biquadratie 
are real. If either contingency fail the four roots are knaginaiy. 

Conditions of StahiUty, 

286. It has been shewn that the determination of the oscilla- 
tion of a system can be reduced to the solution of a certain 
determinantal equation, which has been represented in Art. 262, 
by A=/(S) =? 0. In many cases it is impracticable to solve this 
equation and therefore the motion cannot be properly found. If 
however we only wish to ascertain whether the position of equili- 
brium or the steady motion about which the system is in oscillation 
is stable or unstable we may proceed without solving the equation. 

It is clear from Art. 282 that the conditions of stability are 
that the real roots and the real parts of the imaginary roots should 
all be negative. It is now proposed to investigate a method to 
decide whether the roots are of this character or not. 

287. Taking first the case of a biquadratic ; let the equation 
to be considered be 

/(£:)= a-3* + J^"^ + C2:' -f d^ + e =5 0, 

where we have written z for 8. Let us form that symmetrical 
function of the roots which is the product of the sums of the roots 
taken two and two. If this be called JT/a', we find* 



Z = 6cd-ai»-e6*=J 



2a & c 
h () d 
c d 2e 



* This value of X may be found in several ways more or less elementary. If 
we substitute z=EJtZ in the given biquadratic and equate to zero the even and 
odd powers of Z, we have 

aZ* + {QaE^-k'ShE + c)Z^ + aE^+hE^+cE*-\-dE + e^O) 

Rejecting the root Z=sO and eliminating Z we have 

64a»£«+ + &c(i-a(i3-«6»=0, 

where only the first and last terms of the equation are retained, the others not 
being required for our present purpose. Since z=E:LZ it is dear that each value 
of E is the arithmetic mean of two values of z. We have an equation of the sixth 
degree to find E because there are six ways of combining the four roots of the 
biquadratic two and two. The product of the roots of the equation in E may be 
deduced in the usual manner from the first and last terms, and thence the value 
of X is seen to be that given in the text. 

If we eliminated E we should obtain an equation in Z whose roots are the 
arithmetic means of the differences of the roots of the given equation taken two 
and two. If w© pat 4Z*=^, we obtain by an easy process the equation whose roots 
are the squares of the differences of the roots of the given equaUon/(«sO). 
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It will be convenient to consider first the case in which X is 
finite. Suppose we know the roots to be imaginary, say a + p^/— 1, 
and /S ± y V"-!- Then 

Z/a» = 4i^ {(« + Py+ (P + q)'] {(« + )8)» + (p - qY]. 
Thus, ajS always takes the sign of X/a, and a + /8 always takes the 
sign of — b/a. The signs of both a and fi can therefore be deter- 
mined; and if a, b, X have the same sign, the real parts of the 
roots are all negative. 

Suppose, next, that two of the roots are real and two imagi- 
nary. Writing gf ij-^ for q, so that the roots are a±p J-~l and 
/8 ± 5', we find 

XI a' = 4a/3 [[{x + py + p« - gT + ^p^]. 

Just as before, otyS takes the sign of X/a, and a + /8 takes the sign 
of — bja. Also, )S* — q"^ takes the sign of the last term eja of the 
biquadratic. This determines whether fi is numerically greater or 
less than q\ If, then^ a, J, e, and X have the same sign, the real 
roots and the real parts of the imaginary roots are all negative. 

Lastly, suppose the roots to be all real. Then, if all the 
coefficients are positive, we know, by Descartes* rule, that the 
roots must be all negative, and the coefficients cannot be all posi- 
tive unless all the roots are negative. In this case, since X is the 
product of the sums of the roots taken two and two, it is clear that 
Xja will be positive. 

Whatever the nature of the roots may be, yet if the real roots 
and the real parts of the imaginary roots are negative, the biquad- 
ratic must be the product of quadratic factors all whose terms are 
positive. It is therefore necessary for stability that every coeffi- 
cient of the biquadratic should have the same sign. It is also 
clear that no coefficient of the equation can be zero unless either 
some real root is zero or two of the imaginary roots are equal and 
opposite. 

Summing up the several results which have just been provefl, 
we conclude that if X and e are finite, the necessary and sufficient 
conditions that the real roots and the real parts of the imaginary 
roots shoidd be negative are that every coejficient of the biquadratic 
and also X slwuld have the same sign, 

288. The case in which X = does not present any difficulty. 
It follows from the definition of X, that if X vanishes two of the 
roots must be equal with opposite signs, and conversely if two 
roots are equal with opposite signs X must vanish. Writing 
— ^ for 5 in the biquadratic and subtracting the result thus 
obtained from the original equation we find bjs^ + dz = 0. The 

equal and opposite roots are therefore given by ^ = + J— d/b. If 
b and d have opposite signs these roots are real, one being positive 
and one negative. If b and d have the same sign, they are a pair 
of imaginary roots with the real parts zero. 
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The sum of the other two roots is equal to -6/a and their 
product is he fad. We therefore conclude that t/" X = 0, the real 
roots and the real parts of the imaginary roots will he negative 
or zero if every coefficient of the biquadratic is finite and has tiie 
same sign, 

289. If either a or e vanishes, the biquadratic reduces to a 
cubic, see note to Art. 105. Putting e zero, we have 

X/a*d ^hc-- ad. 

If the coefficients have all the same sign it is easy to see that 
it is necessary for stability that he — ad should V>e positive or zero. 

If a and e be not zero and one of the two 6, d vanish, the other 
must vanish also, for otherwise X could not have the same sign as 
a. In this case X vanishes, and the biquadratic reduces to the 
quadratic az* + c2^ + e = 0. 

As this equation admits of an easy solution, no difficulty can 
aiise in practice from this case. It is necessary for stability that 
the roots of the quadratic should be real and negative. The con- 
ditions for this are, firstly the coefficients a, c, e must all have the 
same sign, secondly that (? > 4iae. 

290. Equation of the nth degree. When the degree of 
the equation is higher than a biquadratic the conditions of stability 
become more numerous. A very simple rule will now be proved 
by which these conditions can be calculated as quickly as they can 
be written down. Besides this we propose to give an extension of 
this rule by which we mxiy determine how many roots there are, 
real or imaginary, which have their real parts positive. If there 
be no such roots the conditions of stability are supposed to be 
satisfied. The number of roots with their real parts equal to zero 
is also found. 

291. To discover this rule we have recourse to a theorem of Gatichy. Let 
z=x+y J—1 be any root, and let us regard x and y as co-ordinates of a point 
referred to rectangular axes. Substitute for z and let 

Let anj point whose co-ordinates are such that P and Q both vanish be called a 
radical point. Describe any contour, and let a point move round this contour in the 
positive direction, and notice how often P/Q passes through the value zero and 
.changes its sign. Suppose it changes a times from -f- to ~ and /3 times from - to 
•f . Then Cauchy asserts that the number of radical points within the contour is 
J (a - j9). It is however necessary that no radical point should lie on the contour. 

Let us choose as our contour the infinite semicircle which bounds space on the 
positive side of the axis of y. Let us first travel from y= -co to^=+Qo along 
the circumference. If 

/ (2) =l>o^*+i>i«*'^ + ...+?« (1), 

we have changing to polar co-ordinates 

/ W =^0^^ (cos n0 + sin n0 a/^) + . . . 
Hence P =Por^ cos n$ +pjr^~^ ooa{n-l) $+ ...\ 

Q =Por^Bmn0-^Pir^-^ Bin {n-1) $+...] ' '' 
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In the limit Binoe r is infinite P/Q=oot n$. 

PIQ Taniflhes when $= db- ^, ±- ^, db- ^ (A). 

P/g is infinite when tf=0, ±- ^. ±- ^ (B). 

The values of ^ in series (B), it will be noticed, separate those in series (A). 

When $ is small and very little g^reater than zero, P/Q is positiye and therefore 
changes sign from + to - at every one of the yalnes of ^ in series (A). If there- 
fore n be even there will be n changes of sign. 

If n be odd there will be n - 1 changes of sign excluding ^= dbjx, in this case 
P/Q is positiye when ^ is a little less than (t and negative when 9 is a little greater 
than i t, but this result will not be wanted in the sequel. 

Let us now travel along the axis of y, still in the positive direction round the 
contour, viz. from ^=+oo toj/s-oo. Substituting z=:x+y ij~l in (1) and 
remembering that x=0 along the axis of y^ we have, wfien n is even. 






f (3). 

' ' Q"Piy*-^-j»3y»-»+... ^ ^* 

Let e be the excess of the number of changes of sign from - to + over that 
from + to - in this expression as we travel from y= + ao toy=-ao, then by 
Cauchy's theorem the whole number of radical points on the positive side of the 
axis of y is i(n + e). This of course expresses the number of roots which have 
their real parts positive. 

292. To count these changes of sign we use Sturm's theorem. Taking 

/i(y)=Poy*-j>ay*"*+-. \ ,.. 

/2(y)=jPiy*-'--P8y*-'+..J ^' 

we perform the process of finding the greatest common measure of /^ {y) and/, {y), 
changing the sign of each remainder as it is obtained. Let the series of modified 
remainders thus obtained be /s(^)» A (2^)) <)^c. Then, as in Sturm's theorem, we 
may show that when any one of these functions vanishes the two on each side have 
opposite signs. It also follows that no two successive functions can vanish unless 
f^ {y) and/s (y) have a common factor. This exception will be considered presently. 

Taking then the functions fi M,/2(^)« &c., using them, as in Sturm's theorem, 
we see that no change of sign can be lost or gained except at one end of the series. 
Kow the last is a constant and cannot change sign, hence changes of sign can be 
gained or lost only by the vanishing of the function fi {y) at the beginning of the 
series. 

Consider now the beginning of the series of functions /^ (y), /, {y), &c,t and 
using them in Sturm's manner let y proceed from + oo to - oo . We see that a 
change of sign is lost when the first two change from unlike to like signs, i.e. when 
the ratio of /i (y) to /, (y) changes from - to + . In the same way a change of 
sign is gained when the ratio changes from + to - . Hence e is equal to the 
number of variations or changes of sign lost in the series as we travel from ^= + 00 
toy= -00 . 

293. When y= ±00 we need only consider the coefficients of the highest 
powers in the series of functions /^ (y),/a (y), Ao. Let these coefficients when y is 
positive be called P01 Pit 9z9 ^4* ^* 
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When y is negative the signs, since n is even, will be indicated bj 

Then we have just proved that « is equal to the number of variations or changes of 
sign lost as we proceed from the first series to the second. 

294. If every term of the series Pq^Pii q^, ^^' have the same sign, it is evident 
that n changes of sign will be gained and therefore e-= -n; and e cannot = -n 
unless all these terms have the same sign. In this case there wUI be no radical 
point on the positive side of the axis of y. We therefore infer the following 
theorem. TJie necessary and sufficient conditions that the real part of every rogt 
of the equation f{z)=zO should he negative ure that all the coefficients of the 
highest powers in the series f^ (^), f^ {y)t Ssc. should have the same sign. 

295. Suppose next that these coefiQcients do not all havQ the same sign. The 
degree of the equation being n, there are n + 1 functions in the series /^ (y), f^ {y)y &c. t 
and therefore on the whole there are n variations and permanencies. Let there be 
h variations and n-h permanencies of sign. Now every permanency in the series 
^=4-00 changes into a variation in the series y= -ao, and every variation into 
a permanency. It follows that there will b.e n - A; variations and h permanencies 
in this second series. Hence the number e of variations lost in proceeding from 
the first to the second series is 2ft - n. But the number of radical points on the 
positive side of the axis of y has been proved to be =si(n+«); substituting for e, 
this becomes equal to k. We therefore infer the following theorem. If we form 
the series of coefficievUs of the highest powers of the functions f^ (y), f^ (y\ Ac., every 
variation of sign implies one radical point within the positive contour, and there^ 
fore one root vnth its real part positive, 

296. We require some rule to construct the series of coefficients with facility. 
If we perform the process of Greatest Common Measure on the functions /^ (y), 
f^iy) changing the signs of the remainders^ we find that the first three functions are 

/a W =i>iy"~^ -i>3y*^ +Ps2/^'^ - Ac, 

f^ (y)=MaZM3 ^n^%^PlP4ZPoPp yn-4 + ftc. 

Pi P\ 

Thus the coefficients of f^ (y) may he obtained from those of f^ (i/) and f^ (y) by a 

simple cross-multiplication^ and may therefore he written down hy inspection. The 

coefficients of/4(y) may be derived from those otf^{^) and/j(2^) by a similar crosS"- 

multiplication and so on. These successive functions may be called the subsidiary 

functions. 

297. nvst §muL of tka Bnto. Summing up the preceding arguments, we have 

the following rule. The equation being 

arrange the coefficients in two rows thus 

1^0 » Pi* Pit *«• 

Pi* Psy Ps* *«• 
Fonik a nfiw row by cross-multiplication in the following manner 

P1P2-P0P3 PiP4''PoPs ^Q 

Pi ' Pi ' ' 

Form a fourth row by operating on these two last rows by a similar cross- 

multipHcation. Proceeding thus the number of terms in each row wiU gradually 

deoreaae, and we stop only when no term is left. Then in order that there may he 

no roots whose real parts are positive it is necessary and sufficient that the terms in 
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thefirtt column Mhmdd be all of omt tigm. If tketf he aof aU of one tiffm^ the 
of variations of sign ie equal to the nuaiber of roots with their real parts poeitive* 

The tenns which eonstitate the first oolmnn mMj he ealled the test fm u eti oms. 

Aa in fonning these rows we onlj want their signs, we may multiplj or divide 
any one hy any positive quantity which may be eonTenient. We may thus often 
avoid complioated fractions. 

298. Bqqattona of am odd degreeu In order to simplifythe aigmnent we have 
sapposed the degree of the equation to be even. If a be odd, let as before 

We may regard this equation as the limit of 

p^»+i+p,«»+ ... +p,«+p,*=0. 

If ^ be positive and indefinitely small the additional root of this equation is real 
and negative, and ultimately eqnal to - A. Those roots also of the two equations 
which lie within the positive contour are ultimately the same. 

Since n+1 is even we may apply to this equation the preceding role. The two 
first rows are p^, p^ Ac.^ JP»-it Pt^* 

Plf A A9-» Pn* 
We easily see by calculating a few rows that none of the coefficients in the sub- 
sequent rows contain ^ as a factor except the extreme coefficients on the right-hand 
side. Hence in the general case all the test functions, except the two last, remain 
finite when h is put equal to zero; and therefore have the same sign as if the rows 
had been calculated before the addition of the final tenn p^h. The last two co- 
efficients in the first column, when only the principal power of A is retained, are p^ 
and p^h. But since h is positive there can be no variation of sign in this sequence. 
We may therefore omit this final term p^ altogether as giving nothing to the 
number of variations of sign. The result is that the rule to calculate the number 
of roots whose real parts are positive is the same whetJur the degree of the equation is 
even or odd, 

299* flimpUfleatton of the role wben testa of atabllitj only are re^nlsad. 

In a dynamical point of view it is generally more important to determine the condi- 
tions of stability than to count how many times those conditions are broken. If 
we only want to discover these conditions we may in fonning the successive sub- 
sidiary functions hy the rule of cross-multiplication omit the divisor at every sta>ge 
provided Pq be made positive to begin withj for this divisor being one^ of the test 
functions must in every case be positive. 

Supposing the conditions of stability to be satisfied we see by reference to Art. 
292 that the proper number of variations cannot be lost at the beginning of the 
series unless the roots of the equation fi {y) are all real and the roots of f^ (y) separate 
the roots of fy (y) and therefore are all real also. Then because when a subsidiary 
function vanishes the two on each side have opposite signs it follows that the roots 
of f^ (y) OT^ 'real and separate those of f^ (y) and so on. 

Supposing the roots of the equation /(z)=0 to have their real parts negative, 
the real quadratic factors made up of those roots must have their terms positive. 
Thus eveiy term of the equation f{z)^0 must be positive. It follows from the 
definition of the functions f^ (y) and /, (y) in Art. 292 that the signs of their terms 
are alternately positive and negative, and since their roots are real every one of 
those roots is positive. Hence all the subsequent auxiliary functions f^iy), /^(y), 
&e. have their roots real and positive. The signs therefore of all their terms are 
ahemately positive and negative, and by Art. 297 the ooeffioient of the highest 
power is in every case positive. 
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In this way we are led to an extension of the theorem in Art. 21)7. Supposing 
Pq to have been made positive, we see by the preceding reasoning that though it is 
necessary and sufficient that all the terms in the first column should be positive, 
yet it U also true that the terms in every column must he positive. Henc^ as we per- 
form the process indicaied in that article we may stop <u soon as we find any negative 
term, and conclude at once that/ (2) has some roots with their real parts negative. 

800. Ex. 1. Express the condition that the real roots and the real parts of 
the imaginary roots of the cubic a^+PiZ^+p^+p^^O should be all negative. 
By Art. 296 fi{y)=y^- P^y* 

/2 (y) =i>iy' -Pz' 

Using the method of cross-multiplication given in Art. 297 and omitting the 
divisors as shown in Art. 299 we have 

My)='{PiP2-P3)y* 

f4{y) = iPlP2-P^Ps' 

The necessary conditions are that p^, PiP2~Psi ^^^Pz should be all positive. 

We have retained the powers of y in order to separate the terms, and also the 
negative signs in the second column, but lv>th these are unnecessary and in accord- 
ance with Art. 297 might have been omitted. In both this and the next example all 
the numerical calculations are shown. 

Ex. 2. Express the corresponding conditions for the biquadratic 

Z*+PiZ^+P2Z*+P2Z+P4 = 0, 

fi{y)=y^ 'P^'^+Pa^ 

fi{y)=Piy* -Pay* 

fz {y)={PiPz -Pz) y' ■-PiP4> 
/4 (y) = {{PiPi -Pz) Pz -Pi^Pi) y. 

fs (y) = { iPiPa -Pz)Pz - Pi'Pil P1P4' 
The conditions are that Pi, P1P2-P2* (PiP2-Pz)Pz-Pi^4 *^^ Pa should be all 
positive. These are evidently equivalent to the conditions given in Art. 287. 

301. Beeond Fomi of ttf mle. When the degree of the equation is very 
considerable there is some labour in the application of the rule given in Art. 297. 
The objection is that we only want the terms in the first column and to obtain these 
we have to write down all the other columns. We sTiall now investigate a method 
of obtaining each term in the first column from the one above it without the necessity 
of writing down any expression except the one required. 

We notice that each function is obtained from the one above it by the same 
process. Now the three first functions are written down in Art. 297. The first 
and second lines will be changed into the second and third by writing for 

P(» Pp Pa* Pz* *<5. 
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the values p^, p.,-Ml^ p^, p^-P^, &c. ' (^^• 

We therefore infer the following rule. To form the test functions of Art, 297 we 
write down the first, viz, p^; the second may be obtained from the first and the third 
from the second and so on by changing each letter as indicated in the schedule A just 
above. 

In these changes we always increase the suffix, hence we may write zero for any 
letter as soon as its suffix becomes greater than the degree of the equation. 

We thus form the test functions, each from the preceding, and we stop as soon 
as we have obtained the proper number, viz. (counting p^ as one test function) one 
more than the degree of the equation. 
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302. Example. Expreu the test JuncHom for the qmntie 

f W =l>o«* +Pi«* +Pt«' +P^ + J>tB +1>8 = 0. 
Here we notice that j>q, pj, &o. are all zero, so that any term which has the factor pg 
will become zero in the next test function. Following the rule the six test functions 

are 1)0, Pi. I's-^'t 

PliPlP^^PoPs) « PoPs {PlPi'PoPi)*P5 



p»- \^r^r » i**- 



PlPi-PoPs ' 1>1 l'lPs(Pll'j-P0P»)-l'lMl'lP4-i'0l>5)' 

and lastly, p^. 

If we regard z as of one dimension in space it is dear that the dimensions of the 
several coefficients p^, p^ &c. are indicated by their suffixes. Hence we may test the 
correctness of oar arithmetical processes by counting the dimensions^of the several 
terms in each of the test functions. 

303. When any test function vanishes this process causes an infinite term to 
appear in the next function. In such a case we may replace the vanishing function 
by an infinitely small quantity a and then proceed as before. Thus suppose Pi=0, 
writing a for^^ithe six functions become p^, a, -PaPja^Pz^P^-PiPzlPf^PaPtlPt^ 
p^. Consider the first four of these functions; the signs of p^ and p, being given, it 
is easy to see by trial that there will be the same number of variations of sign 
whether we regard a as positive or negative. Thus if Po and p^ have the same sign, 
the middle terms have always opposite signs and there will be just two variations ; 
if j»o and p, have opposite signs, the middle terms are both positive or both negative 
and there will be just one variation. 

304. Vanbdiing of a Bntatdlary ftmetlon. In the preceding theory two 
reservations have been made. 

1. In applying Gauchy's theorem it has been assumed that there were no 
radical points on the axis of y, 

2. It has been assumed that P and Q have no common factor. In this case as 
we continue the process of finding the greatest common measure in order to con- 
struct the subsidiary functions f^(y), &o. we arrive at a function which is this 
greatest common measure and the next function is absolutely zero. Thus we are 
warned of the presence of common factors by the absolute vanishing of one of the 
subsidiary functions. 

It is clear that if /(z) =0 have two roots which are equal and opposite, the even 
and odd powers of z must separately vanish. It follows from the definition in Art. 
292 that fi (y) and /, {y) will have these roots common to each. The greatest 
common measure of/2(^) and/gC?/) must therefore contain as factors all the 
roots of f(z) which are equal and opposite. Conversely, the greatest common 
measure of fi{y) and /, {y) is necessarily a function of y which contains only even 
powers of y*, and if it be equated to zero, its roots are necessarily equal and 
opposite. These roots must obviously satisfy / {z) = 0. 

Now if any radical point lie on the axis of y, f{z) must have roots of the form 
± k\/ - 1 and therefore equal and opposite. The two reserved cases therefore are 
included in the one case in which /^ (y) and/2(^) have common factors. 



* If Pn=^* ^^ hAYQ an additional root, viz. z=0, which is not included in this 
remark. But this root may be either divided out of the equation /(z) =0, or it may 
be included in the following reasoning as a part of the function (z). 
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805. Let the greatest oommon measare of fi (y) and /, {y) be ^ (y^. If then we 
pat /(2) = ^ ( - «*) (2), the f auction {z) is such that no two of its roots are eqaal 
and opposite, and to this fanction we may therefore apply Caaohy's theorem withoat 
fear of failore. By Art. 295, the namber of roots of 0(e) which have their real 
parts positive is eqaal to the namber of variations of sign in the coefficients of the 
highest powers of the sabsidiary fanctions of 4> (z). Bat, since ^(-z') is real when 
we write z=y\/ - 1, the sabsidiary fanctions of (z) become, when each is maltiplied 
by ^(y*), the sabsidiary fanctions oif(z). The presence of this oommon factor will 
not affect the namber of variations of signs in the series. Sappose then we agree to 
omit the consideration of the factors of \^(-'2^), we may test the positions of the 
remaining radical points by discasslDg either of the functions / (z) or ^{z). 

We may therefore make the following addition to the rale given in Art. 297. 
If we apply that rule, using only the subsidiary functions which do not wholly vanish^ 
we obtain the number of roots which have their real parts positive, but excluding 
those roots which are in pairs equal and opposite to each other. 

These omitted roots are of coarse given by equating to zero, the last subsidiary 
fanction which does not wholly vanish. Patting y J — l^z we may dedocethe 
corresponding roots of the original equation. 

It will be seen that for every pair of imaginary roots of y there will be one 
value of z which has its real part positive, and for eveiy pair of real roots of y there 

will be two values of z of the form JbkJ~l. The former indicate an unstable, thd 
latter a stable motion according to the rule of Art. 283. 

306. Usually we may best find the nature of these roots by solving the equation 
formed by equating to zero the last subsidiary function. Bui if this be troublesome 
we may conveniently use Sturm's theorem. Since the powers of y in any subsidiary 
function decrease two at a time we may effect Sturm's process of finding the 
greatest common measure exactly as desciibed in Art. 297. We may also show by 
the same kind of reasoning as in Art. 295, that for every variation of sign when 
2/= +00 in Sturm's functions there will be a pair of imaginary values of y. We 
may thus make a second addition to the rule given in Art. 297. 

In forming the successive subsidiary functions as soon as we arrive at one which 
whoUy vmdsheSf we write instead of it the differential coejfficient of the last which does 
not vanish and proceed to form the succeeding functions by the same rule as before. 
Every variation of sign in the first column will then indicate one root with its real 
part positive. The remaining roots will have their real parts negative or zero. 

307. Bqnal Boota. We know by Art. 283 that whether a single root of the 
form a + 6\/~ 1 indicate stability or instability, several equal roots will indicate the 
same, except when a = 0. In this latter case while solitary roots of the form rt 5^/ - 1 
imply stability, several equal roots indicate instability. It is therefore generally 
important to determine if the roots of the latter form are repeated or not. 

When the equal roots are of the first form and there happen to be no others 
equal and opposite to them, their namber is fully counted in using Cauchy's theorem. 
When the equal roots are of the second form, i.e. ± 6\/- 1, they appear in the com- 
mon factor \j/(-z''). If we can solve the equation ^(-^^j—o^ -vre know at once 
whether the repeated roots are of the first or second forms. If we analyse the 
equation by Sturm's theorem (Art. 306) and stop as usual at the first Sturmian 
function which does not vanish, we must remember that these equal roots will be 
pounted as if they were one root. The last Sturmian function which does not 
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vanish gives by its factors the sets of equal roots with a loss of one root in each set. 
If we differentiate this function and continue the process described in Art. 297, we 
are really applying Sturm's theorem anew to this function, and will arrive at another 
Sturmian function containing the sets of equal roots with a loss of two of each set. 
Thus by continuing the process the number of repetitions may be counted. 

HtuiMrieal Bzamples. Determine how many roots of the equation 

have their real parts positive. 

Forming the first two rows by the rule of Art. 297 we have 

1/^' 1, -1, 1, 1, -1, 1. 

y^ 1. -2, 3, -2, 1, 

where we have written on the left-hand side the highest power of each subsidiary 
function, and have omitted the negative signs given in the second, fourth and sixth 
columns of Art. 292. We may notice that the presence of negative terms shows that 
the equation indicates an unstable motion (Art. 299). Hence if we merely wish to 
determine the question of stability or instability the process terminates at the first 
negative sign. 

Operating by the rule of Art. 297 we have 

y^ 1, -2, 3, -2, 1. 

These are the same as the figures in the last line, hence the next subsidiary 
function wiU wholly vanish. Therefore ^p(-z^=z^- 2sfi +^z*- 2z^ + 1. By Art. 306 
we replace the next function by the differential coefficient 

8, -12, 12, -4, divide by 4, 

2, -3, 3,-1. 
-h h -Ti 1, multiply by 2, 
-1, 3, -3, 2. 

3, -3, 3, divide by 3, 

1. -1, 1, 

- 2, 2, divide by 2, 

-1, 1. 

Here again the next function vanishes. There are therefore equal roots given 
by 2* - z' + 1 =0. The nature of these roots may be found by solving this equation. 
Disregarding this, we may (Art. 307) replace the next function by the differential 

coefficient 

- 2, divide by 2, 

-1, 
2, after multiplication by 2, 



y' 



y* 



»• 



y \l 
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-1, 


y 


3, 


y" 


2. 



Looking at the first column, we see that there are four changes of sign. Hence 
there are four roots whose real parts are positive. We verify this by remarking 
that the given equation may be written in the form {z* - z' + 1)^ («' + ;?+ 1) = 0. 
In this example we have exhibited all the numerical calculations. 

Ex. 2. Show that the roots of the equations 

«< + 22» + 2'+l=0, 

«8 + 2/ + 4z« + 42;5 + 6«*+6-e' + 7«« + 42; + 2 = 0, 
do not satisfy the conditions of stability. 
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Ex. Show that the roots of the equations 

««+«»+6«*+5z»+ll;s'+6z + 6=0, 
do satisfy the conditions of stability. 

The conditions of stability given in this section are taken from the third chapter 
of the author's essay on Stability of Motion. Other methods of testing the roots of 
the equation/ (2) =0 are given in the second chapter of that essay. The conditions ^ 

for a biquadratic were read before the Mathematical Society in 1874. 
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CHAPTER VII. 



FREE AND FORCED OSCILLATIONS. 



Free Oscillations, 

308. The difference between free and forced vibrations will be explained in the 
next section of this chapter. The following rough distinction will be sufficient fbr 
our present purpose. When the forces which act on a system depend only on the 
dcTiations of the several particles from their undisturbed motion, every term in 
the equations of motion, as explained in Art. 257, will contain the first powers of 
the co-ordinates. The equations of motion will then take the form given to them in 
Art. 310 of this chapter. The oscillations of such a system are called ita/ree osciU 
lations. 

Besides these forces we may have others due to external causes which may be 
functions of the time, and may not vanish when the system is placed in its undis- 
turbed position. Such forces are usually written on the right hand side of the 
equations of motion, to intimate that their effects must be calculated by different 
rules from the former forces. The oscillations produced by these forces are called 
forced oscillations. 

309. Xntroductory wiminary. The propositions in this section are con« 
strncted for the purpose of examining the small oscillations of a system which 
depends bn many co-ordinates. But as they are of general application they are 
here presented in a form which is purely mathematical. No reference is made to 
any dynamical principle and when dynamical terms are used it is only for the sake 
of explanation. 

We begin by taking the equations of the second order with n dependent variables 
in their most general forms, though such general forms do not occur in dynamics. 
Two typical equations are then deduced, and from these, the chief propositions in the 
section are derived. 

The first step usually taken in solving simultaneous equations is to form a cer- 
tain determinant (Art. 262). The general form of the solution and the stability of 
the resulting motion depend on the roots of this determinant. If as explained in 
Art. 2B2 the real parts of the roots are positive the motion is unstable. Two 
propositions are shoYm to follow immediately from the typical equations. If three 
functions here called J, B,' C be one-signed it is shown (1) however general the 
equations may be the real roots of the determinant cannot be positive, (2) if the 
equations be of that simpler character which occurs in dynamics the real part of 
every imaginary root is negative. 

R. D. IL 12 



178 FBEE OSCILLATIONS. 

When we apply our equations to the case of a qrstem oflcillating about a posi- 
tion of equilibrium we see that the function A corresponds to half the vis viva, B to 
the dissipation function, and C to the potential of the forces of restitution. 

The first of these propositions has been established bj Lagrange and Sir W. 
Thomson when the equations represent the oscillations of a system about a position 
of equilibrium. The second is to be found in the author's essay on the Stability of 
Motion but expressed in a different form. It is also given in the last edition of 
Thomson and Tait's Natural Philoiophy, The reader is also referred to a paper by 
the author read in April 1883 before the Mathematical Society of London. 

310. The roott of the llindamental determinant Let 

there be any number of dependent variables x, y, z, &c., to be 
found in terms of t, by means of as many differential equations of 
the second order with constant coefficients. Whatever these 
equations may be, they may be very conveniently written ia 
the form 

{A^i^+Bij9+C„)x+f ilij5"+Bi38+Cu\y+ / Ayifi+ Bj^d+C^;\z+&c.^O, 

where the symbol B represents differentiation with regard to t, and 
the order of suffixes is immaterial, so that ud,, =-4,^, and so on. 

We see here two sets of terms, (1) those which depend on the 
letters A, B, C, and which by themselves constitute a symmetrical 
determinant ; (2) those which depend on the letters D, E, F, and 
which by themselves constitute a skew determinant 

311, For the reasons given in Chap. ix. of Vol. L, we may- 
call the terms which depend on the letter A the effective forces, 
those which depend on the letter B the forces of resistance, those 
on C the forces of restitution. It will generally happen that 
the terms which depend on the letters D and F are absent The 
terms which depend on the letter E will occur when we consider 
the oscillations about a state of motion, Chap. III., Art 112. These 
we shall call the centrifugal forces. 

If we write A, B,G for the three functions 

A == iA^^x^^ A,^xy-\-^A^y/'+ , 

B = iB,,a^ + B,,xy + ^BJ^+ , 

C^hCnx' + C,,xy + ^GJ' + , 

the terms in the several equations which arise from A, B, may 
be written 

^.dA^^dB^dC ^^dA^^dBdG . 

ax ax ax ay ay ay 

Hence A, B, C may be called respectively the potentials of the 
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effective forces, the forces of reristance, and the Ibfces of resti* 
tution. 

312. When we compare the equations of motion with those 
given by Lagrange for the oscillations about a position of equi- 
librium (Chap, il), we see that the function A cannot be otherwise 
than positive. So also these oscillations are stable if the function 
O be always positive. 

Thus, it will frequently occur that the three functions A, B, C, 
or some of them, are such that they keep one sign whatever real 
quantities we write for tc, y, z, &c., and do not become zero except 
when Xy y, &c. are aU zero. Such Amotions will be referred to as 
one-signed quadrics. 

313. The method of solving the differential equations in 
Art. 310 has been explained in Chap. vi. Let m^, wi^, &a, be 
the roots of the fundamental determinant, which we need not here 
write down. This determinant is the same as that represented 
by the symbol A (8) in Art. 262. Let us suppose that these roots 
are unequal, the case of equal roots being regarded as a limiting 
case of unequal roots. The solution may be written thus : — 

z = &c. J &c. = &c. 

where a?i=irjWj, yi = yit»j, &c., a?j = fl?,m,, &c. 

Here Xyy^,z^, &c. contain as a common factor one constant 
of integration, a?,, y,, &c. another constant, and so on. The forms 
of these constants are not wanted here. It is enough that we 
should remember that the coefficients which belong to a real ex- 
ponential are themselves reaL On the other hand, if m^ m, be a 
pair of imaginary roots, the coeflBcients (ar^, x^, &c., take the form 

P+QV-1. 

314. The fint equation. If we substitute the first terms 
of each of these values of x, y, z, &c., in the equations of Art. 310, 
we obtain a set of equations which differs from those only in 
having m^ written for S, and x^, y^, &c. for x, y, &c. Multiply 
these respectively by x^, y^, &c., and add the results together; we 
have 

(-4,,^;; + 2A^^j/^ + &c.) m,« + {B,^x,' + 2B,^xj,, + &c.) m, 

+ ((?,,< + 2C,,xj/^ + &c.) = 0. 

It should be noticed that the terms which depend on the letters 
D, E, F have altogether disappeared from this equation. 

It should also be noticed that the coefficients of the powers of 
m are twice the functions A, B, C with a?,, y^ &c. written for 
X, y, &c. 

12—2 
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' 315. Pbop. I.-— On real rdoU.— We may immediately de- 
duce the three following theorems : — 

(1) If the potefitials A, B, C be either zero or one-signed Junc- 
tions^ and if alt three have the same sign, the fundamental deter- 
minant cannot have a real positive root 

For if 7W were real, the coefficients a:^, y,, &a would be real. 
We should thus have the sum of three positive quantities equal 
to zero. 

(2) If there be no forces of resistance, %.e. if the term B be 
absent, and if the potentials A and G be one-signed and have the 
same sign^ the fundanwntal determinant cannot have a real root, 
positive or negative. 

(S) Jf A, B, C be one-signed functions, but if the sign of B be 
opposite to that of A a7id C, the fundamental determinant cannot 
have a negative root. 

These propositions, are true, whether there be any terms in the 
differential equations which depend on the functions D, E, F or not. 

We may also notice that unless the potential C can vanish for 
some real valves of the coordinates other than zero, the fundamental 
determinant cannot have a root equal to zero. If, for example, the 
coordinate a; is absent from (Art. 98), then C vanishes when the 
other coordinates are zero and x is finite. In this case m^ can be 
equal to zero. If the foroes depending on B are absent also the 
determinant will have two roots equal to zero. 

When two zero roots occur terms sach as nt + a most be added to some of the 
expressions for the co-ordinates given in Art. 818. Unless the initial conditions 
are such as to make the constants n and a equal to zero, these terms should be 
included in the expressions 9=/(t), if>=F{t), <feo., which as explained in Art. 257, 
give t}2e steady motion. The presence of these terms thus indicate a slight change 
in the steady motion about which the system has been supposed to oscillate. 

316. The two equations. Exactly as in Art. 314, let us 
again substitute the first term of each of the values of x, y, &c. in 
the equations of motion. But let us now multiply these by 
x^,y^, &c., and add the results. We thus obtain 

+ \B^^x^x^ + &c.] m^ + [C7,jjCja?j + &a] 

= [ Ai (^1^2 - ^23/1) + -^88 (y A - y^^i) + &c.] m,* 

+ [^12 (^1^2 - ^2^1) + &c.] m, + \F^ {xjf^ - ^2^1) + &c.]. 

To bring this equation within bounds, we must use some 
notation to shorten the coefficients. Let us represent the halves 
of these series by their first terms, omitting suffixes to A, B, &c. 
We may therefore write the equation in the form 

A (x^x^) Wj' + B{x^x^ m, + C (x^x^) 

= D {x^y,) m^ + E {x^y^ m, + F{x^y^. 



.< 
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In the same way we have 

A {x^x^ m^ + B (x^x^ m^ + C (x^x^ 

Also we deduce firom these the two equations 

A (x^x;) m^ + B {x^x^ m^ + {x^x^j = 01 
A (x^x^ m^ + B (x^x^ m, + 0(a?,a?J = Oj * 

The first of these is the same as that already found in Art 314. 

Here we may notice that the functions A{xx), B[xx)y C(xx) 
are really the same as those we have already more simply denoted 
hy A, B, (7. We also notice that D (x^y^ = 0, jB {^xVd ^^> *^d 
F{x^y,)=Q. 

317. Let us now suppose that there is a pair of imaginary 
roots in the fundamental determinant of the form m^ — r +|> V— 1, 
771, — r— |)V— 1. The values of Xy y, &c., given in Art 313, 
become 

a? = (a?j + x^ e^ co&pt + {x^ — x^ J^ 1 e'* sin pt + &c., 
y = (2/i + y^e'^ oospt + (yi -y,) V^e'^sin ip^+ &c., 
which may be conveniently abbreviated into 

^ = Xj 6** cos p < + X J 6** sin pf + a?, e"*»* + . . . ' 
y= Y^e^cospt+ r,e^sinpe + y3 6"^+... 
z =&c. 

If Z/=rZ^+pX, and X^^^pX,-\-rX^, &c,, 

dx/dt - X/ e'*cos^ + X/6''sin/>< H-a?,' eT^ + ...' 
dyfdt = r/ 6** COS pt + 7,' ^ sin pt + y^ e"^* + ... 
&c. = &c. 

318. Betuming now to the two first equations of Art. 316, 
let us divide them by m^ and m, respectively. If we first add and 
then subtract the results, we have 

A (x^x^p- C (x^x^ ^^, = p (x^yji r+E (x^yji +F(x^yii j3^,| -j^ . 

By substitution, we find that 

*A {x^x>i = J_{X,X,) + A (X,X.)) 
-2D(^,yJ7^1 = 2>(X,F.) ]' 

with similar results for the other letters. We also infer from these 
equations that if J. he a one-signed function, A, {x^ x^) is not only 
real, but has always the same sign as A, Similar remarks apply 
to the functions B and C 
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If the functions D, E, F he absent, the two first equations of 
this Article reduce to 

^^(a:,a;,)(r-+/)4-CKa:.) = 0|' 

except when |) = 0, %,e., except when the roots (which we have 
supposed imaginary) are reaL 

These equations may be conveniently written 

*^ *A{X,X,)+A{X,Xy "^^P A{X,X,)+A{X,Xy 

thus giving r and p when the amplitudes of the oscillations are 
known. 

319. Prop. II. On imaginary roots. — ^We may immediately 
deduce the following theorem fix>m the equations of Art. 318. 

(1) Let the fundamental determinant be symTnetrical, i.e., let 
the functions D, E, F be all absent Let the potentials A and B 
be one-signed and have the same sign {whether C be a one-signed 
function or not). Then the real part r of every imaginary root 
must be negative and not zero. Svt if the potential B be absent, 
then the real part of every imaginary root is zero. 

If the potentials A and C be one-signed and have opposite signs, 
there can be no imaginary roots* 

These results follow by simply looking at the two last equations 
of Art. 318. - 

(2) If the terms depending on D and ¥ be absent from the 
equations, whether the terms depending on IE be present or not, and 
if the three potential functions A,B,C be all one-signed and have 
the same sign, then the real part r of every imaginary root is negative, 
and not zero. But if the forces of resistance, i.e. B, be also absent, 
then the real part of every imaginary root is zero. 

(3) If the terms depending on D and E be absent, but not 
necessarily those depending on F, and if A, B, C be all one-signed 
and have the same sign, then the real part r of every imaginary 
root must be negative, or, if positive, must be less than p. 

320. Ex. 1. If ii be a one-signed fonotion prove that {A{XiX^}^ is always less 

than the product A {xj^x^, A (x^x^. 

Ex. 2. If A (m) be the determinant of motion, A^ (m) the minor of its leading 
constituent, x^y^, <&c. the minors of the first row, and m any quantity not neces- 
sarily a root of A (m), prove the identity 

A («i«i) TO* + J5 («iiCi) m + C (ai«i) «= A (m) A^ (m). 

Ex. 3. If TOj, ifig be any two quantities not necessarily roots of ^e detenmnant 
A (m), prove that 
. , ^(arij:2)«i«+B(a;i«2)mi + C(aj,a:,)) 

-J>{x,y^m,'-E(x,y,)m,-F(x,y^r^^'^^^^^'^' 
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Ex. 4. If the determinant be symmetrical, and if the potentials A and C be 
one-signed and have opposite signs, then whatever sign the potential B may have, 
the roots of the determinant are all real. 

Ex. 5. If the terms depending on F and E be absent, but not necessarfly those 
depending on D, and if the three potentials ^i, ^, C be all one-signed and have the 
same sign, then the real part r of any imaginary root must be negative or if posi- 
tive less than p. 



321. Blltat of fbm fbvees of r— Irtanco on ooBlllationa atent a pooltton of 
eqniliteiiim. Let a i^stem be oscillating about its position of equilibrium under 
no forces of resistance, so that the functions B, D, ^, l*" are all zero. We also 
suppose the functions A and to be one-signed and to have the same sign. 

By referring to the equations of motion in Art. 810 we see at once that the 
determinant of the motion A (S) will contain only even powers of 8, This deter- 
minant is of course the same as the Lagrangian determinant discussed in Chap. ii. 
It follows either from Chap. ii. or from Arts. 815 and 319 of this chapter that all 
the roots of the equation A{d)=6 are of the form :ti'V - 1. Any co-ordinate will 
therefore be represented by a series of the form 

X = Xi eoB pt + X^ Bin pt-^ 

Let now some small forces of resistance act on the system. We therefore intro- 
duce into the equations of motion the terms which depend on the function B, The 
forces thus introduced are supposed to be so small that we may reject the squares 
of the coefficients of the function B. We represent this by supposing every co- 
efficient to contain a factor k whose square can be neglected. It is the effect of 
these additional forces on the former motion which we wish to discover. 

Referring again to the equations of motion in Art. 310, let A^ (d), A, (8) be the 
determinants of motion before and after the introduction of these forces of resis- 
tance. The determinantal equation therefore becomes 

A, («) = Ai (d) +Bu« Ai («) +&C. =0, 

where the symbol / indicates the minors of the constituents of A^ (8) as explained in 
Chap. VI. 

This equation may be written in the form Aj {S) + Kd4> (^)— 0, where ^ (d) con- 
tains only even powers of 9. Since p^J-l is a root of A^ (S)=0, we let the corre- 
sponding root of this new equation be p^-l+r where r is a small quantity, real 
or imaginary, whose square can be neglected. We find by Taylor's theorem 

V(i>V-i) «•+ «pV- 1 (p\/-l)=0. 
Hence since A/ {6) contains only odd powers of d, it follows that r is necessarily 
real. 

We have thus proved that the correction to any root of the determinantal equa- 
tion when we introduce the resistances is necessarily real. This means that the 
correction to the imaginary part of the root depends on the square of the resistances. 
The addition r to the real part of the root introduces a real exponential factor ^ into 
the amplitude of any oscillation. The addition to the imaginary part alters the 
period of the oscillation (Art. 817). Thus the periods of the oscillations are affected 
only by the squares of small quantities when we introduce the resisting forces^ 

822. The series for any co-ordinate will now take the form (Art. 317) 

X = Zi €** cos p « + Jlj tf^ sin |)« + . . . 

where p is the same as before and by Art. 319 r is negative. With the same given 
initial values of «, y, <fcc. dxjdtf dyjdt^ <&c. the coefficients Xj, <&c. will be changed 
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only by termfl which contain the factor k, and being themselTes emalli these changeB 
may be neglected. 

The value of r may be deduced from the expresnonB given at the end of Art. 
818, If the forces of resistance were zero, the real exponentials would be absent 
and the ratios X-JX^^ ^i/^s would aU be equal. With small forces of resistance 
these ratios differ from each other by quantities which contain the small factor k. 
It follows that the ratios B{X^X^IA(X^X^ and B(X^XijlA(X^Xjj are also equal 
when we reject the square of the small quantity. The expression for r therefore 
reduces to the simple form 






Translating this formula into English we see by Art 73 that the numerical value 
of r, for any one principal oscillation, is one half the ratio of the mean value of the 
dissipation function to the mean value of the kinetic energy for that oscillation. 

Forced Oscillations. 

323. We may suppose a system to be moving in a given state 
of motion defined, as explained in Art. 257, by the co-ordinates 
^ — ^o» *A ~ 0o> ^^' where a^, 0^, &c. are known functions of the time. 
This motion we shall call sometimes the undisturbed motion and 
sometimes the steady- motion. If the system be now disturbed in 
kny manner, we write ^ = ^o + ^» ^ ~ ^o + y> ^- where x, y, &c. are 
so small that we may reject their squares. This disturbance may 
have been made by some small impulse and the system may then 
have been left to oscillate about the undisturbed motion. 

We may also have continuous forces acting on the system 
tending to make it oscillate about the undisturbed motion. As 
the object of our enquiry is the oscillation of a system, we shall 
suppose that these forces when they exist are periodic. K f{t) 
represents any one we may suppose this function to be expanded 
by the known processes of Trigonometry in a series of multiple 
angles; thus 

f{t) = Pe""* sin {\t + a) + P'e-*'^ sin {\'t + a') + &c. 

Each of these terms is called a disturbing force. The coeflScient of 
the trigonometrical factor of any term is called the magnitude or 
amplitude of that term. The angle \^ + a is called sometimes the 
phase and sometimes the argument 

It frequently happens that the real exponentials are absent 
from the expression for the force. This case will therefore be more 
particularly considered in what follows. When we wish to call 
attention to the absence of the real exponential, the disturbing 
force is often called b, permanent force. When the real exponential 
is present with a negative index, we may call the force evanescent. 

324. The general equations of motion of the second order are 
given in Art. 310, but in Dynamics the terms which depend on 
the functions jD and -Fare in general absent. The mode in which 



{ 
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these are formed when the resisting forces are absent is explained 
in Art. 111. Including these resistances we may suppose uat the 
equations of motion take the form 

\ +EJ J 
il„S» + BJ +C„\x + {AJ^+ BJ + CJy + ... = Qe-'* sin (/rf + /S) 

&c. = &c. 

where we have written on the right-hand side only one disturbing 
force in each equation as a specimen. 

For the sake of brevity, it will be found oonyenient to diBtingniah the equation 
in which any disturbing force oocnrs by some simple phrase. The first equation 
is obtained from Lagrange's equations by differentiating with regard to tf or x. 
The second by differentiating with regard to ^ or y. The force on the right-hand 
side of the first equation may therefore be said to act directly on the oo-ordinate x 
and ifuUreetly on y, z, <ftc. So the force on the right-hand side of the second equa- 
tion acts directly on the co-ordinate y and indirectly on x, je, &<i, 

325. Forced and Free Oscillatioiui. It is proved in the 
theory of Differential Equations that the solution of these equa- 
tions leads to an expression for each of the co-ordinates which 
contains two sets of terms. The first set is called a particular 
integral and consists of any solution obtained by any process 
however restricted. The second set is called the complementary 
fimction and represents the value of the co-ordinate when all the 
disturbing forces on the right-hand side are omitted. The comple- 
mentary function is therefore the same as the solution found and 
discussed in the first section of this chapter. 

The complementary functions in the expressions for the co- 
ordinates give the oscillations of the system about the undisturbed 
motion wlen not influenced by any disturbing forces. These 
integrals are therefore said to constitute the natural or free vibra- 
tions of the system. The particular integrals in the several co- 
ordinates which indicate the effects of any disturbing forqe are 
called the forced vibrations or oscillations due to that force. 

According to this definition any particular integral may be 
taken to represent the forced vibration. But in practice there is 
one particular integral which is more convenient than any other. 
What this is will be made clear by the next proposition. 

A free oscillation does not necessarily mean a principal oscilla- 
tion though it is sometimes used in that sense (Arts. 53 and 116). 
Any motion represented by any number of terms selected from 
the complementary function will be a free motion. The word 
*' free " is meant to be a contrast to the word " forced." 

The term "Complementary Function" is used in Gregory^ s Exampleg, 1841. 
The distinction of Waves into ''free " and " forced " may be found in Airy* 8 Tides 
and Waves f published in the Encyclopeedia Metropolitana, 1842. 
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326. To And the Forced Vibratton. To find a particular 
integral for any force Pe"*'sin (X* + a) we follow the methods 
already explained in Chap. vi. If A (S) be the determinant of 
the motion and I (8), 1^ (8), &c. be the minors of the first, 
second, &c. terms m that row of A(S) which corresponds to the 
equation in which the force occurs, we have 

We shall now prove that these operators will lead to two 
trigonometrical terms in each of the co-ordinates. These two 
terms constitute the forced vibration in that co-ordinate. 

827. To perform the operations indicated by these functions of 8t we nse the 

following simple rule. To perform the operation F (8) = — ^ on Pe^^ ^^ (Xe + a) we 

write 8=-/c + XV-l ^^ reduce the operator to the form L + MX^-l- The 

m 

required renUt is then Pe"** (L + M^) ^^^ {Xt + a). 

To prove this rule, we notice that by Art. 265 F {B)e^={L+My/ -1) «■* where 
m= -K + XiJ-l, If we now replace the imaginary part of the exponential by its 
trigonometrical yalne, and equate the real and imaginary parts on each side of the 
equation, the result foUows at once. 

' 328. Ex. If the determinant A {S) have a roots each equal to m, Le. - /r + X a/ - 1, 
the result assumes an infinite form. Prove that in this case the operator may be 
replaced by {«*/(«) + at*-Jr(«) + ...+I*(«)}/A«(5), 

where the coefficients follow the binomial law, and A*^ (5), &o, have been written 
to express the ath differential coefficient of A (d), Sec, Every one of these operations 
may now be performed by the rule given in the last article. 

To prove this, we replace the root m by m+^ where % is to be afterwards pat 
equal to zero. We then find 

J^*-={/We-+...+£,(I(».)o£}/{A«w£}. 

The first a terms of this series though infinite may be absorbed into the 
oomplementaiy function. The solution is therefore expressed by the (a + l)th term. 

829. Ex. A particle describes a nearly droular orbit about a centre of force 
whose attraction varies inversely as the square of the distance. It is also aoted on 
by two disturbing forces represented by PsinXt and QsinXt acting respectively 
along and perpendicular to the radius vector. If the polar co-ordinates r, $ be given 
hy r=a+x, 0=int+y, prove that the equations of motion are 

{S'-Bn^)x-2anSy=:PBm\t) 
2ndx+ai^y = QBiD.\^y 
show that the forced vibrations are given by 

P . w 2nQ ^, 2nP ., . (3ii»+X«) Q . .^ 

330. Smooth and Tremulous Motion. We have supposed 
the system to be capable of moving in some state of steady 
motion, just as a hoop rolls on the ground in a vertical plane. 
But owing to some small disturbances the system really oscillates 
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on each side of this steady motion, the amoant of disturbance 
being always represented for each co-ordinate by the sum of 
the natural and forced oscillationft. When the period of one 
of these is small the system rapidly changes from one side to 
the other of its mean or steady motion. This mean motion will 
then appear to the eye to be tremttlons. When the periods of all 
the oscillations are very long the changes from one side of the 
mean motion to the other takes place so slowly that it is hardly 
perceived to be an oscillation. The mean motion is thus said 
to be smooth. 

331. Disappearance of the Free Vibratioiui. When a 
system is set in vibration by any continuous permanent disturbing 
force, we have seen that two kinds of vibration are excited in 
the system, viz. the free and the forced vibrations. If there be 
no forces of resistance both these will continue to coexist through- 
out the motion. But the forces of resistance introduce an ex- 
ponential into the free vibration which causes the ampUtude 
of the vibration to decrease continually (Art 319). Finally the 
free vibration becomes insensible. But the amplitude of the 
forced vibration does not decrease. Thus the oscillation of the 
system is ultimately independent of the initial conditions and 
depends only on the forced vibrations. The forced vibration 
produced by a permanent disturbing force is therefore sometimes 
called the permanent vibration. 

332. It is sometimes important to compare the rates at which 
the. different free oscillations tend to become extinct under the 
influence of the resisting forces. It is clear that this depends 
on the magnitude of the negative quantity r in the exponential 
factor eT introduced by these resistances. Since this factor is not 
necessarily the same in all the terms, it follows that all the free 
vibrations do not diminish at the same rate. Some may become 
insensible before the magnitudes of others have been much 
impaired. 

When the initial amplitndes of any one principal oscillation are Imown in all 
Ihe eo-ordinates, the yalue of r to^ that oscillation can be deduced from the equations 
given in Art. 818. But when the system is oscillating about a position of equilibrium 
and the forces of resistance are smaU the expression for r takes the very simple 
form given in Art. 322. If Xi, T^, &c. be the amplitudes in the co-ordinates or, y, 
^. of any one free principal oscillation, this expression is 

'^""'j„Xi>+2Ji,Xiri+...' 
where the vis viva and twice the dissipation function are given by 

2A=Ajjg^+2Ai^y' + ..,, 2B=B^ix^+2B^^^-i-.,.. 
Xhe use of this expression for r will be best shown by a few examples. 

888. Sx. 1. Let us regard a homogeneous tight chain as constructed of a series 
of equal very smaU particles, each of mass m, connected by very short strings each 
of lengjth I and without mass. Let x, y, Ac be the displacements of the particles of 
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such a' string vibrating, say, transveraely. Then the vis viva is given by 7,m£^» 
Suppose the resistance of the atmosphere to be represented by a retarding force on 
each particle which varies as its actual velocity. Prove that the dissipation func- 
tion B may be represented by 2B = ZKmx*K Taking jc to be the same for all the 
particles it immediately follows that r=-^K. This is the same for all the free 
vibrations, 

Ex. 2. If the particles of the chain vibrate longitudinally instead of transversely 
the effects of the resistance of the air will be less than before while the effects of 
viscosity or imperfect elasticity will be more apparent. Let us suppose that these 
may be represented by a series of forces resisting compression or extension between 
adjacent particles, each force being proportional to the relative velocities of the two 
particles between which it acts and reacts. Prove that the dissipation function B 
may be represented by 2B = Zkto {ocf - y*)'. 

Speaking in general terms, we infer that r is greatest for that kind of oscillation 
in which the differences of the amplitudes of the oscillations of adjacent particles 
are greatest. Oscillations of this kind will disappear the soonest, while those in 
which adjacent particles move nearly together may remain perceptible for a long 
time after* This is sometimes briefly expressed by saying that the effect of viscosity 
is to extinguish the shorter waves before the longer ones. 

Ex. 3. If the co-ordinates be so chosen that the dissipation function and the via 
viva take the forms 2B=Bj^ixf^-hB^+ ... 2T =^ Ai^x^ -^^ A^"^ + ... 

then the value of r for every principal vibration lies between the greatest and least 
of the fractions B^/SJu, Bsg/^'^^ii* ^^' ^^ ^^ ^ noticed that these limits are inde- 
pendent of the force function and are therefore the same whatever the forces may be. 

Ex. 4. The membrane which forms a drum-head vibrates transversely when 
struck. If the resistance of the air be slight and vary as the actual velocity of each 
particle, show that all the free vibrations have the same real exponential factor. 

Ex. 5. When successive notes are sounded on a musical instrument the terminal 
motion of one note is the initial motion of the next. Explain why each note is not 
sensibly affected by the preceding one. 

334. HerschePa Theorem on the period of the Forced 
Vibration. On comparing the terms in Art. 327 which con- 
stitute the forced vibration with that which fonns the disturbing 
force, we notice that the period of the forced vibration is the same 
as that of the force to which it is due. Thus if any periodical 
cause of disturbance ax)t on a system of vibrating, particles the 
forced vibrations follow the period of the exciting cause. This 
important theorem is due to Sir J. Herschel, who first enunciated 
it in his Theory of Sound {Encyc. Met 323). His demonstration 
however is totally diflferent from that given here. 

More generally, the disturbing force and the resulting forced 
vibration have not only the same period, but have the same real 
exponential also. Thus, when the fundamental determinant has 
no equal roots the two have the same general form or type. A 
permanent force produces a permanent vibration, an evanescent 
vibration follows only from an evanescent force. 

In the proof of this theorem we have assumed that the system 
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of vibrating particles is sach that the sqnares of the displacements 
can be neglected. 

The theorem also only applies to the forced Yibrations. It 
therefore we wish to apply Herschel's theorem to the actual 
visible motion, a time safficient to allow the finee vibrations to 
die away, must have elapsed since the initial motion. See Art 331. 

335. As an example of iliis prineii^ ire may notiee thai when a aonnding body 
(snch as a dram) excites Tibrations in the air, the period or pitch of the aonnd 
produced in the air and in the ear is the same as that of the sounding body. 

336. As another example we may take one giTen by HerseheL Let a ray of 
light faU on a refractiiig sabstanoe like glass. The ribrations of the incident li^t 
xnnst excite vibrations inside the g^ass. These Ust as long as the ftrftitmg oaose 
continaes and therefore constitoie the forced rifaration. The period of the re- 
fracted light is, by HerscheFs theorem, the same as that of the incident light. 

There are howeyer some exceptions to this result. Thns in the PML Tram, for 
1852 Prof. Stokes has pointed oat that light beyond the ultra violet by passing 
through certain substances may have its period so lengthened as to become visible*. 
And Prof. Tyndall by means of the ultra red rays heated a platinum foil to 
incandescence and thus so shortened the periods that the vibrations became visible* 
See his Rede Lecture, 1865. 

337. How a Disturbing Force is Magnified. Let a system 
be acted on by two permanent disturbing forces which we may 
represent by the two terms P sin {7U + a) and Q sin (fit + fi) both 
placed in the first equation of Art. 324. The corresponding 
forced vibrations in the co-ordinate x are given by 

-JJ^Psm(X^ + a)+^ 

where 7(S) is the minor of the x term in the first line of the 
determinant A (S). These coefficients contain the operator S and 
their magnitudes will therefore depend on X and fi. We therefore 
infer that the effects of different permanent disturbing forces acting 
under similar conditions on the same co-ordinate are not simply 
proportional to their respective magnitudes hut depend on iii-eir 
periods. 

* To understand the cause of these exceptions we must remember that the 
forces of restitution have been taken proportional to the first power of the displace- 
ments, i.e. only the first powers of x, y^ <&o. have been retained. Now the molecules 
of a body may be compounded of smaller atoms closely packed together. When the 
oscillations under consideration are such that only the molecules move amongst 
each other these displacements may be so small compared with the distances of the 
molecules from each other that the force of restitution /(^), due to a displacement ^ 
of any molecule, may be replaced by the first power which occurs in M'Laurin's ex- 
pansion. But when the oscillations are such that the closely packed atoms of each 
molecule move amongst each other, the force of restitution may no longer vary as 
the first power of the displacement. Thus the equations of Art. 324 may apply to the 
former but not to the latter kind of motion. The reader is referred to Prof. Stokes* 
paper. 
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338. Without however restricting ourselves to permanent 
disturbing forces, let us consider the forced vibration produced by 
the disturbing force Pe""**sinXf. Writing as before (Art 327) 
m = — ic + XV — 1, the resulting forced vibration is the co- 
efficient of V- 1 in I(^) jy^ _ p lim) ^^ 

If m be nearly equal to a root of A (S) the denominator of this 
expression is very small. But the types of the free vibrations 
are given by A(m) = as shown in Art. 262. We therefore infer 
that a disturbing force whose period and reed exponential are 
nearly the same as those of any one free vibration mil produce a 
large forced vibration, 

339. Usually the disturbing forces are of the permanent 
type P sin {\t + a). If there be any free permanent oscillation 
of the form A sin {pt + fi) where p and \ are nearly equal, we 
have just seen that this force will produce a magnified oscillatioiu 
But if any resisting forces, which vary as the velocities, act on 
the system, thesie resistances will introduce a real exponential 
into the free oscillation (Art. 319). Thus the type of the dis- 
turbing force will be no longer the same as that of the free 
particles. We conclude that one effect of the resistances on a dis-^ 
turbing force which would otherwise produce a magnified forced 
oscillation is to modify that oscillation and keep it within bounds. 

340. As a simple example of this dynamical principle, let us consider how 
easily a heavy swing can be set into violent oscillation by a series of little pushes 
and pulls if properly timed. If we push when the swing is receding and pull when 
it is approaching us, the swing is continually accelerated and the arc of oscillatioii 
win be greater and greater at each succeeding swing. Such a series of alternations 
of push and pull is practically what we have called a permanent disturbing force 
whose period is the same as that of the free vibration of the swing. But if the 
period be very unequal to that of the free vibration though a few pushes and puUs 
may increase the arc of vibration yet a time comes when the effect is reversed. The 
force acts opposite to the motion of the swing and the oscillations will decrease just 
as they before increased. 

341. We may take a second example from the rolling of ships at sea. The 
ship has its own natural vibration together with that forced one which follows the 
oscillation of the waves. If the periods of these synchronise the rolling of the 
ship may become very great. Mr "White in his Manual of Naval Architecture men- 
tions several interesting examples of this. After noticing how some vessels are 
made to roll heavily by an almost imperceptible sweU, he mentions the case of the 
AchiUes, a vessel of great reputation for steadiness, which rolled more heavily off 
Portland in an almost dead calm than it did off the coast of Ireland in very heavy 
weather. Again in the cruise of the combined squadrons in 1871 , though the 
Monarch far surpassed most of the vessels present in steadiness when the weather 
was heavy, there was one occasion (possibly owing to a near agreement between the 
natural period of this ship and the period of the waves) when the ship rolled more 
heavily in a long swell than some of the most notorious heavy rollers. 
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342. A good nse of this principle was made by Capt. Kater in his e9|wri- 
ments to determine the length of the seconds' pendulum. It was important to 
determine if the support of his pendnlmn was perfectly firm. He had recourse 
to a delicate and simple instrument invented by Mr Hardy a clockmaker, the 
sensibility of which is such that had the slightest motion taken place in the support 
it must have been instantly detected. The instrument consists of a steel wire, 
the lower part of which is inserted in the piece of brass which forms its support, 
and is flattened so as to form a delicate spring. On the wire a small weight slides 
by means of which it may be made to vibrate in the tame time as the pendulum 
to which it is to be applied as a test. When thus adjusted it is placed on the 
material to which the pendulum is attached, and should this not be perfectly firm, 
the motion will be communicated to the wire, which in a little time will accompany 
the pendulum on its yibrations. This ingenious contrivance appeared fully adequate 
to the purpose for which it was employed, and afforded a satisfactory proof of the 
stability of the point of suspension. See Phil, Traru. 1818. 

343. It has been shown in Art. 338 that a disturbing force may produce a large 
vibration in « if its period be such that the denominator A (<) is smaU. But this 
result is affected by the operator / {8) which occurs in the numerator. If for 
instance the result of the operation of the minor I (5) be zero, the forced vibration 
disappears. 

Now these minors are just the operators used in finding the free vibrations. 
Thus in Art. 262, we have x=I(6) [type]. 

If then any one of the free vibrations be absent from one of the co-ordinates 
though present in the others, then a disturbing force of nearly the same period will 
not produce a large forced vibration in that co-ordinate. We infer that a disturbing 
Joree can j^oduce a large forced vibration in any co-ordinate only if there, he in that 
co-ordinate a free vibration of nearly the same period and containing nearly the same 
real exponential, 

344. If the force be nearly equal to Pe ~ '^^ sin {\t + a), it may occur that the deter- 
minant A (d) has a roots equal to —k+\\/-1, while the minor J {d) has none of 
them. In this case the forced vibration will be divided a times by a smaU quantity 
and is said to be magnified a times. But if the minor 1(9) has /3 of these roots, the 
forced vibration will be magnified a - ^ times. By reference to Art. 272 we see that 
the co-ordinate x has in this case powers of £ up to the (a - /3 - 1)*^ in the coefficients 
of its free vibration. We infer that the forced vibration in any co-ordinate will be 
magnified once more than the highest power of t which occurs in that co-ordinate in 
connexion with the free vibrations of nearly the same period, 

345, As an example let us consider the case of a planet describing a circle about 
the sun considered as fixed in the centre. If slightly disturbed the change in the 
radius vector and longitude will be small and these changes may be represented by 
what we have called x and y. From the theory of elliptic motion we know these 
will be approximately x=a-ae cos {nt + a), 

y = 6t + c + 2« sin {nt + a), 

where a, &, c are small quantities and 2T/n is the period of the planet. These are 
of course the free vibrations. Comparing these with the type sin (\t + a) we see that 
two free vibrations occur in as, viz. X=n and X=0. There are three free vibrations 
in the expression for y, viz. \=n and two equal values of X each zero. These equal 
values introduce the terms with powers of t as explained in Art. 266. 
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We infer that any small permanent periodical force will produce a magnified 
disturbance both in the radioB vector and longitude of a planet, if its period is 
nearly equal to that of the planet or is very long. Since there are two equal free 
periods in the longitude whose type is X=0 and only one in the radius vector, those 
small disturbing forces whose periods are very long will be twice magnified in their 
effects on the longitude and once magnified in the radius vector. If any such forces 
as these act on the planet it will be necessaiy to examine into their effects. Small 
disturbing forces, whose magnitudes are less than the standard of small quantities 
to be retained, may be disregarded only if their periods are different from those 
just indicated. 

These rules are used in the Lunar and Planetary Theories to assist us in estimat- 
ing the values of the disturbing forces. They enable us to separate from the crowd 
of small forces those which can produce sensible effects on the motions of the 
planets. 

346. How a disturbing force is diminished. Let us resume 
the expression given in Art. 326 for the forced vibration due to 
a continuous disturbing force. We remark in the first place that 
the denominator of the coefficient contains higher powers of X 
than the numerator. To show this it may be sufficient to notice 
that the determinant of the motion A (8) has two powers of S more 
than any of its minors. We therefore infer that, in the limit, 
when X is very great, i.e. when the period of the disturbing force is 
much smaller than that of any free oscillation^ the forced vibration 
produced is in general insignificant 

347. When the type of a continuous disturbing force f(t) 
which acts directly on the co-ordinate x is such that it satisfies 
the differential equation I^(S)f(t) = 0, we remark in the second 
place that the forced oscillation in the co-ordinate a wholly 
vanishes. Now 7j(S) = is the determinantal equation whose 
roots give the free vibration when the co-ordinate x is constrained 
to be zero. We infer that when the type of a disturbing force 
which acts directly on any co-ordinate x is nearly the same as any 
one of the modes of free vibration when x is constrained to be zero, 
then the forced vibration in x will be very small. 

348. Ex. A tight string, whose extremities A and B are fixed, is acted on trans- 
versely at any point (7 by a permanent disturbing force. If the period of the force 
be equal to any one of the periods of a string stretched with the same tension but 
whose length is either AC ox CB, show that the forced vibration wiU not disturb the 
point (7. If the strings AC^ CB have no free period in common, show that one 
string will not be moved by the forced vibration. 

We may also deduce this result from some elementary considerations. Let the 
string be held at rest at C and let the part ^C7 be set in motion, CB being at rest. 
The pressure at C when resolved perpendicular to the string wiU represent a per- 
manent disturbing force whose period is equal to that of any one of the free vibra^ 
tlons of AC, Beplacing the pressure by the disturbing force we have AC in 
vibration and CB at rest. 

349. How an Impulse is diminished. When a system of 
machinery is moving in some state of steady stable motion it may 
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be liable to disturbance from any sudden jerks whose effects it 
may be important to diminish as much as possible. Let us con- 
sider briefly what means we have to abate an impulse. 

When the jerk has completed its work and has ceased to act, 
the system is displaced from its proper state of motion. It now 
begins to oscillate about this state. Thus the effect of the jerk 
is to introduce a new set of " free oscillations." If there be any 
forces of resistance these free vibrations will begin to fade away 
and the system will tend to assume a state of steady motion. 
One method of correcting the effects of a disturbing impulse is there- 
fore to increase the resisting forces. 

These resistances which are thus intentionally introduced into 
the machinery should be properly arranged. They should be such 
as not to affect the steady motion, but to begin to act only when 
the machine deviates from its intended course. An example of 
this has been given in Art. 105, where the motion of the Governor 
was discussed. 

350. The actual effect of a jerk X on any oo-ordinate such as s is easily deduced 
from the equations of Art. 118. If A be the discriminant of the quadrio A where 
2A=AjiX^-\-2Ai2xy'{' and Iji the minor of the constituent J^j, we have 

&»! - axo = (Zii/A) X. 

If then it is important to lessen the effects of the impulse X^ we may make 
some addition to the machine or modify the arrangement of its parts so as to in- 
crease the discriminant A as compared with I as much as possible. 

If the function ^ be a positive one-signed function, its discriminant A is positive. 
We may then show, as in the next article, that the ratio of 7^ to A is in general 
decreased by the addition of the square of any linear function of x, y, &o, to the 
function A. Now the quadric function A with accented co-ordinates is part of the 
expression for the vis viva (Art 111) and is always a positive function. Hence if 
any addition be made to the vis viva the corresponding addition to this function is 
also positive and may be expressed as the sum of a number of squares of linear 
functions. We may therefore in general weaken the direct effects of jerks on a 
system by increasing the expression for the vis viva. 

The usual method of effecting this is to attach a fly-wheel to the machine. The 
vis viva of a rotating body is Mk^<a^, where Mi^ is the moment of inertia of the 
body about the axis and u is the angular velocity. The advantage of using a wheel 
is that with a given quantity of additional matter, the additional terms may be in- 
creased to any extent by increasing the radius of gyration. 

351. Ex. 1. If the co-ordinates be so chosen that the square factor added to 
the quadric 2A is of the form /iy', where y is any co-ordinate other than as, show 
that the ratio J^/A becomes (Iu-i-/uA,)/(A+/urj|s), where A, is the second minor 
formed by omitting the two first rows and columns, and the suffix of each I indi- 
cates as usual the constituent of which that I is the minor. Show also that the 
second ratio is less than the first by Ii2V/^(^+it«^33)* Show also that thit 
difference U positive or zero and has a finite limit when /a is infinite. 

Ex. 2. If the square factor added to the quadric 2 A be /A(aa;+&y + e2+...)^ 
show that the direct effect of an impulse represented by X on the co-ordinate x will 
not be altered by this addition to the inertia if a»lii*+2a67iili,+ 6'Iij'+ ... aO. 

R. D. II. 13 
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352. The inteiral at which any phase of effect follows 
the same phase of cause. Any disturbing force tends alter- 
nately to increase and decrease the deviation of the system from 
its undisturbed position, but it is not true that this deviation 
actually increases when the force urges an increase or decreases 
when the force urges a decrease. To examine into this point we 
notice that by Art. 327 the forced vibration produced by a disturb- 
ing force Pe-'^ Bm(\t + a) is 

P^-** {L sin (\f -1- a) + if cos Qu + a)] 
= PjL* + iPfi-*^ sin ^\< + a + ^^'^j^) • 

In this trani^ormation it is clear that if the square root in the 
coefficient be regarded as positive, the angle added to the phase 
mu«t be such that its sine has the same sign as M and its cosine 
the same sign as L. The consequence is that all the possible 
values of the change of phase differ by multiples of 27r. 

Comparing the expression for the forced vibration with that 
for the disturbing force we see that their maxima do not occur 
simultaneously. The maximum of the oscillation occurs later than 
the maximum of the force by an interval equal to - (1/X) tan"** {M/L). 
In the same wav every phase of the oscillation follows the corre- 
sponding phase m the force after the same interval. 

The change of phase in any co-ordinate thus depends on the 
values of L and M for that co-ordinate. These are easily found 
by the rule given in Art. 327, where it is shown that if we write 
S = — If + X V— 1 i^ *he operator /(S)/A (S) for that co-ordinate the 
result is i + Mj— 1. 

858. If the disturbing force be permanent, i.e. be of the form Psin(\t4-a), 
and if the forces of resistance be neglected, the determinant A (S) contains only 
even powers of S and is therefore real after the snbstitntion d=X ^/ - 1. We infer 
therefore that if the minor 1(d) be also real when the same substitution is effected, 
the phase of the forced oscillation is the same as that of the force or is greater by 
V according as L=I(d)/A(S) is positive or negative. If the minor I [6) is of the 
form JET^-l, the phase of the oscillation is greater than that of the force by + i^ 
or - J(T according as I(d)/8A(d) is positive or negative. 

If we consider the direct effect of a force on any co-ordinate the minor I{5) 
contains only even powers of d, as well as the determinant A ($). If the centrifugal 
forces are absent as when the system oscillates about a position of equUifarium, 
evefy miner contains only even powers of 5. In aU these cases the forced vibra- 
tion is simply a multiple positive or negative of the disturbing force without 
for&er change of i^ase. 

854. Ex. A particle describes a nearly circular orbit about a centre of force 
which attracts according to the Newtonian law, and is acted on by a permanent 
disturbing force along the radius vector. Show that the particle at any moment is 
inside the mean circular orbit when the force acts outwards and outside when the 
force acts inwards, provided the period of the force is less than that of the particle 
in its undisturbed orbit round the centre of the force. But the reverse of this is ^e 
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Second approrimatioHS. 

355. When we try to find the oscillations of a dynamical 
system we generally j»oceed by continued approximations. We 
first reject all the squaies of the small quantities and thus obtain 
a set (rf* linear dififeiential equations. Solving these we substitute 
the results in the terms of the second order and treat these 
functions of ^ as disturbing forces. Their corresponding forced 
vibrations are then found. The operation may be repeated for a 
third approximation and so on. 

It has been shown in Art 337 that when the forces of resistance 
are small, a permanent disturbing force whose period is nearly 
equal to that of any one of the firee vibrations produces a magnified 
forced vibration. It follows that a small force of proper period 
which would appear in the differential equations only when we 
include terms of (say) the third order may produce oscillations in 
the co-ordinates which are of the second or first order. 

If therefore we wish to have our results correct to any given 
order it mil be necessary to retain, for examination, those periodic 
terms in the differential equations of higher orders whose periods 
are nearly equal to any of the free vibrations. 

We also see the importance of proceeding to higher approxima- 
tion. These small terms which produce such large forced vibra- 
tions may not make their appearance until the terms of the higher 
orders are examined. Thus some important oscillations may be 
missed if we stopped at a first approximation. 

856. VHien we snbstitnte our first approximation in the terms of the higher 
orders it sometimes happens that permanent disturbing forces make their appear- 
ance whose periods are exactly the same as those of some of the free Tibrations 
indaded in the first approximation. When this occurs, it has been shown in 
Art. 32S that the forced vibration changes its character. The solution now con- 
tains terms with powers of ( as factors. These terms (not being balanced by the 
proper exponentiid (kctors, Art. 283) will become large, so that the system will 
depart widely from the state indicated by the approidmate eolation. 

This is another way of sa^ng that ^'hat we have taken as our first approx- 
imation is not sufficiently near to the truth to serve as an approximation. In 
most dynamical i»roblems the disturbing forces are given as functions of the oo- 
ofdinates and then by the approximate solution expressed as functions of the time. 
ThuA the expressions for the forces themselves are only approximations. It may 
therefore happen that if we can obtain a more correct first approximation to the 
motion the small terms which indicate such a large departure from the first 
approximation may not make their appearance. 

To find a sufficiently correct first approximation to the motion it may not he 
enough to take the solution of the differential equations when all tJie terms of the 

13—2 
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higher orders are neglected. We must include in these differential equations all 
those small terms of the higher orders which so materially affect the motion. The 
solution of these modified equations (if one can he found) is to he taken as our first 
approximation. 

Let ns repeat the argument in a slightly different form. The first approximation 
oomprises all the largest terms in the expressions for the coordinates and may 
generally he taken to represent the visible motion of the system. If now a disturb- 
ing foroe, such as that we hare just described, act on the system, it greatly modifies 
the visible motion and in tnrn its own period is modified by the change of motion. 
Thus the system takes up some new state of steady motion with oscillations about 
that steady motion. This obliges us to abandon the former first approximation 
in order to use one which may be a permanent representation of the new visible 
motion. 

When we examine this new first approximation, as in the following examples, 
we find that it sometimes has the same general character as the former, but with 
the important exception that the free vibration whose period was the same as that 
of the force has been greatly modified. We therefore infer that when a small 
disturhing force is wholly or in part a function of the co-ordinates and has the same 
period as a free oscillation of the system, it m^y have the effect of removing that type 
of free oscillation from the system and repUicing it by some other type of a different 
period, 

857. Before proceeding to the general theory we shall illustrate the method of 
proceeding by a simple example. 

A particle oscillates in a straight line about a centre of force whose attraction at a 

distance x is represented by p^x+psfi. Find the time of a small oscillation. 

The equation of motion is clearly 

dhi 

^^» + P'^=-/3^ (1). 

As a first approximation we reject the term on the right-hand side as being of the 
third order of small quantities. We then find 

x=iMBm(pt + a) (2). 

Proceeding to a second approximation we substitute this in the term previously 
rejected. We have 

-j^+p^x=-^M*{BBin{pt + a)-Bmd{pt + a)} (3). 

The first trigonometrical term on the right-hand side has the same period as the 
oscillation which represents the first approximation and will therefore modify 
considerably that approximation (Art. 356). To include its effects we must alter 
equation (2). This modified solution when substituted in the differential equation 
must make the left-hand side, not equal to zero as before, but equal to a very small 
quantity, viz. the small disturbing force. As a trial solution we shall therefore 
retain the same general form. The letters M and a being undetermined will still 
serve for general symbols, but we shaU replace p hj p+fA where /* is some small 
quantity to be determined by the disturbing force. We shall therefore write the 
first approximation in the form 

x=MBhi{(p+fx)t-{-a) (4). 

Proceeding to a second approximation we have 

d^x 3fi 

^^+p'x=—^M'Bm{[p + ^)t + a)}. 
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If our oomctioD be wi owjwftJ , dus eqotlian mist be wtiiiiiwi by our ainwMM fint 
approzimatioii. Snbstitotiiig we find the eqaiikn is SKtisfied proTided 

Thns the oseiDfttioiis of the particle aboat tbe eentie of favee are veiy neariy 
represented by equation (4). The effect of the disturbing forae - ^ is to shortoi 
the time of osdUation by a quantity which depends on the sqnare of the are. 

358. If the foroe of attraction had been j^x -k- fi {dxjdtf instead of that giyen 
above, we may show that this proeess would haTO fiuled. 

Taking the first approximation as before and sabetitating in the diiSerential 
equation we obtain 

— +2>«x=-|in{3cos(pt + a) + coe3(pt + a)}. 

Neglecting the second trigonometrical tezm as before, let ns tiy to inelnde the other 
in our first approximation. Taking the amended fonn (4) and sabstitnting we find 
that we should have 

-»^{-(l»+M)»+l>*}8m{(p+M)t+o}=-tflPooe{(p+Ai)e+tt}. 
Bat this equation cannot be satisfied by any constant value of fu The effect of this 
disturbing foroe is therefore not merely to alter the time of oscillation. 

359. Ex. A particle describes a nearly cireular orbit about a centre of foree 
whose attraction at a distance r is represented by fi (u*+/3u*) where u is the re- 
ciprocal of r. If j3 be yezy small show that the path is nearly represented by 

u= a {1 + e cos (etf - a)}, 
where c=l-i^tt"-«(n-2){l+i(n-3)(n-4)«»+&c.}, 

provided the square of /3 can be neglected. This example is a modification of a case 
which occurs in the Lunar Theoiy. 

360. Oeneral Theory. Having illustrated the method of treating the terms of 
the higher orders by several examples, we shall now consider the subject more 
generally. Our object is to so modify the first approximate solution as to include 
in it (when such a thing is possible) the effects of small foroes whose periods are the 
same as those of the free vibrations (Art. 356). The general result arrived at will 
be given in the summary at the end of the argument. 

We shall suppose the left-hand sides of tbe differential equations to contain 
all the first powers of the small coordinates x, y^ z, &q. These therefore take the 
form given in Art. 324 or more generally Art. 262. The disturbing foroes are placed 
on the right hand sides and contain powers and products higher than the first of 
the co-ordinates x, y, (&o., and their differential ooefiicients. Thus all these dis- 
turbing forces would be neglected if we took into account only the terms of the 
first order. We shall also suppose that these disturbing forces are not explicit 
functions of the time. If this condition be not satisfied, the following analysis 
must be slightiy modified. 

361. To avoid a complication of symbols let us resume the exponential values 
of the sine and cosine. Let then the first approximation obtained by neglecting in 
the differential equation all terms beyond the first order be 

y=N^e^^^^N^'^^+..\ (1). 
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where mj, 94, ^. are the roots real or imaginaiy of the detenmiuuit A {9) (Art. 262). 
On proceeding to a eeoond approximation we snbetitate these valnes of s. y, Ae. in 
the seyeral small terms whieh were before neglected. Taking some term which 
contains the prodaots and powers of the yariables the result of the snbstitntion 
prodnoes disturbing forces of the form 

DPe^*^**! +«'»•+■•)* (2), 

where the order of the term is /+^ + ... If these quantities f, 9, See. are such that 
any nmnber of relations hold of the form 

yi»4+^wia+...=wii (3)f 

there will be just so many of these disturbing forces which take the type Pe**^ . 
The forced vibrationa derived from these are obtained by using the operator I(S)/A {8) 
and are eyidently infinite. To include these in the first approximation we replace 
the equations (1) by x^M,e^^'+M^^+ ...j 

y = 2^je»i«+2^3«y+...> W, 

where the M*n ITs, Ae. are not necessarily the same as before, and each n only 
differs slightly from the corresponding m. Substituting as before we of course 
obtain a disturbing force of the form (2) but with n's written tov the m*8. K we 
assume the same relations to hold as before between the exponents, viz, 

/»i+^«a+-«»i (5), 

this force will take the type Pe^^K There may also be other relations similar to (5) 
but with n, orn,, <fec. written for n^ on the right-hand side and these will introduce 
other disturbing forces whose effects have also to be included in the new first 
approximation. 

Including these forces we may write the differential equations in the form 

/2i(«)«+/ffl(«)y + ... = Qi«***+Ci«*«*+...( W. 

where the fonetional symbols f^ (d) &o, have been used for the sake of brerity. If 
we hare been successftil in including the efEects of these disturbing forces in our 
new first approximation, these differential equations must be satisfied by the Tallies 
of X, y &o» given in (4). Substituting we have 

/nK)-afi+/22K)^i+... = Qi [ (7). 

&c. =<&o.J 
with similar equations for each of the other disturbing forces. 

In these equations the HiTb are to be regarded as arbitrary, their values being 
reserved to satisfy the initial conditions of the motion. Our object is to find the 
values of the remaining coefficients, viz., the N^b and also the values of the n's in 
terms of the M^s. These values of the n*s must also satisfy the relations (5). 
Supposing this test to he satisfied we have found values of the co-ordinates which 
satisfy the differential equations to the first order, and include the disturbing forces 
which appeared to threaten the stability of the system. 

862. The forces P, Q, &q, may each consist of several terms of different orders 
of smallness. But the lowest is supposed to be of a higher order than the coefficients 
Af, N <&c. Taking only the lowest powers which occur in P, Q &c., we may easily 
find a first approximation to the values of n^, n, <fee. Solving the equations (7) we 
find 3f 1 A (nj = P^I^^ (n^) + Q^I^ {n^) + <fcc., 
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The foroes P, ^c are fiincdons of JT^ JT, Ae^ if*. X, Ae. B«t knkii^al 
tions (7) we see that the lados of JIf ,, X^ Ac^ diSer fram the nttos of tiie 
-fu("h)> ^]3("h) ^^ ^ qnentitieB of the order P Jf. We maj tiwEcfoie ii 
lating the Talnea of Pj Abl, so h&lilale for fT^ Ae, X« Ae. tj the hrip of Asm ntio& 
Thus the right-hand sides of the eqnaiioiis (Si are all kiiovn ftmeliom of tiie 
arbitraiy If' s and of the roots of die detetminaBtal equatioB A ii)=0. 

The quantities /, g Ac are nsoaDj positiTe intcsera. In this ease the o tdflia of 
the quantities P Ac. aie not less than Z+^t Ac. It foDova that the ooneetiQitt 
/ij, 14 Ac. are of the Older /+^-rAB.—l at least. 



36B. Wiiwmsif oT zcaatta. We naj embody the lesolts of eqnatioiM (8) in a 

rule. 

Taking the first approximation tiz. x=lf,«*i'-rAe. foond by rejecting aO tenns 
of the higher orders in the differential eqnationsy we proceed to a «m»^*<^ approzi- 
mation. Suppose that in consequence of some reUtiona such aa 

./■•i + ^Hj + Ac = sii, 

we arrive at distorbing forces Pjj^\ P^iF^ Ac These woold prodnoe infinite 
terms in the co-ordinate x, if we employed the operators Z(d)/A(d), Ac as nsnal 
(Art. 326). Instead of these let ns employ the operators I(5)/A'(d), Ac simply 

replacing A {d) by A' (5). Let the. result be x=^He^-^Ke^ + Ac , wheie H and K 
contain powers of M^, M^ Ac. above the first. Then the effects of these disturbing 
forces may be taken account of to the next approximation by replacing the first 

approximation by x=M'^e^^-*-'^'^^+M^e^^'^^^ where /ii^H/M^ im^^KJU^ Ac, 
provided these new indices satisfy the relations /Aii+i7/ts+ Ac =/bij, &c. 

Supposing this condition to be satisfied, we see that a disturbing force of the 
same type and period as a free vibration has the effect of removing that type firom 
the system and replacing it by some other type of vibration which is more and more 
remote from the original type the greater the amplitude of the vibration. 

364. Bxamplee, A pendulum swings in a very rare medium^ resisting partly at 
the velocity and partly as the square of the velocity, to find the motum* 

Let be the angle the straight line joining the point O of su^p(»t te the centre 
of gravity G of the pendulum makes with the vertical. Then the eqaatlon of 

motion IS 33" + 7 sui ^= -^ 2#c ^r- 

dt^ I at 

where I is the length of the simple equivalent pendulum, 2k and /u the ooefllcienti 
of the resistance divided by the moment of inertia of the pendulum about the 
axis of suspension. Let g = If?, Since d is small we may write the equation in the 

d^e 5^ ^ dd fdey , .^ 

form _+„«e^=.2K^-M(5^j+n«^-... 

Since k and 6 are very small, we might at first suppose that it would be 
sufficient as a first approximation to reject all the terms on the right-hand iidt* 
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ThiB giveB tf =a sinnt, the origin of measnrement of t heing so chosen that t and 9 

yanifih together. If we Bahetitate this in the small terms we get 

tPB 

— -f n'^=-2#cn . a COB rU+\v?cfl aunt -i-Ae,, 

which gives ^=aBinnt— rat sin nt+^na'lcosn^ +<feo. 

These additional terms contain t as a factor, and show that onr first approximation 
was not sufficiently near the tmth to represent the motion except for a short 
time. To obtain a sufficiently near first approximation we must include in it the 
small term 2k dBjcU (Art. 856). We have therefoie 

This giyes 0=ae '^ . sin mt, where for the sake of brevity we have put n' - jc* = m'. 

In our second approximation we shall reject all terms of the order a' or a'jc 
unless they are such that after integration they rise in importance in the manner 
explained in Art. 344. We thus get 



+ 2K-ri+n^B= - 



dfi dt 



'**!r ' «"^ (1 + cos 2i»«) + ^ o» ^r- (3 sin m< - sin 8m/) 
A o 4 

- lu?Ke~^^ ( ~ ^ "*" |cos 2jn<+m sin 2mt \ 

where all the terms on the right-hand side after the first are of the third order, and 
are to be rejected unless they rise in importance. To solve this, let us first consider 
the general case 

3-S + 2/C — +n»^=e~P** . (^ sin mU +P cos nnt). 
at* ax 

Put ^ = e"*"^ ( L sin mU + M cos rmt). Substituting we get 
I.{(p-l)V+m«(l-f»)}+2(p-l)jcTmM=il| 
Jlf{(p-l)V+m»(l-r«)}-2(|)-l)/miiL=BJ ' 

Now K is very small. If then r be not equal to unity, we have jL= — gy- — -^ , 

^=-m — 5\ nearly; l>ut if r=l, we have L= . . "" ,, — , M=ir-, :pr — nearly. 

m*(l-r^) "^ * 2(p-l)iCT» 2(p-l)ici» •' 

The case of |>= 1 does not occur in our problem. It appears that those terms only 

in the differential equation which have r=l give rise to terms in the value of x 

which have the small quantity k in the denominator. Hence in the differential 

equation the only term of the third order which should be retained is the first. 

We thus find, putting successively r=0, r=2, r=l, 

0=cLe"^Binmt--^e'^ + ^e-'^*ooa2mt + ^e-^coBmt. 

2 6 82icin 

This equation determines the motion only during any one swing of the pendn- 

lum; when the pendulum turns to go back fi changes sign. Let us suppose the 

pendulum to be moving from left to right, and let us find the lengths of the arcs of 

descent and ascent. To do this, we must put dOldt = 0. Let the equation be written 

in the form 9=/(t), then if we neglect all the small terms, dOjdt vanishes when 

mt= Jsjr. Put then mt= - ^ir +« where x is a small quantity, we have 



Now 



•^'w=/'(-^)+/"(-^)s=^- 



/'(«) = ««-«< (weos luetic sin mO-^%"W-2ic+|^ COS 2mt + ^sin2mt) 



+ ^- « ***(- wsmmt-Succosmf). 
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We also find as the are of 



•=/(-i)^/(-s)£-[-^*i----K'^---n 



c 
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In these expressions for the area of deseent and ascent the tenns ecmtaining jr 
and y are Teiy small, and aiwninfng c not to be aizemelj small, these tenns will be 
neglected *. 

Now a is different for ereiy swing of the pendolmn, we must therefore eliminate 
a. Let u^ and 11,^1 be two sofioeasiTe ares of deseent and asesBt, and let X=e~**-^ 
so that X is a little less than nnity. Then we have 

«.=.- + 3^>-,, «^=.X-3A««X»; 

eliminating a we have yerj nearly +- = ri(— +-)» 



, 3 1-X» — _, 

where c= — — ^= neartr. 

2/1 1 + X« 4/un ^ 

The snccessiye ares are, therefore, soch that l/«.+l/c is the general tenn of a 

geometrical series whose ratio is c"^. The ratio of any are n^ to the following aro 



which continaally decreases with the arc In any series of oscillations the ratio is 
at first greater and afterwards less than its mean value. This result seems to agree 
with experiment. 

To find the time of oscillation. Let f^, <, be the times at which the pendulum is 
at the extreme left and right of its arc of oscillation. Then 

'^""2 "TO"32mi* '"^"'2 ■'m"*32mi' 
The time of oscillation fh>m one extreme position to the other is t, - 1^ which is 
equal to r/m. This result is independent of the aro, so that the time of oscillation 
remains constant throughout the motion. The time is however not exactly the 
same as in vacuo, but is a little longer ; the difference depending on the iquare of 
the small quantity «c. See Art. 321. 

Ex. 2. A rigid body is suspended by two equal and parallel threads attached 
to it at two points symmetrically situated with respect to a principal axis through 
the centre of gravity which is vertical, and being turned round that axis through a 
small angle is left to perform small ^ito oscillations. Investigate the reduction to 
infinitely small oscillations. [Smith's Prize.] 

* If these terms are not neglected the equation connecting the suooessive arcs of 

ciesoent and ascent becomes = - kM(1 + X') + «.* —t — . Nowl-X*--- 

**« ^n^i 8 82»c»i X m 

nearly, so that this additional term is very small compared with that retained. 



CHAPTEE VIII. 

DETERMINATION OP THE CONSTANTS OF INTEGRATION IN TERMS 

OF THE INITIAL CONDITIONS. 

Method of Isolation. 

365. Our object in this chapter may be very briefly stated. 
Given any number of simultaneous differential equations with 
constant coefficients, it is known that the dependent variables 
a?, y, z, &c. can be expressed in terms of the independent variable t, 
by means of a series of exponentials real or imaginary. Let one 
of these exponentials be a? = Afe"*, then if is a function of the 
initial values of the variables a?, y, &c. and of their differential 
coefficients. It is here proposed to exhibit this function. Thus, 
without solving the equations, any one term of the solution, if its 
exponent be known, can be separated from the others and its 
value written down, without finding those other terms. 

When the differential equations are not of a high order we 
can generally solve the determinantal equation and find all the 
possible values of m. In such a case it is merely a question of 
algebra to find the constants in terms of the initial values of the 
variables. We may, however, effect this more briefly and simply 
by using the rule here given. Sometimes it is impossible to 
solve the determinantal equation. We may find one or more 
roots, but the rest remain unknown. In such a case we could 
not proceed by the processes of common algebra, for the equations 
cannot be written down. Our object is to find the constants which 
accompany these known terms without ilie knowledge of the re-* 
maining ones. 

This method is very simple and easy of application when the 
exponential to be separated from the others is connected with a 
solitary root of the fundamental determinant. But it may be 
used even though the root is repeated several times, The com- 
plication arises from the fact that the exponential is then accom- 
panied by as many constants as there are equal roots. Each of 
these requires a separate operation to find its value. 

The method is generally applicable whatever be the order of 
the equations, but there is considerable simplification when the 
order is not higher than the second. This is of course the most 
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interesting case, as the equations may then be such as occur in 
Dynamics. 

In some cases the rule can be put into another form, which 
may possibly be thought simpler. In these cases it takes the 
form of the Method of Multipliers. When the number of de- 
pendent variables is infinite, we have an example in Fourier's rule 
to expand any function in a series of sines or cosines. 

366. The Determinant of Isolation. Resuming the no- 
tation of Art 262, we let the n equations to find x, y, z, &a be 
written in the form 

/«(«)*+/«(«)y+/«(«)^+-=o 
-0] 

where 5 as before stands for djdt. In dynamical applications 
these functions of 8 are all of the second degree, but at present we 
make no restriction of that kind. 

To solve these we proceed as explained in Art. 262 and 
form the determinant 

A(S)= /„(S). A(S). /„(«)... 



If we equate this determinant to zero, we have an equation to 
find & Let its roots be m, m^, &c. omitting the suffix of the first 
for the sake of brevity. Then we know that 

It is our present object to find any one of these coefficients, say M, 
without finding any of the others. 

To effect this we deduce from the determinant A (S) another 
determinant, which we write 



U(m) 



•^"f^^-^ -"fern" *"• 



We form this determinant by the following rule. Erase any 
column of the determinant A(S), eay tke first column. To replace 
it we divide the first equation by S^-m, and rejecting the remainder 
place the quotient in the first row of the erased column. TFe divide 
the second equoution by o — m and pUice the quotient in tiie second 
row, and so on. Finally we put S=m in the remaining columns. 

If we erase th^ second column of the determinant A (3) or 
A (m) we obtain a slightly different determinant, which we may 
write 113(7/1), the suffix indicating which column of A(wi) we erase. 
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The determinant 11 (m) is evidently a function of the co-ordi- 
nates X, y, &c. and their differential co-ordinates with regard to t 
up to the (n — l)th. For all these we write their given initial 
values. We then have 

where A'(wi) means as usual the differential coefficient of A(wi) 
with regard to m. In the same way if Nt^ be the corresponding 

term in the value of y, we have N^ -ttt— r > ^^d so on. 

367. BzamplMk Before proceeding to the demonstration of this theorem let 
U8 consider some examples. 



Ex.1. Taking the equations ^J+JfjV(S- J)»=21 ' 



we see that the fundamental determinant 
A(m) = 



= i»* - 6m' + 6m' + 6m - 6. 



the second determinant, viz. 



m' - im^ - (m - 1) 
m + 6 m' — m 

Equating this to zero, we find that one Talue of m is m=- 1. Let us find the 
coefficient of e~^ in the yalue of x. 

Dividing the equations by d + 1 and rejecting the remainders, we form at once 

(a-6)a!-y, 2 
a5 + (5-2)y, 2 

the second column being obtained by putting m=- 1 in the second column of A (m). 
Expanding, and noticing that A' (m) = - 24 when m=- 1, we find 

- 12Jlf = aa; - «y - 6a; + y, 
where M is the required coefficient. Here x, y, Sx, by are supposed to have their 
known initial values. 

We may show in the same way that there is a term M'lP* in the value of x 
where - Sitf ' = 2da; + 3y - Sx - y. 

Ex. 2. Let us take another example, in which the differential coefficients rise 
to a higher order, but let us still restrict ourselves to two dependent variables to 
save space. Taking the equations 

(5» + 28a + 8 + l)x+(5> + 2« + l)y = 01 
(52 + 25 + 2) x + (3*+ 5 + 2) 
we see by inspection that the determinantal equation is satisfied by m=l. Thus 
x^Mtf is a part of the solution. Let it be required to find M when the initial 
values of 5x, 5^, 5y, 5Vf 5'y are all zero, and the initial values of x and y unity. 
Constructing the function n by dividing each equation by 5-1, and putting 5=0 

=3fA'(wi). 



y=01 
y=Op 



as we 



, , n (m)= 4x + 3y, 4 

proceed, we have ^ ' _ « ^ 
^ 3x + 2y, 4 



But, differentiating the determinant without expanding it, and putting m=8l, we 
have A'(m)=sl6. Hence, putting z and y each equal to unity, we immediately find 

368. We now proceed to the proof of the rule given in Art. 
366. 

Let p be some quantity which we shall write for m in the 
definition of the determinant Ti.{m) in order to call attention to 
the fact that p is not necessarily a root of A (S) = 0. 
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Taking the general expression for the determinant 11 (p) given 
in Art. 366, we may resolve it into the diflference of two determi- 
nants, the first rows of each of which may be written as follows. 

n(;>) = g:^|/u(8)^+/.(8)y+&c.,>i,(S), &c. 
"gr^ /ii(;>)^+/»(p)y+&c., ^(p), &c. 

Consider the first determinant, the first column is occupied by the 
functions which form the differential equations. Hence this deter- 
minant vanishes whenever x, y, &c. have values which satisfy the 
differential equations. 

Consider the second deteiTainant, it may be made into the 
sum of as many determinants as there are terms in the leading 
constituent. All these determinants have two columns the same 
except the first determinant. This first determinant is clearly 
A(p)x. 

It immediately foUows that 

(B-p)U(p) = -A(p)x. 
Solving this linear differential equation in the usual way, we have 

n(p) + £i{p)eP^jyp*xdt= CeP* (1). 

Here p is any quantity at our disposal and x, y, &c. have any 
values which satisfy the differential equations. 

To find the value of the constantc/, we put ^ = 0. The second 
term on the left-hand side is then zero because the limits coincide. 
It follows that C is the value of n(jt)) when we write for x, y, &c., 
Sx, Sy, &c. their initial values. 

Since p is arbitrary we may differentiate the equation partially 
with respect to p. Differentiating and putting p^m, where m is 
a solitary root of the equation A(p) = 0, we find 

^5^) + A' {m)e^r,e'^xdt = Cte"^ + ^ e^. 

Let us now substitute x = Me^^ + M^S^ + &c. with the corre- 
sponding values of y, Zy &c. in the left-hand side of this equation 
and let us search for terms of the form U^^, The operator 
dll{m)ldm is a linear function of x, y, &c., ixy &c., and can 
clearly give rise to no term of the required form. The re- 
maining portion of the left-hand side gives only the single term 
A\fn)Mte^ of the required form. Equating this to the corre- 
sponding term on the right-hand side we have A'(m) M=G. Since 
G is the initial value of Tl(p), this equation is exactly equivalent 
to that given in Art. 366. 

369. On B«peated Boots. When the root p=miB & repeated root of the eqaa- 
tion A (p)=0, the demonstration jnst given no longer applies. Since p is arbitrary 
we may differentiate the equation (1) as often as we please, and after each differen- 
tiation we may write p=m. Since A (m)=0, A'(m)=0, <feCi the snocessive left-hand 
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Bides reduce to n (m), iQI {in)ldm, Ac* On the snooeBsiye rig^t^hand tides we liave 
only tenns whioh eontftin the exponential e"*. 

It follows that ii A (p) =0 have a roots each eqnal to m, the operators 

"W» rf^ . -^^2 ^a-l ' 

aU produce zero when toe tubstitute for z, y, dtc* any solutions of the differential 
equations which do not etnUain the exponential e"^. 

Thus it appears that if we calculate the results of these operations hy sabetitnt- 
ing the particular parts of the values of «, y, <fea which depend on the root m of 
the equation A (J)=0, the results will be general, i.e., will be the same as if we had 
substituted the complete values of x, y, &c. 

Without using any further rule, therefore, we may find the a constants which 
depend on the repeated root |i =fft by substituting in these a operators the particular 
terms in a% y, ^c. which contain the exponential e**. Thus we obtain a expressions 
for the operators which contain the a constants. At the same time the values of 
the operators themselves may be found by giving the variables x, y, &c, their initial 
values. 

This, however, requires that we should use all the co-ordinates, but if we wish to 
find the values of the constants which occur is one co-ordinate only, we may use 
the results of the following theorem. 

870. It is required to find in terms tf the inituU eonditlom the values of the 
constants which enter into the expression for any one of the eo-ordinates when the 
fundamental determinant A (p) has a roots each equal to m. 

In this case the value of x will contain powers of f, but how many will depend 
on whether the minors of the determinant A (8) are zero or not. Since, however 
the highest power of t cannot exceed a -- 1 we may take as the general value of x 

where the terms included in the 2 stand for those portions of the value of » whioh 
do not depend on the root m and L(a-l)=l . d . S...(a-1). There will be 
similar expressions for y, z, dkc. also containing powers of t not higher than the 
(a - 1)^, but it will be unnecessary to write these down. 

We now proceed to differentiate equation (1) of Art. 368 r times with regard 
to p, and after substitution for ar, y, Ae,, we will search for the terms containing 
If^e^ where r and k are any integers we mi^ find convenient to use. The r*** differ- 
ential coefficient is clearly 

^'-^^-i"- (H). 

where P=r£P« j"J«->««ft. 

We notice that the first of the two terms on the left-hand side is a linear 
function of x^ y, Ac. and their differential coefficients with regard to e. Henoe no 
term of the fonn searched for can enter unless with powera of t less than s. If 
then we restrict ourselves to values of k greater than a-* Ij we may pay no farther 
attention to this term. 

The second term on the left-hand side of (II) may by Leibnitz's theor^n be 

written A-(,)P+rA'-l(,)gH....-H^^^L^.(,)^. 

In this series all the differential coefficients of A(p) below the a*'' have been omitted 
because the equation A (jp)=0 has been supposed to have a roots each equal to m. 
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If we Biibstitate in the expression for P tny snoh term ae Ni^€* we find after 
integration only one term which is free from the exponoitial e**, and this one term 
is of the form He'*, Haice d'Pjdp^ contains no power of t higher than the i^. 
In this series therefore, when we put ps=m and search for the terms of the 
form t* e^, if we restrict ourselves to values of k greater than r - a, we may pay no 
further attention to such terms as Nt*e^, 

We have next to find the value of d'P/dp' when we substitute for x any term of 

Jf^,l 
the form ^^r^^jv f* *€**, Now whatever ac may be we have 

d'P d' I Ls ^ _-,^i/ -- 1 

where L^ = 1 . 2 . 3 ... « as usual. Substituting for x and writing p=ini we may 
effect the integrations represented by d~* without difficulty. The exponential 

disappears and we find at once t-^ =« ^ r ifcf^_ j t***"'«^. 

No correction is necessary to the integration since this vanishes with t. 

Supposing then k to be greater than both a - 1 and r - a we find for the coeffi- 
cient of t* e'^ on the left-hand side of the equation (II) 

On the right-hand side we find the coefficient of t*e^ to be ^-^^ — -, . . 

LKL{r-K) am^-i^ 

Equating these two we have 

A^'Cm)^ ^A'-l(m),_ , ^^^H -,. 1 dT'^G 

I/r X (r - 1) La, L(r-K) fi^r-K 

The letter C stands for the initial value of 11 (m), it will therefore be more oonve- 

nient to replace it by the latter symbol, with the understanding that all the co* 

ordinates have their initial values. 

Since «c must be greater than a-1 and if«=0, the only useful value of /r is 

K=a, Since k must be greater than r-o, the only possible values of r are r=a, 

a + 1, ... 2a - 1. Writing these in succession for r, we obtain 

A* 

=— 3fa-i=n(m), 

A^-^^ ^ ^A*„ dn(m) 

^«+a 2i*+i __ A* .^ 1 <Pn(m) 



r(a + 2) • *"X(a + l) " '"^Iia"*"~*~1.2 dm« * 

i(2o-l) L(o + l) ^ ia '' L(a-l) (fm*"^ 

We have here just the right number of equations to find the a arbitrary con- 
stants which occur in the value of x without requiring the corresponding values of 
the other co-ordinates. 

If all the first minors of the determinant A (S) have /3 roots equal to m, the first 
p operators on the right-hand side vanish whatever x, y, <fec. may be. In this case 
therefore the coefficients Ma-i ... Ma-^fi are all zero. Thus the expression for x 
(as already explained ia Art. 272) loses /3 of its highest powers of f . 

In the same way we may find the constants which occur in y by using the 
operator called II, in Art. 866 instead of 11. 
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371. Another form of the determinant. There is another 
form in which the operator 11 (m) can be written and which is 
particularly useful when the differential equations are of the 
second order. Returning to the proof given in Art. 368, we see 
that the determinant Tl{p) may be written as the difference 
between two determinants, the second of which is zero when 
A(j)) = 0. Looking at the first determinant, we may divide all 
the constituents of the first column by any power of B we please, 
provided we finally multiply the determinant by the same power 
of S. But these constituents are the functions which form the 
differential equations. We may therefore modify the rule given 
in Art 366 as follows. First divide the equations by any power of 
S we please. Then form 11 (m) from these modified eqiiations by 
the sams rule a^ before and finally multiply the constituents of 
the first column by the same power of B. If this modified operator 
be called 11' (m), we see that 11 (7/1) and 11' (m) differ by some 
multiple of A(m). If A(S) = have a roots each equal to m, 
it follows that all the differential coefiicients of 11 (m) and n'(m) 
up to the (a — l)th are equal each to each. 

372. Thus let the equations be 

(A J' + BJ + (7„) X + {A J* + BJ +GJy = Ol 

{A,^S'+BJ+C„)x + (AJ' + BJ+GJy':^0[ 

taking only two variables to shorten the results. We divide each 
equation by S, then to form 11 (m) we divide by S — m and reject 
the remainders. Finally we multiply again by S. We thus have 

AJx + AJy- ^'^"'^^'^ . A,,m' + B,,m + 0, 



U(m) = 



m " " J« 



A„Bx + AJy-^^^^±^, A„m* + B„m + G, 



m ' .» x« 88 



In this form the constituents of the first column (when the equa- 
tions are of the second degree) may be written down by copying 
them from the equation. 

The advantage of this form is that the forces of resistance 
which depend on the potential B (Art. 311) have disappeared 
from the symbol 11 (m). It also leads to the method of multipliers 
to be explained in the next section. 

373. Ex. 1. Let the equations be 

-(5-l)a; + (aa-65+4)y=oi * 
The fundamental determinant is 



A(m)= 



= (m - 1)« (m - 3)*. 



m'-3m+2 m-1 
— (m-l) m?-5m+i 
The equation A (m) =0 has therefore two roots each equal to 3 and the corresponding 
terms in the value of x will be x = (Mq + Mjt) c**. 
It is required to find Mq and M^ in terms of the initial values of the co-ordinates. 
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We fonn the operator n (m) by the role given in Art. 872, copying the oolnnms 
from the equations given above 



n(m) = 



m 
m 



= (m-l))(m-4)&B-8y-^^ — x+y 
I tn 



This gives when in =3, II(«i) = -2 {5«+^-a;-y}, --^^=ix-Sy-z+y. 

Also when m = 3 we have A (m) = 0, A' (m) = 0, A" (m) = 8, A'" (m) =24. Hence by the 

1 • • A_x o«/x ^M. = -2lSx+Sy-x-y)) 
rule given in Art 370 J,^^\^,r^\ , fi 

where the quantities on the right-hand side have their initial values. 

Ex. 2. Let the equations be ,^^ ~, Z?" A » 

Find the constants in a;= (M^ + 3fi « + J ATg*^ e*. 

The result is 2Jf2=8a! + 5y+aj+y, 23fi+if2=25a;-«+y, 23fo + lfj=Ja;+a5. 

374. The following examples illustrate the application of the preceding theorems 
when the differential equation has but one dependent variable. 

Ex. 1. The differential equation (33-253- 8 + 2)a;=0 is satisfied by x-Me\ 
If the initial values of x^ dx, 8*x are a, a', a'\ prove that 2M=2a + a' -a". 

Ex. 2. Let the differential equation be / (d) x = and let / (d) contain only even 
powers of d. If the terms of the solution depending on the pair of solitary roots 
m=±k^y—l of /(m)=0 be x=F cos Jet +GBinht, prove that 

Ff{m) /(3) G/>i)_ /(5)_ Sx 

2 m ~S^ + k* 2 m ""S^ + ik'ik' 

Ex. 3. Let A^S^x +,..+Ajix+ A^x = be a differential equation. Bepresenting 
this by/ (5) «=0, let m be a real solitary root of /(8)=0, and let Ife** be the corre- 
sponding term in the value of x. Prove that a superior limit to the value of 
Mf'{m) is the sum of those terms in the series A^S^~^x+ ...+A^9x+Ai which have 
the same sign, as /' (m). Here of course x, dx, &o, are all supposed to have their 
known initial values. 

375. The following examples indicate another method of investigating the 
theorems of this section. 

Ex. 1. Let the first minors of the determinant A (5) be represented by the 
letter J, the suffix indicating the constituent of which it is the minor. If q be any 
root of A (5) =0 we know that a solution of the differential equations is 

a; = aJii(^)e«*, y=OI^(q)e^, « = <fec., 
where O is an arbitrary constant. Let us however suppose that q is unrestricted 
in value and is not necessarily a root of A(5) = 0. Prove that the result of the 
substitution of these values of x, y^ &c, in II (p) is 

n(p)^Oe^^miuMsiMP)InM^ 

where p also is unrestricted in value. 

This result may be proved by resolving n (p) into the difference between two 
determinants as in Art. 368, and then substituting in each. 

Ex. 2. Deduce from the last example that if p and q be unequal solitary roots 
of A (a) =0. then 11 (p) =0. But if p and q be the same solitary root then 

R. D. n. 14j 
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Ex. 8. If the equation A (8)s=0 have /3 roots each eqnal to q, the form of the 
Bolntion is indicated by a; « GJu (q)e^ + ... + G/j-i (djdqf''^ {I^^ (q) e^, 
with similar expressions for the other co-ordinates. If the equation A (d)=0 have 
also a roots each equal to p, prove that the result of the substitution of these 
Talues of the co-ordinates in any one of the determinants II (j>), (dldp)U{p)... 

{dldpy^"^ n (p) is zero if p and q be unequal. If p and q be equal, we obtain the 
results given in Art. 866. 

This may be proved by using Leibnitz's theorem to differentiate the equation of 
Ex. 1, i times with regard to jp, and j times with regard to q^ where i is less than a 
and j than p. 

Ex. 4. When all the first minors of A (d) vanish for any particular value of dy 
the solution depends on a double type ^, i; so that x=Ji2 (S) ^t y=*^i% (') V ^^' where 
Jii(d) is the second minor of A(S) formed by omitting the first two rows and 
columns as in Art. 273. Prove that if we write ^=Ge*\ ii=He^, where G and 
H are two arbitrary constants which run through all the values of the other co- 
ordinates, then 

^ ' q-p[\lin (i>)» ^28 (?) " ^ ' f 3 -P ^21 (3>), ^21 (?) 

Herep and q are unrestricted in value and do not necessarily satisfy A (8) =0. 

Ex. 5. Deduce from the result of Ex. 4, that if A (5) have two roots each equal 
to m one of which makes all the first minors zero, so that x^Me'^, y=N€i^ are 
parts of the solution where M, N are independent constants, then 

where IT, is obtained from A (m) by erasing the second column instead of the first 
(see Art. 366). Here the co-ordinates on the right-hand side are supposed to have 
their initial values. 

Ex. 6. Let the equation A (8) =0 have a roots each equal to m, and let all the 
first minors have /3 roots also equal to m. Let us form from H (m) a new determi- 
nant n' (m) by omitting any row we please and any column except the first. Prove 
that if we substitute in the determinants {dldm)U.'(m), <&c. (dldm)^~^n'{m) any 
values of the co-ordinates which satisfy the differential equations and which do not 
involve the exponential €"', the results are all zero. 



Method of Multipliers. 

376. In the last section we showed how the constant belonging 
to any one oscillation could be determined when the diflferential 
equations were of any order. We now propose to consider what 
simplifications can be made in the rule when the difierential 
equations are of the second order and of that simpler kind which 
usually occurs in dynamics. 

Referring to Art. 310, we find the equations of the second 
order written at length. But forms so general as these seldom 
make their appearance. The two most important problems which 
occur in dynamics are those in which we have — 

(1) Oscillations about a position of equilibrium, whether with 
forces of resistance or not. 
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(2) Oscillations about a state of steady motion. 

In the first of these cases the tenns depending on D, E, F are 
absent from the equations so that the fundamental determinant is 
therefore symmetrical. In the second the terms depending on 
D and F are absent, but those depending on the centrifugal forces 
E are present. In this case the forces of resistance B are generally 
absent. 

377. We may therefore simplify these equations of motion 
and write them in the form 

(A,S» + 5,,S+ CJa.+ (^»^ + ^»^^^ 

f*"^- 1/"*" ^") ^ + (^«S' + 5«S + CJ y + &c. = 0, 

&c. + &c. + &c. = 0. 

The solution of these equations has been already expressed in 
Arts. 313 and 317 in the following forms. If m^, wi,, &c. be 
real roots of the fundamental determinant, we have 

X = x^e^^^ + x^e^^ + &c. "j dxjdt = a?/e**i' + x^^ + &c. 

y = y^e»»i< + yjsi'^t^ -f- &c. > dyjdt = y/6"*i* + y^(^ + &c. 

&c. = &c. J &c. = &c. 

Here x^y y., z^, &c., a?/, y^, &c. contain as a common factor one 
constant of integration, a?,, y^, &c., x^, y,', &c. another constant and 
so on. Also a?/ = x^m^ , y/ = y^m^ and so on. 

378. If there be a pair of imaginary roots in the fundamental 
determinant of the form m^=ir+pAj'-l, mj = r— 1)\/— 1, the 
preceding solution takes the form 

X = X^e** cos pt + XjC** &in pt + x^e^^ + &c.' 

y = Y^e"^ cos pt + F^e** sin pt + y^^** + &c. 

&c. = &c. 

dxjdt = X[^ cos pt + Z/e^ svapt + <e««« + &c; 

dyjdt = Y[€* cospt + Y^e* sin pt + y^^e^ + &c. 

&c. = &c. 

where Xy=^x^-\-x^, X, = (a?j-a?,) V- 1 and X^-rX^+pX^ 
Xj' = — jp^j + rXj. There are of course similar expressions for 
the F's, &c. Here we notice that all the coefficients in the first 
two columns are linear functions of two constants of integration, 
the coefficients of the third column are multiples of a third 
constant and so on. 

379. If we examine the form of the solution given in the 
last article we see that the columns are arranged according to 
the roots of the fundamental determinant. Each column contains 

14—2 
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one or two arbitrary constants which have to be determined {rom 
the initial values of x, y, &c. If the whole solution be known 
we may therefore find the constants by common algebra, though 
if there be many unknown constants the process may be very- 
long. But if the whole solution be not known the processes of 
common algebra fail. 

380. Thus suppose we have found only one root of the funda- 
mental determinant, then we know the terms which occur in one 
column only. The other columns depend on the other roots 
which have not yet been investigated. We may yet wish to find 
the value of the constant which occurs in this column in terms of 
the initial values of the variables. We should then be able to 
find the magnitude of any one oscillation without finding the others. 

To effect this we use the method of multipliers, our object is to 
find some multipliers for the equations which express the values 
of Xj y, &c., dx/dt, dy/dt, &c. such that on adding together the 
products all the columns will disappear except the one we wish 
to retain. Supposing this done we have one equation containing 
the constant to be found and the initial values of x, y, &c. This 
equation will be suflBcient to determine the value of the constant. 

There is this point of difference hetween the method of isolation and that of 
multipliers. In the former we find the constant connected with any one term in 
any column without caring for the other terms in that or any other column. In 
the latter we require to use aU the terms in that column to find the one constant. 
In the former method we isolate any one term, in the latter we isolate any one 
column. 

381. The proper multipliers may be deduced from the determinant n(nt). 
Taking the form given in Art. 371 as the best adapted for equations of the second 
order, we have by expansion 

n (m) =Paj+ Oy + &0. + P'5a;+ Q% + &c., 
where P, Q, <&o. stand for the coefficients in the expanded determinant. Now it has 
been proved in Art. 369 that II (m) is zero when we write for a?, y, &c., the terms of 
any column of the solution in Art. 377 depending on a root other than m. It 
follows at once that the proper multipliers to separate the column depending on the 
root m from the other columns are P, Q, <feo., P', Q\ &c. 

These multipliers are reaUy determinants, and when there are many co-ordinates 
it may be very troublesome to calculate their values. The coefficients of the 
column which is to be separated from the others are also determinants. Both these 
sets of determinants are connected with the minors of the fundamental determi- 
nant ; the former with the minors of some column, the latter with the minors of 
some row. "When the differential equations are of the simpler kind which occurs 
in dynamics, (Art. 377) the fundamental determinant has a certain symmetry 
about the leading diagonal. In this case the two sets of determinants are con- 
nected together so that the required multipliers can be expressed as some simple 
function of the coefficients of the column we wish to separate. 

Instead of making the transformation from one set of determinants to the other, 
it will be simpler to adopt an independent mode of proof. The required multipliers 
follow at once from the two equations which have been made the foundation of the 
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theorems in the first section of Chap. vn. (see Art 816). As the equations now 
imder consideration are sunpler than those treated of in the section jnst referred 
to, the proofs of these two theorems will be briefly summed np in the next article. 
The definitions of the functions A, B, C (Art. 311) will also be adapted to the 
special ose which we now intend to make of them. * 

382. If we substitute the terms in the first column of the 
expressions for x, y, &c. given in Art. 377 in the differential 
equations we obtain a set of equations which differs from the 
differential equations only in having m^ written for S and x^, 
y^y &c. for a?,y, &c. First multiply these respectively by aJj, y^, &c. 
and add the results together, the sum may be briefly written, 

A {x^x^ m* + B (x^x^) m^ + (x^x^) = 0. 

Next, multiply these respectively by a?,, y,, &c. and add the results 
together. The sum may be briefly written 

A (x^x;) m^ + B {x^x^ m^ + C {x^x^ = E (x^ yj m^. 

The functional symbols A, B, G when not followed by the 
subject of the functions all represent functions of the co-ordinates 
a;, y, z, &c. which have been defined in Art. 311. Thus 

A = ^A^^x" + A^^xy + ^A^^ + ... , 
B=^iB,,a^ + B,,xy + ^B„y'+...^ 

G = h Gn^ + ^n^y + J ^«y" + •-. • 

When the differential equations are given the following rule 
to find A, B, C will be useful: — Multiply the equations by x, 
y, z, Jkc. and add the products, treating the opei^ator h a>s an al- 
gebraic factor. The halves of the coefficients of the powers of 8 are 
the functions A, B, C. 

When we wish to substitute for the variables x, y, z, &c. any 
quantities we aflfix as usual those quantities to the functional 
symbol and write 

^ K^i) = i Ai^i* + ^8^1^! + M«yi' + . . . , 
-with similar expressions for B{x^x^ and C(x^x^. 

We then generalize these expressions and for the sake of brevity 
write 

383. Prop. A. — To determine the multipliers when the funda- 
mental determinant is symmetrical and the forces of resistance not 
absent. 

Let m^m, be any two roots of this determinant. Then, by 
Art. (382), since the terms depending on E are absent, 

A (x^x^) m^ + B (x^x^ m^ + C (x^x^) = 0| . 

A(x^x^)m^^ + B(x^x^)m^ + C(x^x;) = 0} ^ ^' 
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Eliminating B and G in turn from these equations, we have 

^A{x^x,){m, + m,) = B{x,x^] ^ ^' 

except when m and m, are the same root. 

Either of these equations may be used to find the required 
multipliers. We thus find two sets of mvJtipliers, We shall 
choose the first equation, as giving the simpler results. 

If there be a pair of imaginary roots in the fundamental de- 
terminant, say TMj = r 4- p s/ — 1, m, = r — pj — l, and if m^ be any 
other root, the first of equations (2) gives 

A(x^x;){r+p J^)m^^C(x^x;}) ^g^^ 

A {x^x^ (r -p V - 1) m, = C(x^x^)) 

Remembering that A and C are linear functions, we see that 
these give by addition and subtraction 



A (X^x,) m,=^C (X^x^)) ... 

A{X,'x;)m,^C{X,x,)] ^^' 



where X^X^', X^X^ have.the meaning given to them in Art. 378. 
The function A (x^x^) may obviously be deduced from the 
potential^, (x^x^) by the process 

where of course A (x^x^) (Art. 382) represents the value of A(xai), 
or A when x^, y^, &c. have been written for x, y, &c. The functions 
B and G may be treated in a similar manner. 

We may now immediately deduce the proper multipliers. 

Taking the solutions written down in Art. 377, let us multiply 
the expressions for ^, y, &c. by —dC/dx, —dC/dy, &c., after writing 
^i> Vxi ^^* i^ these multipliers for a?, y, &c. ; also let us multiply 
the expressions for dxfdt^ &c. by dAjdx, &c., after writing a?/, 
2//, &c., for X, y, &c., in these multipliers. Finally, let us add 
the products ; then, by virtue of the first of equations (2), the sum 
of every column except the first is zero. 

If we have imaginary roots in the fundamental determinant, 
we take the solution given in Art. 378. Treating it in the same 
way, we see by equations (4) that all the columns disappear except 
the two first. Repeating the process for the second column, we 
again find that all the columns except the two first disappear. 

384. The rule may be summed up as follows : — 
Let the fundamental determinant be symmetrical, and the 
forces of resistance not absent. Let it be required to separate 
by the method of multipliers any given column from the others. 
The proper multipliers fen* the co-ordinates are the values of dC/dx, 
dC/dy, dkc, after we have substituted for x, y, cfcc, in these mul- 
tipliers the coi^esponding coefficients in the column we wish to 
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preserve. The proper multipliers for the velocities are the values of 
— dA/dx, — dA/dy, <fec., after we have substituted for x, y, <kc, in 
these multipliers the corresponding coefficients in the column of 
velocities we wish to preserve. Finally, we add ilie products 
togMier. 

In this way we can find an equation connecting the initial 
values of the co-ordinates with the constant which accompanies 
any one column. Since these initial values are arbitrary, neither 
side of this equation can wholly vanish unless all the multipliers 
themselves vanish. Hence the coefficient of the exponential on 
the right-hand side cannot be zero, except in this one case. 

The multipliers cannot all vanish unless the quadric functions 
G and A also vanish for some finite values of the co-ordinates. In 
dynamics the function A is such a function of the co-ordinates as 
the vis viva is of the velocities. It is therefore impossible that A 
could vanish for any finite values of the co-ordinates. 

38^. Bzamplo. Let us consider the equations 

i(«-l)«+(«'-«+l)y=o(* 

It is easily seen that the determinant of the solution reduces to m*-^^=0. 
We therefore have, if m now stand for J >(5, 

aj=a5j e"^ + jr^ e""^ + X^ cos mt + Jf 4 sin mt\ 
y=yiC**+yjC~"*+r3Cosi»«+ y^sinmtj ' 
dxjdt = mxi e"** — masg e"*^ + mX^ cos mt - mX^ sin mt\ 
dyjdt = myi c"^ - my^ «""** + m Y4 cos mt - m Yg sin mt\ 
Also multiplying the equations by x and y, and taking the halves of the coefficients 
of the powers of 5, we have 

^=i(a^ + y«). C=i^-ixy-\-\yK 

Suppose we wish to find the coefficients osj, y^ in terms of the initial conditions. 
Following the rule, we multiply x and y by the differential coefficients of G after we 
have written x^, y^ for a?, y in the multipliers. We multiply the velocities by minus 
the differential coefficients of A, writing in the multipliers m^i and myi for x and y, 
Finally, we add the results. Thus we have 

Putting t=Oj and giving x, y and their velocities their known initial values, we 
have one equation to find the constants Xi, y^. Their ratio, 

being known from the first equation, we easily find both x^ and yi. 

If we wish to find the coefficients of the trigonometrical terms, we use two sets 
of multipliers, because the two imaginary exponentials have become mixed up to- 
gether in the trigonometrical term ; or we may replace them by their imaginary 
exponentials, and find the coefficients of either by one set of multipliers. Taking 
the first alternative, one set of multipliers will be respectively 

^s-fi's. -i^3+J^8» -^^4, -wiJ'4- 
The other set will be 



% 

r 



216 DETERMINATION OF THE CONSTANTS OF INTEGRATION. 

386. Prop. B. — To determine the multipliers when the funda- 
mental determinant is symmetrical and the forces of resistance 
absent 

This proposition is really included in the last. But as the 
absence of the function B introduces great simplification, it is 
worth while to consider this case separately. 

Since the forces of resistance are absent, none but even powers 
of 8 enter into the equations. Hence for every root of the funda- 
mental determinant there is another equal in magnitude but con- 
trary in sign. If A and C are one-signed functions, and have the 
same sign, these roots are of the form +p\/— 1. Choosing this 
as the type, we may write the equations of Art. 378 in the form 

a? = Xj cospt + Jfj sin pt + x^e^ + . . . 
&c. = &c., 

dx/dt = Z/ cos pt + X,' sinpt + x^'e*^ + . . . 
&c. = &c. 

Here, unless there be equal roots, we have 

TV Y' V 

"-? = — «=&c =— J^=— -1 =s&C =ff 

y — V — — — Y ' — v — — ' 

because the ratios of the coefficients of any exponential are ex- 
pressed by the minors of the fundamental determinant, and these, 
containing only even powers of m, are the same when the exponents 
are equal in magnitude but contrary in sign. 

Here H will stand for the constant in the second column on 
the right-hand side of the equations, the constant in the first 
column being included as a factor in Xj, Y^, &c., X,', F', &c. 

Since the function B is zero, the equations (2) of Art. 383 
reduce to A (x^x^) = 0, C {x^x^ = 0, 

except when m^ = ± m^. For a pair of imaginary roots such as 

m^ = r+pj—l, m^^r—pJ—1, combined with a third root m^ , 
we have (exactly as in that article) 

A (X.^,) = 0) C (X,x,) = 0) 

A (Z^.) = OJ ' O (X^,) = OJ • 

387. We may use either the function A or the function C to 
supply the proper multipliers. We thus find two sets of multipliers. 
Which we should choose depends on the forms of A and G, 

If either of these functions contain only the squares of the 
co-ordinates, i.e. if it be of the form 

ax^ + ht^+cz^ + ,,,, 

it is clear that its differential coefficients will be much simpler 
than if the terms containing the products of the co-ordinates 
were also present. The multipliers are indicated by these dif- 
ferential coefficients, and will therefore also be simpler. That 
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function is therefore to be chosen which has the fewest terms 

containing the products of the co-ordinates. 

Choosing the function -4, we have the following rule to find 

the multipliers. Let it be required to separate from the others 

any particular oscillation — say the two columns containing the 

phase pt The proper multipliers for the co-ordinates x, y, &c. are 

dA dA 
the valries of -r- , -r- , &c., after we have substituted for x, y, &c. 

in these multipliers the coefficients of either of the columns contain- 
ing the phase pt. Adding these products^ we have one equation 
from which all the oscillations except the one to he preserved have 
disappeared. The same multipliers nfiay now he used for the velo- 
cities, and thus hy a second addition we obtain another equation of 
the same kind. 

The two equations thus obtained may be written thus : — 

^^^5^ + &c. = 2 A (Z^XJ {cos pt + H sin pt], 



dt dX 



1 



Putting ^ = either before or after using the multipliers, we 
have two equations to determine H and the other constant in- 
cluded in JTj, Fj, &c. 

388. A rule to find the functions A and G when the differential 
equations are known has already been given in Art. 382. But 
in using Lagrange's method it is sometimes more convenient to 
refer to the expression for the Vis Viva and the Force Function 
from which these equations have been derived. Eeferring to 
Vol. I. we see that the Vis Viva is 

2r=^X+2^i2^y+... 

Thus the function A is derived from T by merely dropping the 
accents from the co-ordinates. The function G is of course the 
same as the function Uq—U as defined in Vol. I. 

4 

389. Prop. C. — To determine the multipliers when the forces of 
resistance are absent but the determinant is skewed by the centrifugal 

forces. 

Referring to the equations of motion in Art. 377, we form the 
determinant which we have called the fundamental determinant. 
It is unnecessary to write this determinant, as its form is evident 
from the merest inspection of the equations. It is also given at 
length in Art. 112. 

If in this determinant we write — S for 8, the rows of the new 
determinant are the same as the columns of the old, so that the 
determinant is unaltered. When expanded, the determinant will 
contain only even powers of 8, and therefore its roots enter in 
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pairs. We shall therefore take as our standard form of solution, 
instead of that in Art. 378, the expressions 

x = X^ cos pt + X^^mpt + xjs!^* + ...] 

y= Y^co%pt+ Y^mipt + y^e^"^ + ...\ (1)5 

&c. = &c. J 

dxjdt = X/cos pt +X/sin pt + <«""'*+ . . .] 

dyldt^Y^co^pt-^'Y^&mpt + y^e'^^^- .,\ (2); 

&c. = &c. J 

Here the first two columns represent the most common form 
of a principal oscillation, and the third column represents any 
other form. When the centrifugal forces (i.e. the terms depending 
on E) are present, the minors of the fundamental determinant do 
not contain only even powers of S. It follows that the coefl&cients 
in the second column do not necessarily bear a uniform ratio to 
those in the first column. 

Since the function B is absent, we have by Art. 382, the equa- 
tions A {x^x^ m^ + C{x^x^ — = ^ (^1 yd 



m^ 



1 

A {x^x^m^ + C{x^xd — = -'E(x^ yj 



m. 



.(3). 



Adding these to eliminate the functional symbol E, we find 

A(x^x^)m^m^+C{x^x^)=0 (4), 

except when m^ = — m,. 

We notice also, that by Art. 382, 

A{x^x;)m,'+C(x^x,) = Ol . . 

A{x^x^)m,'+C(x^d = 0\ ^'''' 

We might also eliminate the function A otC fi:om the equations 
(3) instead of the function E, and in each case we may deduce a 
rule to find the multipliers; but the simplest rule is found by 
eliminating the function E, 

The formula (4) resembles that used in Art. 383, and there 
called (2), except in the sign of A. Proceeding therefore exactly 
as in that article, we shall deduce the corresponding rule for the 
multipliers. 

Instead of equations (3) of Art. 383, we now have (since r = 0) 

A(x^x;)pj^lm,+ C{x^xd==0^ 

^A(x^x;)pJ^m^ + C(x^x;)=o} 

Remembering that A and G are linear functions of the letters of 
any one sufl&x, these give by addition and subtraction 

^(Z>,)m. + C(X^,)^J ^'^' 

where as before X=x^+x^y X^={x^''xdJ— 1, X^=pX^, X^^—pX^, 



(6). 
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Also writing m^^pj- 1, ■•,= —/> V—1 in eqnadons (5), we 
find by subtraction 

^(j;'J,') + C(X^^=0 (S). 

390. From these formube we now deduce the following role 
to find the multipliersu 

Let the forces of resistance be absent, and let the fandamentaL 
determinant be skewed bj the centrifugal forces only. Let it be 
required to separate any principal oscillation from the otherSw 
Selecting one of the two columns which form the OKUlation^ the 
proper mvUipliers for Ae co-ordinates x, y, &c are the valmes of 

J— , -J— , &C., after we have substituted for x, y, ie. tn {hese muUi- 

dx dy 

pliers the corresponding coefficients in the column selected. The 

. dA dA 

proper multipliers for the velocities are the values ^ Tp > T~ i ^> 

after we have substituted for x, y, &c. tn these multipliers the co- 
efficients corresponding to these velocities in the column selected, 
FinaUy, we add all these products together. We then repeat the 
process wiih the coefficients of the other of the two columns which 
form the oscillation. 

By virtue of equations (5) and (8) it will be found that in each 
of these processes every column except one will disappear from the 
final summation. But we may notice a curious difference between 
the columns which contain real exponentials and those which con- 
tain trigonometrical expressions. If we operate with the coeffi- 
cients of one of the former introduced into the multipliers, it is 
the companion column which does not disappear; but if we operate 
with the coefficients of one of the latter, it is the column whose 
coefficients we have used which does not disappear. 

391. 18^flf"p'^ Let us consider the eqnations 

It is easily seen that the fandamental determinant rednoes to m^- 16=0. Henoe 

we have x=X^ cos 2t + X^ sin 2t +0536^+ x^ «"** j 

y=yiC0s2t+ r2sin2« + y3C* + y4«-2*r 
dxjdt = 2X3 cos 2t - 2X1 sin 2t + 2«s e* - 2x^ «"*) ^ 
dyldt=2Y^GOB2t-2Yj^aji2t + 2y^e^-2y^e'^) * 

where 2x^= y/^y^) Y^=-y/QX^) 

2x^=-y/&yji' Y^= V6Xii*' 

Also mnltipljing the equations (Art. 382) by Xj y^ adding and taking the halves of 

the coefficients of the powers of 5, 

^ = J((B« + ya), C=i(-8a:a + 2y2). 

The proper multipliers are indicated (Art. 390) by the formula 

dC dC dx dA dy dA 

dx ^ dy dt dx dt dy * 

dC c^ dO ^ dA dA 

Now ^- = -Sx, ^=2y, ^=*, ^ = y. 
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Having ohosen the column whose coefficients are to be used in the mnltipliers, we 
see by Art. 890 that the proper mnltiplier for the first equation is minus eight times 
the coefficient of the column in that equation ; the proper multiplier for the second 
equation is twice the coefficient in that equation; the proper multipliers for the 
third and fourth equations are the coefficients themselves in those equations. 

Suppose first we wish to find x^ and y^t then, because the fourth column con- 
tains a real exponential, we operate with the coefficients of the companion column. 
The multipliers are therefore 

<'<?_ s^ ''C_2„ i^-^ <^^_2„ 

2te — ^ dy-^y*' ^-^ i^-^y 

i_— dx dv 

Hence we find - Sx^ + 2y^ + 2SB3 ^ + 2yj ^ = 16^,^4 e"* ; 

substituting for x^ in terms of y^ and putting e=0, we find 

-4V6x + 2y+V6^+2^ = 16y„ 

which determines ^4 in terms of the initial values of the co-ordinates and their 
velocities. 

Suppose next we wish to find X^y X^. Taking the coefficients of the first 

column, the multipliers are j— = - 8-3^i» j- = 2 I^i, j~ = 2-3^2, — = 2 Fj. 

Since these columns contain trigonometrical expressions, we know that when we 
operate with the coefficients of either column in the multipliers, the other column 
disappears. Hence, paying no attention to any column except the first, we have 

-8Xia: + 2Fiy + 2X3 dxjdt + ^Y^ dyjdt^V^ (X^ + X^) cos 2t ; 
substituting for Y^ and Y^ and putting f =0, we find 

- 8 Jix - 2 y/QX^ + 2^3 dxjdt + 2 ^6^1 dyjdt = 16 (Xj' + X^^ 
Operating in the same way with the coefficients of the second column, we have 

-'SX^ + 2Y^-2X^dxldt-2Y^dyldt = U (Xj^-\-Xj^ sin 2t; 
substituting as before, we have 

- SX^ + 2 VBXjy - 2X1 dx/dt + 2 y/6X^ dyjdt = 0. 
These equations determine X^ and X^ in terms of the initial values of x, y, and 
their differential coefficients. 

392. Prop. D. — To consider the effect of equal roots on the 
rules already given. 

When there are equal roots in the fundamental determinant, 
we require only some slight modification of our rules. Referring 
to the general solution exhibited in Art. 377, let us suppose, for 
example, that there are three roots equal to m^. Regardiug these 
as the limits of the unequal roots, mj, m^ + h, m^ + ky we may write 
that solution in the form 

X = a^fi^' +a^^ {xfi^') + F ^, (^.c-") + xfi-^ + . . . 

&c. = &c., 
&c. = &c. ; 
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where a?/ = a?jm,, x^^x^m^^ &c., and 0, H are the two constants 
in addition to the one included in x^^y^y &c. 

Two questions now present themselves : — (1) When we use 
certain multipliers to separate a column which depends on a 
solitary root such as m^, will the columns which depend on other 
equal roots such as m^ (and therefore contain powers of ^ as 
factors) still disappear ? 

(2) What multipliers must we use to separate the three 
columns which depend on the three equal roots from the re- 
maining columns ? 

393. Taking the first of these questions, suppose we wish 
to separate the fourth column of the equations of Art. 392 from 
the others. Let us use the same multipliers as if there were 
no equal roots. It is obvious that, since the three first columns 
disappear in the general case in which h and k have any values, 
these columns must also disappear when h and k are indefinitely 
small. We therefore infer that any column which depends cm a 
solitary root may he separated by the same rules as before. 

As an example, take the rule given in Prop. A, Art. 383. To 
separate the fourth column, we multiply the equations by 

dC{x^x^ldx^y &c., —dA {x^x^)/dx^', &c., 

and add the products. Since the three first columns must dis- 
appear, we have C (x^x^) — A {x/x^) = 

The last two of these equations also follow from the first by an 
evident process. 

394. Taking the second question, we wish to find what 
multipliers will separate the three first columns from the others. 
But these are supplied by the equations just written down. 
Since m^ is any other root, and 

we have merely to use the multipliers indicated by the coeflBcients 
of ^4, ^41 &C. in these equations. The rule may be enunciated as 
follows : — 

Multiply the equations by the proper factors for the first column, 
treating x^, y^, &c., x/, y/, cfcc. a^ the coefficients, and add the 
products. We thus have one of the three required' equations. Mul- 
tiply the equations by the proper factors for the second column as if 

j— ^ , -r-^ , (fee, J— S , <fcc. were the coefficients, and add the 
dm^ dnij dm/ -^ 
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products. We thus obtain the second equation. Lastiy, multiply 

the equation by the proper factors for the third column as if 

d*x, d*x ' 

T--^, <f-c., T-^> <fec., were the coefficients, and add the products. 

We thus have, on the whole, three equations to find the three 
constants which enter into the three first columns. 

The proper factors just mentioned are those calculated from 
the coefficients by the rules of Prop. A or Prop. C. 

395. In some cases of equal roots it is known that some of 
the terms with ^ as a factor fail to introduce themselves into the 
solution. The number of constants is then made up by a greater 
indeterminateness in the coefficients which accompany the ex- 
ponential. Regarding these equal roots as the limits of unequal 
roots, as in Art. 393, it follows that we can still use the same rules 
to find the midtipliers. We arrange our solution in columns 
with one constant in each column. Then using the proper mul- 
tipliers, as described above, we can separate any solitary root 
at once. To determine the constants which accompany the equal 
roots, we shall require as many sets of multipliers as there are 
columns with that root or its companion root. 

896. ^**T^*^ Let as consider the equations 



(83-l)a5 + y + z=OJ 
a;+(5*-l)y+z=o(. 

aj+y+(«^-i)«=o) 



]■ 



It is easily seen that the fundamental determinant reduces to (m'-2)'(m'+l) = 0. 
Patting a=sV2, we write the solution in the form 

05= Ee"^ +Qe~^ +K8mt+Lco8t\ 

yss +Fc** +ir6"*^+^8int + Ii00s 

where E, F, O, H, K, Ltae the six constants to he determined. 

Looking at the equations to he solved, we see that the potential functions A and 
C are given by 

2C="X*'y*'-z^+2xy-\-2yz + 2zx) 

Following the rule indicated in Art. 387, we choose the function A to operate with, 
because this function will supply the simplest multipliers. The proper multipliers 
will therefore be dAjdx^x, dAldy=y^ dAldz=e, 

where we write for x, y, z the coefficients of the colunm under consideration. The 
proper multipliers are therefore the coefficients of the columns in succession. 

Suppose we wish to find K and L. The coefficients in either of these two 
columns are all equal. The multipliers are therefore equal. We therefore obtain, 
by adding the equations and putting t=0, 

x-\-y+z=ZL. 
Treating the differential coefficients in the same way (Art. 387), we have 

dx+dy + Sz = BK. 

If we wish to find the four constants E, F, G, H which are all connected with 
the companion roots db a, we must find four equations. According to the rule, the 
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multipliers are the coefllcientg of the serenl eohmiiia. We thus obtain, when CsO, 

0x + J=V-Fz=F(£ + G+2F+2H)i' 
£&r+0ay-£az=£«(2£-26 + F-J7)) 
0«r + F^-F52=l'«(£-G + 2F-2H)i" 
This simple and obTions example snfliffiently iUnstrates the method of proceed- 
ing when the proper moltipUers could not be otberwiae foond. 

397. Ex. If the dififezential equations are soeh that the ftmdamental deter- 
minant is symmetrical about the leading diagonal whether the forces of resistance 
be preFcnt or not, we have by Art. 262, x,/7u(iii|)=yi//,2(Mi)=<fte.=G, where G is 
an arbitrary constant. There will be similar equations for the other roots of the 
fundamental determinant. Thence show that the operator n(M) on expansion 
takes the form 

__, . dA(xJX^. dAix^)^ . 1 dC(jr,ari) 1 dC(x,xO 

Thence deduce the forms of the multipliers given in Prop. A, Art. 383. 



Fourier 8 Rule. 

398. Of the two important problems which occur in dynamics 
(Art 376) the most common is that in which the system is oscil- 
lating about a position of equilibrium free from any forces of 
resistance. This of course is Lagrange's problem and the solution 
has been discussed in Chapter II. 

It often happens that the co-ordinates chosen are such that 
the vis viva 27 can be written in the form 

without any terms containing the products of the velocities. In 
other cases when the vis viva contains products, it may happen 
that the force function U can be written in the form 

without any terms containing the products of the co-ordinates. 

In either of these two cases if we follow the same line of argu- 
ment as in Art. 386 we arrive at a simple rule. Taking the first 
case, Lagrange's equations are 

S'y + C,,x + C,,y + ...=0\ (1). 

&c. = Oj 
As in Art. 386 the solutions of these may be written in the form 
a? = Xj cos pt + Xj sin pt + X^ cos qt + X^ sin qt -h &c.1 . . 
y=T^ cospt + F, sin pt + Y^ cos qt + Y^ sin qt + &c.) *^ ^' 
&c. = &c. 

Since the equations (1) are analytically satisfied by the values of 
a?, y, &c. expressed by any one column, let us substitute for a, y, &c. 
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the terms in the first oolomn and multiply the resolting equations 
b^ JIT,, Fy, &c, respectively. Adding these resnlts we find after 
division by cospt, 

p\x,x, + r. r. + . . .) = c„x,x. + c„{x, f. + x.f.) + &c. 

Since the right-hand side is a symmetrical function of the co- 
efficients of the first and third columns, we have 

y (Z,X, + &c.) = ?• (^t^, + &c.). 
It immediately follows that unless j) = + ^ we must have 

X,X,+ F,F, + &c. = (3). 

An exactly similar proof applies in the case in which the products 
are absent from the force function. 

In either of these cases any column, say the first, may be 
separated by using as multipliers the coefficients X^, F^, &c. of 
that column. Thus we have, giving the co-ordinates x, y, &c. their 
initial values, 

arX, + yF,+ &c. = X,'-|-F/ + &c. 

gjr. + |F. + &c. = p(X/ + F/ + &c.)J 

These equations lead to a rule to find the coefficient which 
when applied to some problems in heat or sound is usually called 
Fourier's Rule. This may be stated as follows. Multiply each 
co-ordinate by the coefficient of the cosine in the column we wish to 
separate and add the results together. All the other columns will 
disappear from this sum, leaving one equation to find the constant 
of integration which accompanies that cosine. 

To find the constant of integration which accompanies the sine 
which occurs in any column, we differentiate the co-ordinates and 
thus turn sines into cosines. Repeating the same process as before 
we have an equation to find the constant. These rules are simple 
corollaries from that given in Art. 387. 

899. It sometimes happens that the vis viva 2 T can be written 
in the form 

2T^m^x'^ + m^y''+... 

where wi^, m,, &c. are the constants connected with the co-ordinates 
Xy y, &c. In such a case the rule requires only a slight modifica- 
tion. By the same reasoning as before, we show that 

wijJTjXg + WjFj I'^ + ... =0. 

Thus the multipliers necessary to separate the first column of the 
values of a?, y, &c. from the other columns are m^X^, m^Y^, &c. 
It will often happen that the coefficients m^, m^, &c. are the masses 
of some particles connected with the co-ordinates x, y, &c. Using 
this phraseology we have the following rule. To separate any 
column we multiply the co-ordinates of the several particles cw before 
by the coefficients in that column and by the nuisses of the several 
particles. We then add these results a)id proceed as before. 
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400. The investigatioii we have here given of Fourier s rule 
is purely analyticaL All we have assumed is that the values of 
aCy y, &c. satisfy certain differential equations. But we may also 
give a physical meaning to the process and show that we have 
really been using the principle of Virtual Velocities. 

It has been shown in the first volume that that general prin- 
ciple may be analytically represented by the equation 

(d dT dV\ ^ (d dT dU\ „ ^ 

where ^, 17, &c. are any small arbitrary variations of the co-ordinates 
x^ y, &c. consistent with the geometrical conditions. 

Let us suppose the system to be performing any principal 
oscillation, say the one represented by the first column in the 
values of or, y, &c. Let us take as the arbitrary variation of the 
co-ordinates, a displacement along any other principal oscillation, 
say the one represented by the third column in the expressions 
for 0?, y, &c. This variation is consistent with the geometrical 
conditions since the two oscillations might coexist in the same 
motion. 

In this case f, 17, &a are proportional to X,, F,, &c. After 
substituting for x^ y, &c. their values as given by the terms in the 
first column and dividing by cosj)^, the equation becomes 

-/ (z,x. + r; y. + . . .) = c„z.z. + c. ■(z,f, + x,r,) + &c. 

Since the right-hand side is a symmetrical function of the co- 
efiBcients of the first and third columns, we immediately have, as 

before, -^1^8+ F, ?;+... = 0, 

except when p and j are numerically equal. 

Lagrange shows how to find the constants of integration in certain oases in 
Sect. VI. of the second part of his Micanique Analytique. Poisson devotes 
Chapters vn. and vin. of his TMorie de la ChaUur to an explanation of the method 
of expressing arbitrary functions in a series of sines and cosines. Another treat- 
ment of Fourier's role is given in Arts. 93 and 94 of Lord Bayleigh's Theory of 
Sound, 

The reader may copsnlt two papers by the author on the several subjects dis- 
cussed in this Chapter. The first is in No. 75 of the Quarterly Journal of Pure and 
Applied Mathematics, 1883. The second may be found in the Proceedings of the 
London Mathematical Society for the same year. The solutions also of many of 
the examples given in this Chapter may be found in these two papers. 
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CHAPTER IX. 



APPLICATIONS OF THE CALCULUS OF FINITE DIFFERENCES. 



Solvtion of Prohlema, 

401. In the first section of this chapter we propose, by the 
consideration of some examples, to show how the Calculus of Finite 
Differences may be applied to the solution of dynamical problems. 
In the second section we shall examine a few remarkable points 
in the theory of such oscillations. 

The calculus of finite differences may be used when the system 
contains a great many oscillatory bodies arranged in some order. 
Perhaps there are so many that to write down all their equations 
of motion individually would be impossible. If however there be 
a suflBcient amount of similaritv between the motions of successive 
bodies taken iu order, it may be possible by writing down a few 
equations of differences to include all the equations of motion. 
To show how this can be done we shall begin with the following 
problem. 

402. Ex. A string of length (n + 1) 1, and insensible mdss, 
stretched between tvx) fixed points vrith a force T, is loaded ai 
intervals 1 with n equal masses m not under the influence of gravity 
and is slightly disturbed ; if T/lm = c', prove that the periodic times 
of the simple transversal vibrations which in general coeadst are 
^ven by the formula (tt/c) cosec i7r/2 (n + 1) on putting in succession 
1=1, 2, 3...n. 




Let -4, -B be the fixed points; y^, y^y-yn the ordinates at time 
t of the n pai*ticles. The motion of the particles parallel to AB 
is of the second order, and hence the tensions of all the strings 
must be equal, and in the small terms we may put this tension 
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equal to T» Consider die modoa of the putide irhose <Hdiiiate 
is y^. The equation of motion* is 






• • T^ = e'(y».-2jr»+if„) (1). 



Now the motion of each particle is vibiatoiy, ve oiay therefore 
expand y* in a series <tf the form 

y, = XLan(pt + m) (2), 

where 2 implies summation for all valnes of p. 

As there may be a term of the aigument pt in every y, let 
Zj, Z,,... be their respective ooe£Bcients. Then substituting, we 

have L^,-2L,+ L^ J 4 (3). 

To solve this linear equation of differences we follow the usual 
rule. Putting L^=Aa\ where A and a are two constants, we get 
after substitution and reduction a — 2 + 1/a = — {p/c)\ or 

Let these roots be called a and fi, then 

is a soIutioD, and since it contains two arbitrary constants it is the 
general solution. 

The constants A, B, a, fi are the same for all the particles, but 
not necessarily the same for all the trigonometrical terms defined 
by the different values of p. When we wish to discuss the pro- 
perties of any particular A and B we write as a suffix the letter p 
by which they are distinguished. 

* This equation might also be deduced from Lagrange's general equations of 
motion. If 17 be the force function, the position of equilibrium being the position 

of reference, we have 2i;=- jyi>- j (ya-yi)'- *«•- y iVn" yn-i)' - y y*"- 

The vis viva is evidently myi" + myj'' + . . . + my^^. 

Substituting these in Lagrange's equations of motion we obtain the equations 

represented by (1). 

This problem is discussed by Lagrange in his Micanique Analytique, He 
deduces the solution from his own equations of motion. He also determines the 
oscillations of an ineztensible string charged with any number of weights and 
suspended by both ends or by one only. Though several solutions of these 
problems had been given before his time, he considers that they were all more or 
less incomplete. 

15—2 
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The term distinguished hj p^O requires some further con- 
sideration. In this term the two values of a viz. a and jS are 
each equal to unity, and the solution of equation (3) loses one of 
its arbitrary constants. But this defect is easily cured by follow- 
ing the usual rules for treating equations of differences. We 
have in that case Lj^ = A^-\- BJc, 

The term distinguished by p = 2c also presents some pecu- 
liarity. In this term the two values of a are each equal to — 1. 
We have therefore 

A = (^, + B^k) (- 1)*. 

Summing up, the solution of equation (1) may be written 
at length 

y, = 4, + B,i + (A^ -\-BJc) (- 1)* sin {2ct + « J 

+ 2(4,a* + 5;3*)sin(p^ + ft>,) :...(4), 

where the 2 implies summation for all existing values of p. We 
know from the theory of equations of differences that the first 
four terms in this expression are really included in the last as 
the limiting case of the terms distinguished by /? = and p = 2o. 
Unless therefore we wish to call attention to these terms, they may 
be omitted in the expression for y«. 

403. The equation (1) represents the motion of every particle 
except the first and last. In order that it may represent these 
also it is necessary to suppose that y^ and y^^ are both zero 
though there are no particles corresponding to the values of k 
equal to and n + 1. With this understanding the solution (4) 
will represent the motion of every particle from fe = 1 to A = n. 

404. Since y = when A; = for all values of t every term 
in the series (4) must vanish ; .'. A^'=^0, A^ = Q and -4^ + JS^ = 0. 
Also y = when fc = w + 1 for all values of t, ,\ B^ — {^, 6^ = and 
A/t^^ + ^^S**^' = 0. These equations give a"*' = /3**\ If p be 

freater than 2c the ratio of a to ^ is real and different from unity, 
lence we must have p less than 2c. Let then 

p/2c = sin 6, .*. a = cos 26 ± sin 26 V- 1. 

Hence by what has been proved before 

(cos 26 + sin 26 V- 1)"^' = (cos 26 - sin 26 V-1)"*' ; 
.-. sin2(n + 1)^=0; .-. ^ = i7r/2 (w + 1), 

and the complete period of any term is P = 27r/p = Trc/sin 6. The 
letter t indicates any integer, but since ^ = 2csin^, we see it 
is necessary to consider only the integers from i = 1 to i = n. 

405. In forming the differential equation (1) we have sup- 
posed the distance I between any two successive particles to be 
unaltered. This will practically be the case if yt—Vk-i be small 
compared with the distance I, This limitation however does not 
prevent us from enquiring what would be the effect of reducing 



OSCILLATIONS OF A STBOTG OF I»ABTICLES. 229 

the masses of all the particles and placing them proportionally 
closer, so that the total mass per unit of length is unaltered. 
The restriction is that the inclinations of the strings must still 
be sufficiently small. The interest of this change is that the 
closer the particles are placed the more nearly does the system 
approach to that of a uniform string stretched between the two 
fixed points A and B. 

Let us represent by p the mass per unit of length, then 
c'P = Tljm = Tjp, Put a = cl, then a is equal to the square root 
of the ratio of the tension to the mass of a unit of length. Thus 
a is unaltered by any of these changes of the particles. 

If the length of the string AB he L we have L^{n + l)l. 
If n be very great we find p = 2c sin ^ = a tV/Z very nearly. 

Thus the notes sounded by a string loaded with small particles 
at short intervals are such that their periods are given by 
P = 2i/ai. The note given by i = l is called the fundamental 
note, those given by the higher integer values of % are called the 
harmonics. 

406. B«t«niiliiatloii off Ooiifltantik If we express a and /3 in terms of $ and 
substitute these in equation (4) we find the typical equation 

yt='LEiBin2keooB{2ctBme) + ^FiBm2k0Bhi(2ctBm$) (5), 

where Ei and Fi have been written for 2A, sin w, ^ - 1 and 2A, cos ia,^~l. As be- 
fore $=iiTl2 (n+ 1) and the symbol 2 implies summation for all values of t from i=l 
to i=n. This equation has n terms and thus we have 2n arbitrary constants, viz. 
El, E^.,.E^ and F,, F^...F^. These have to be determined from the known initial 
values of the n co-ordinates y^, y^.-.y,^ and of their initial velocities y/, y%...y^. 

Since i may have any value from k = Xtoh=n the typical equation (5) represents 
as many equations as there are particles. We may imagine these to be written 
down one under another exactly as described in Chap. viii. Art. 879. To find the 
constant £« which runs through all the terms in any one column we use the 
moltiplier to separate that column from the others. To find this multiplier we 
write down the vis viva of the system which in our case is 2T=2myu^. According 
to the rule given in Chap. vni. Art. 887 or Art. 899, the proper multiplier for 
the equation giving y^ is found by differentiating T with regard to y/ and substitut- 
ing for ^/ the coefficient of the oscillation we wish to separate. The differentiation 
ia our case is my/. The proper multipliers to separate the two columns dis- 

I tinguished by any value of i are therefore m£| sin 2k$ and mFi sin 2k$, Thus we 

find after division by common factors 

2{y»sin2it^}=J£,(n + l) 1 

:Q{y,'ain2k$}=iFi{n + l)2eaui$S' 

* Here we have written on the right hand side for 2 (sin 2k$)^ its value 1 (n + 1) which 

! is easily found by ordinary trigonometrical processes. 

These equations determine the values of Ei and F< for any particular value of t. 
On the left hand side the co-ordinates y^ y^ &c. and the velocities y^', y^^ &c. are 
supposed to have their initial values, and the symbol 2 implies summation for all 
values of k from £=1 to ft=n, the value of i included in being given. 

407. Ex. 1. A string of length 2 (n+ 1) Hs stretched between two fixed points 
A and B as before and loaded with 2n + 1 particles at distances apart each equal 
to I. Taking the origin at the middle particle, let the particles from ^ = - c to 
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1;=+ e be initially displaoed bo that ft^^CankwIe, Let all the other particles be in 
their nndistorbed positions in the straight line AB, so that y^sO for idl yaliies of k 
not comprised between the limits db e. Let also the system start from rest. Then 
by proceeding as explained in the last article, we find that the motion is given by 

y^ = Z£i sin ikO cos {2et sin $), 

. __iir_ ^ _ C COB i> sin 2e$ sin r/g 

wnere ^-2(n+l)' ^'"Ql^T+l) sin* x/2€ - Bin« 0' 

Ex. 2, A string of length (n + 1) 2 is stretched between two fixed points A and B 
and loaded with n particles at distances each eqnal to I, The extremity A defined 
by it =0 is suddenly moved a small Bpaoe eqnal to yo ^^ ^^^ angles to the original 
position of the string and is there kept fixed. The motion of the X^ particle is 

given by y»=yo (l j - S -^- cot ^ sin 21;^ cos (2c< sm ^), 

where 0stir/2 (n+ 1), and the symbol 2 implies summation for all values of i from 
t==lton. 

To prove this we have the following conditions ; (1) for all values of t we have 
y*=yo ^hen i=0, and y»=0 when lr=n+ 1. These give B^=y^ and A^ (n + 1) = -yoi 
(2) when t=0 we have y*— for all values of h except ib=0. 

408. Agitation of one extremity. When one extremity 
of the string of particles is agitated according to any given law, 
a slight modification of the solution given in Art. 402 will enable 
us to find the motion. Let us suppose that the extremity A, defined 
by k = 0, is agitated so that its motion is continuously given by 
yQ = C sin fit it is required to find the motion of th^ particles. 

We may notice that it is sufiScient for our present purpose 
that the law of agitation, however complicated, can be represented 
by a finite series of terms of this form. The resultant motion 
of any particle is then found by compounding together the motions 
due to the several terms of the series. 

The motion of the string of particles may be regarded as made 
up of two separate oscillatory motions. There are (1) the forced 
oscillation whose period is the same as that of agitating force, 
and (2) the free oscillations whose periods are the same as those 
found in Art. 404 when the two extremities of the string were 
fixed. Our present object is to find the former of these. 

Proceeding as before, we have by equation (4) 

yt=^AQ-\-BQh+(A^+BJc) (- l)*sm (2ce+w&) + S (ilX+5,^*) sin (i)« + «p). 

Since y„^C sin fit when i = we have jp = /i, o)^ = in the forced 
vibration. Also unless /i=0 or 2c we have -4,^=0, A^ = 0, 
Again, y„=0 when A: = n + 1, hence 5^ = 0, B^^O and the forced 
vibration is given by 

A^+B^^ C, A^a"*' + J5^^« = 0, 

where a and /9 are the two values of a given by 



OSCILLATIONS OF A STRING OF PABTICLBSL 281 

409. If Ik he greater than 2e, let ^ s= 2c sin ^, and all possible 
cases are included if we suppose ^ to lie between and ]^. 
Making the necessary sub^tutions we find for the forced 

oscillation 

(tanUr--'>-(cotUr--'* ,..^. . ... 
y* (tan J ^y^-*" - (cot i^y *•"" " ^" ' «'Sin/i/...(i;. 

If the string be very long we have n infinite, and this ex- 
pression takes the simpler form 

y. = (tani^)»(-l)'Csin^ (2). 

The first of these two expressions applies to a finite string 
of particles and is clearly made up of two expressions like the 
latter, the coefficients being such that the displacements of A and 
L are respectively CwliU and zero. The motion has therefore 
been analysed as the resultant of two motions each of which is 
represented by equation (2). 

410. If fkhe less than 2c, let f& = 2c sin ^, the forced vibra- 
tion then becomes 



sin2(Ti + l- 1) ^ 
^ sm 2 (n + 1) v^ 



(n+l)^ 
This can be written in the form 

^*'" 2sin2(w + l)^ ~2sin2(n + l)^ '"^^' 

Taking the first of these two terms by itself we see that 
after a time T given hj fiT= 2-^, the term is unaltered if we write 
k — 1 for h. This term therefore represents a wave which travels 
the space between one particle and the next in the time T. In 
the same way the second term represents a wave which travels 
with the same velocity in the opposite direction. 

411. Two kinds of possible motion. Attention should 
be particularly directed to the great difference between the two 
kinds of oscillatory motions. If the period of the agitating force, 
viz. 27r//Lfr be long enough to make /i < 2c, the forced oscillation 
transmitted to the string of particles is formed by the superposition 
of two waves which travel in opposite directions without change 
of magnitude. Thus the particles near the further extremity B 
of the string may be as greatly agitated as those near the point 
of application of the force. Suppose -^/r = 7r/2y where q is some 
integer, then by (3) every gth particle counting from the further 
extremity B is permanently at rest and forms a node. The 
strings of particles between these successive nodes form equal 
loops which are . alternately on one side and the other of the 
straight line AB. 

Let us now compare this state of motion with that which 
results from the agitating force when its period is so short that 
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fi > 2c. In this case no motion in the nature of a wave is trans- 
mitted along the string. Taking the case of a very lone string* 
the particles are alternately on opposite sides of AB, while their 
displacements form a series in geometrical progression. Thus 
the displacements of the particles are less and less the more remote 
they are from the agitating force. 

• 

412. The transition from the one kind of motion to the other 
is easily imderstood by supposing the period of the agitating force 
to grow gradually less and less until it passes the critical value. 
It is clear that sm '^ will increase but it cannot become greater 
than unity. The number of particles, viz. 9 — 1 between two 
successive nodes decreases and finally vanishes when '^s^. 
But since no further decrease is possible the motion changes its 
character. 

The ezpressions (1) and (3) both assume the form 0/0 when 
^ s= '^ = ^TT. The motion in the transitional state may be deduced 
from either of these expressions by the usual rules in the dif- 
ferential calculus. But we see independently by Art 402 that it 
is given by 

y, = (A + Bk)(-iyBm2ct. 

Since y^^ C7sin2c^ when k=0 aiiid> ,yji.= 0. when A:=7i + 1, we 
easily find y^ = {1 ■- */(» + 1)} (-1)* C sin 2ct. 



413. IHaeentlBiioa* asltatliis ftirM. When the agitation communicated to 
the extremity A is not eoniinnotiB, bnt afits for a short time only, the resnlting 
motion may be fomid by the method of the snperposition of small motions. 

Thus if the extremity 4' be suddenly moved at tbe time t=0 a short distance 
Pq at right angles to AB^ the resulting motion has been found in Ex. 2, Art. 407. 
Let us represent thifei motibn by yk^yofiK 0* ^l^i^ a time t=:ii has elapsed, let 
the extremity A receive another displacement To, the rest of the string being undis- 
turbed. If we superimpose these two motions we obtain* 

At the time t=u, the second function and its differential coefficient with regard to t 
both vanish for aU valu^ of h from A = l to. ik=n+l. Thus the initial conditions 
of motion at this time are expressed, by the ^st function. This equation therefore 
represents the mQtion produced by these two disturbances fpr aU time from t=u to 

Generalizing this,, we>see t})at if' the extremity A be moved according to any law 
say ^o=F(t) for a time extending from, t=0 to £=7, then the motion of the string 

is given by y* = / P («)/(&, t - uydu 

for all time extending from {=7 to t = ao . 

Since the agitating force ceases to act after the time e=7 it is clear that the 
motion of the string after this time is made up of the free vibrations belonging to 
a string of particles having each end fixed. Accordingly, if we substitute for the 
function /(ib, t-u) its value given in Art. 407, we see that this expression for y* con- 
sists of n oscillations whose periods are the same as those already found in Art. 404. 
Their phases and magnitudes depend on the action of the agitating force. 
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the equation of diBenmtom m Ae mmmotr akanir rwpumni m Ait. 4ML Tba tvo 
constants J and B are nov ftinni i i of IL Henee if «• 

we have jh^ff^/O-rO-^^irt (3). 

This is a symbcfieal wJuti i w of the eqoatkni of AflERBoea vith its two aihitraiy 
functions /(() and F{i^ When the iatmm of theae fonetaona aie given, the opera- 
tion represented by Ocan be perfta i md and a aolixtian of theequationa of difierenoes 
will be found. 

416. To obtain one i nte t p t eU tiop of this BjmbQlieal sofaition let ns s up pose the 
functions /(t) and F{t) ean be etptessed in a series iriiose geneial tenn is 
Acoa{2csm Bt-\-t§), irhere is the parameter wfaoee vahie distinguishes any tenn 
of the series from another. AH eases are cleaify included if hb tnppoee 9 to lie 
between the limits and ^r. 

Since the radical in the operator O contains only eren powers of 2, we obtain the 
result of its operation by writing - (2c sin tf)' for S", see Art 865. We therefore find 

O cos (2c sm M+ c#) =oos (2c sin M + c# - tf). 

Bepeating this process 2k times we haTe 

yt=Ziloos(2c8inM+w-2i^)+2Boos(8esin9t4w+2ib0). 

If we take by itself any one term of the first series we see that if we write for k^ 
k+1 and for «, t+ T where T is giyen by c sin 9 7=0, the term is unaltered. Hence 
(exactly as in Art. 87) any one term represents a wave which travels the space 
between one particle and the next in the time T. In the same way the correepond- 
ing term of the second series represents a wave which travels in the opposite direo- 
tion with the same velocity. 

Each term of either series represents a wave. Each wave travels with a uniform 
velocity but the different waves have different velocities. Consider the wave defined 
by any given value of $, and let a=el. If t; be the velocity, X the length of the 
wave measured from ridge to ridge, and P the period of oscillation of any ono 

-X- 1 v sin . rZ -, tI 

particle, we have r=a —^ , ^= S" » •^= a Bind ' 

Since lies between and iv we see that the velocities of all these wavM lis 
between a and 2a/ir; the length of every wave is greater than 21} the pcjrlrwl of 
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OfeillAtkm of erciy ptrtiele is greater than rlfa. The longer the waves are the 
more aeariy do fhej traTel with the same Telodty. 

If we soppoee I to decrease the particles will be doeer together, and if each 
particle have proportionallj less mass the qoantitj a wiU be nndianged. Consider- 
ing then all waves whose lengths have a given inferior limit, we see that the closer 
the partieUt are together, the mau of a unit of length being unchanged, the more 
nearly do wavet of aU lengthi travel with the tame velocity, 

417. Other interpretations of the symbolical solution (3) given in Art. 415 may 
be obtained by substituting other forms for the arbitrary functions f(t) and F (t). 
Thus we might have 

If ;i be greater than 2c we may introduce the snbsidiaiy angle ^ as in Art. 409. 
This expression then reduces to 

y»=( - 1)* (tan 10)» C CM lit. 

418. Ex. If we write x^^kl and make the interval I between the particles 
indefinitely small, the operation represented by CP* takes the singular form 1<». 

Show by finding the limit in the usual manner that a*=e''^'-^^^ and thence deduce 



y.=/(-I+')+^(5+0- 



419. Ex. 1. A l(mg row of particles, each of mass m, is placed on a smooth 
horisontal table. Each is connected with the two adjacent ones by similar light 
elastic stretched strings of natural length l. They receive small longitudinal dis- 
turbances such that each of them proceeds to perform a harmonic oscillation : 
prove that there will be two waves of vibrations in opposite directions with the 

/E q T 
same velocity, viz. ^' a / ~i -- sin - , where V is the average distance between two 

successive particles, q the number of intervals between two particles in the same 
phase, and E is the modulus of elasticity. [Math, Tripos, 1873.] 

Ex. 2. A light elastic string of length nl and coefficient of elasticity E is loaded 
with ft particles each of mass m ranged at intervals I along it, beginning at one 
extremity. If it be suspended by the other prove that the periods of its vertical 

oscillations are given by the formula r ^/ -=r cosec ,r ^ ^ , where t=.0, 1, 2...n - 1 

V -^ 2n+l 2 

successively. Hence show that the periods of vertical oscillation of a heavy 

4 /Mil 

elastic string are given by the formula ^. — ^ ^ -=7- , where L is the length of the 

string, M its mass, and i is zero or any positive integer. [MatK Tripos, 1871.] 

Ex. 8. A railway engine is drawing a train of equal carriages connected by 
spring couplings of strength n and the driving power is so adjusted that the velocity 
is A+BBmqt. Show that if q^{(M+4m)h'^+4mk^ be nearly equal to ^lib^ the 
couplings will probably break, M being the mass of a carriage which is supported 
on four equal wheels of mass m, radius h and radius of gyration k. Are there any 
other values of q for which the couplings will probably break ? [Coll, Exam, 1880.] 

Ex. 4. Equal uniform rods, n in number, and each of mass m, are smoothly 
hinged together at their ends and are suspended by light elastic strings which are 
fastened to the joints and the free ends. The other extremities of the strings are 
attached to n + 1 points in a horizontal line whose distance apart is equal to the 
length of a rod. The strings are all of a natural length I and modulus E, except 
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the extreme ones whose modulus is ^E, The system rests in equilibrium under fche 
action of gravity and the rods are in a horizontal straight line and all the strings 
vertioal. Show that the periods of the small oo-existent oscillations about this 

position of equilibrium are -p=r |mZ f 2 + oos — U where t is zero or any integer, 

the joints and ends being supposed to move approximately in vertical straight lines. 
IColl, Exam. 1881.] 

420. ir«tw(«k of ParttelM. Let colunms of threads in one plane be cut at 
right angles by rows of threads. Let a particle of mass m be attached to them at 
each intersection. Let the interval between two adjacent columns be I and the 
interval between two adjacent rows be V, Let the tensions of the rows and columns 
be respectively T and 2*. Let the particles vibrate peipendicularly to the plane of 
the threads, and let the whole cfystem be removed from the action of gravity. 

Ex. 1. If 10 be the displacement of the particle in the k*^ colunm and k^ row 
and Tlml=€^, T'linV=c^*, prove that the equation of motion is 

dPwIdt^ = c* (Wi^i - 2ii7» + ir»_ J + c^ (w^^ - 2tr» + ir*_i). 

Ex. 2. Prove that the motion of the particles may be represented by the series 
whose general term is 

tr=2{a*(ii6»+B6-*)+a-*(^'6*+B'6-»)}sini)« (1), 

where the Z implies smnmation for all values of a and b connected by the equation 

Show that if a and b are both real, one at least is negative. Show also that if 
the circumstances of the problem permit b=^l the corresponding coefficient of 
Bin jp« becomes (:L1)^ {a'' {A + Bk) + ar^ {A' + B'k)} (2). 

If a and b are both =^^1, the corresponding coefficient is 

{^l^i^l)*(A+Bh + Ck + Dhk) (3). 

What is the general form of the solution, when one of the two a and b is 

imaginaiy and the other real? When both are imaginary with unity for modulus, 

, ., . to = 2P sin (i)«- 2^-2*0) \ 

showthat „ 5,„ . ^t.- . -,„ . ^'«v (4), 

j>2=c^(2 8m^)'+c''(2sm0)^J ^ ' 

Ex. 3. Show that the solution (4) of the last example represents a wave 
motion. If X be the length of the wave, v its velocity and a the angle the direction 
in which it travels makes with the rows of thread, prove that 

\e=TlcoB a, X0=TrBin a, v« (ir/X)a=c3 sin^ ^+c^ sin* <f>. 

Ex. 4. If the network be so constituted that el=e't, prove that there are two 
directions in which a wave of given length will travel with the greatest velocity and 
in these cases the fronts are the diagonals of the openings between the threads. 
The two directions of least velocity are those in which the fronts are along the 
threads. 

Ex. 5. If c{=c7' and if the intervals between the threads be very small, prove 
that the network becomes a membrane which is equally stretched in all directions. 
In this case waves of all finite length and all directions of front travel with the same 
velocity. 

Ex. 6. A network, otherwise infinite, is bounded by a rod which runs along the 
diagonals of the openings. This rod is agitated according to the law w=P Bin pt. 
Prove that two distinct motions will result according as the period of agitation is 
greater or less than ir/(o^+c'^)^. In the former case waves will travel over the net- 
work, in the latter the motion will resemble that described in Art. 411. 
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421. ««l«oilL wifh gwUbrUatMral npwtngB To bring these particles into 
order we regard them as arranged in rows and colomns, as in rectangular networks, 
though these are no longer straight lines. If the network he so stretched that the 
tension of every thread is proportional to the length of the thread along which i% 
acts, the ratio being equal to e\ the equation of motion may be proved to be 

where A operates on h and A' on k. This is exactly the same equation as that 
which determines the motion of a rectangular network when e=c'. Thus the 
motions of the two networks will be the same when the central and boundary condi- 
tions are made to correspond. 

In this way we may deduce the motion of one kind of network from another 
just as in Hydrodynamics we change one fluid motion into another. 

Ex. 1. Show that the geometrical peculiarity of this quadrilateral network is 
that each particle is the centre of gravity of the four adjacent particles to which it 
is connected by strings. 

Ex. 2. If {x, y) be the Cartesian co-ordinates of the particle {hk), prove that 
X and y both satisfy the equation of differences A'xjk^i,ik+ A^ae^jt_i=0. Show also 
that the values of x and y may be written in the compendious form 

a:+yV-l = 2.1«*"*+^^-\ J («•-«"•)= ± gin /9. 

Other forms of the solution may be deduced as in Art. 420. For example, we 
may have x=iA + £h+Ck+ Dhk. 

In all these solutions the directions of the threads which form the aides of the 
quadrilateral openings are defined by (1) making h constant and k variable, (2) by 
making k constant and h variable. Thus taking a single exponential, we find 

a:=Je«"*co8 2/3A, y=Ae^Bin2pk. These lead to iK?-^y^=A^e*^, y/x=tan2/5&. 
The quadrilateral openings are therefore formed by concentric circles and radii 
vectores from their centre. 

Ex. 8. When the openings of the network are indefinitely small, the result of 
the last example becomes « + y>/ -!=/(*+ *V-1)» »o that that result may be 
regarded as an extension to Finite Differences of the theory of conjugate functions. 

Ex. 4. If in Ex. (2) the values of h and k be not restricted to be integral, 
prove that Ax»_j.»=±A'y»,»_j, A'x»,»_j==i=Ay»_j,». 

The analogy of these results to some well-known theorems in conjugate functions 
is obvious. 

Ex. 5. The Cartesian co-ordinates of the particles of a triangular network are 
given by X = A, y = hk, where ^, & are any integers. The equations to the three fixed 
boundaries are aE=n, y=0, y=n'x. Following the rule given in Ex. 2, show that 
the quadrilateral opeoings are formed by radii vectores from the origin and ordi- 
nates parallel to the axis of y. Prove that the period pf vibration, viz. 2t/p, is 

given by p*/c« = sin« (iT/2n) + sin« (iT/2/i'). 



Theory of EquaJbions of Differences. 

422. Otaatral Bqnatloiis of Motton. Let a series of n particles of masses 
m|, m,... be arranged in a straight row at intervals equal to l^, I,... and be in 
equilibrium under the action of external forces and their mutual attractions. Let 
these particles be now displaced from their positions of equilibrium either all at 
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light angles to the axis of the lov, or all akog its kngth. Lrt the displanwnenta 
at the time t be y|, y, ... y^ Oar object is to find these ^s as fonetions of the tune. 

The forces which act on the particles aie of several kinds. (1) There are the 
external forces of restitation whidi are fiinctions of the displacements of the 
particle acted on firom its po8iti<m of eqmlibriom. These most supply teims to the 
force fonction of the form - ^Zaty** ; all the higher powers of the displacements 
being rejected. (2) There are the forces of restitation which depend on the action 
of the adjacent particles on each side of the particle onder consideration. These 
must supply terms to the force function which contain sqoares of the y*s and pro- 
ducts of y*8 with adjacent suffixes. But since Sjri3rH-i=fii'+yM-i'~(yifi~y«)'> ^® 
only additional terms thus introduced into the force function will be of the form 
— \Zbi (y^^i - y^. (3) There are the forces of restitution which depend on the 
action of the two adjacent particles on each side of the particle under considera- 
tion. These supply terms to the force function containing squares and products of 
y's whose suffixes differ at most by 2. But since 2yfty^f2=:(yi^^-2^^J+3fft)*+^fce., 
where the <&c indicates squares of ^s and products of y's whose suffixes differ by 
unity, it is dear that the only additional terms introduced into the force function 
are of the form - (Zc^ isfn^ ~ ^^i + y«)'- 

The forces which depend on the action of the three adjacent particles may be 
treated in the same way. 

Besides these forces there may be some external forcei of eofutraint acting on 
the two extremities of the row. These are functions respectively of y^ and y^ and 
therefore supply terms to the force function of the form - iXy^' and - i/iy^* If 
the forces of constraint act on the two last particles at each end we must add to 
these the terms - JXj (y, - yj* and - J/«^_i (y. - y»-i)*- 

Let U be the force function and let the position of equilibrium be the position of 
reference. To simplify the argument let us in the first instance restrict oursdves 
to the following terms 

2 17 = - Xyi« - Aty„' - Sa*y»» - S6» (y^i - y»)«. 

If 2r be the vis viva, we have 2T=ZinAy*''. 

The Lagrangian equations of motion may therefore be written in the typical form 

«»»y» ' = - a»y» + [&» (y^j.! - y») - 6»_i (y» - y»_,)], 
= - a*y» + A (6»_i Ay*_i), 
where A has the usual meaning given to it in the calculus of differences. 

423. The Boundary Oonditiona. This typical equation represents the motion 
of all the particles except the first and last. It does not include the case Ae=1, 
because the term - b^ (y^ - y^* is missing from 217 and the term - Xy^' has not been 
taken account of. If the differential coefficients of these with regard to y^ were 
equal, the errors would correct each other. This gives 

Treating the other extremity in the same way, we find 

There are no particles corresponding to the values A;=0 and A;=n + 1, but the n 
equations of motion corresponding toX;=lto%=nareall truly represented by the 
same equation of differences if we suppose yo and y^^i to stand for their values as 
given by these two conditions. 

424. In the same way we may show that if we take the more general value for 
U, viz. 2C/=- Xiyi« - \ (AyJ^ - ^^^s - ^^.^ ( Ay^.J* 

- 2a*y*2 « 26* ( Ay*)^ - Sc* (AV*)^ 
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the typical equation of motion beoomes 

«Hy/ :^ - a^A + A (^.j Ay,. J - A> (cg^ A«^»^. 
The terminal conditions at one extremity are 

My.-A{<?_iAV-i)=Xiy, I 

-CoAV.=Myil' 
There are similar conditions at the other. 

425. Ketbod of Sdatloa. To solve the typical equation of motion 

nh^k" = ~ «*y» + A (6*_, AyA_i), 
we follow the method of Lagrange. To find a principal o$eiUation we pat 

yi=Ltam{pt-k-u). 
We thus have c^L, - A (&a.i ^^k-i) — p^^^ 

This equation can also be written in the form 

ht Xfj+i = (a* + 64.1 + 6» -jAfii) Xr» - 6t_i L»_j . 

If we wrote down at length the n equations given by ib=l, 2 ... n we could by 
saccessive snbstitations express the value of L, as a linear function of Lq and X.^. 
But since the ratio of L^ to L^ is given by one of the equations at the limits, we can 
find Lft in the form L^—C4> (A, p), where C is either L, or L^ at our pleasmre or any 
function of Lq and L^ See Art. 423. 

If we make a few of the substitutions indicated it will be at once evident that 
^ (K P) ^ AQ integral rational function of p* of the {k - 1)*^ degree. We must now 
substitute this result in the equation of condition at the other limit. We thus haTc 
after division by C 6^ {0 (n + 1, p)-^ («i P)} +At0(n, p)=0. 
This equation will be shortly represented by ^(p)=0. We may notice that this 
reasoning is perfectly general, so that no value of L^ not included in this solution 
can satisfy the equation of differences. 

This process is strictly Lagrange's method of finding the principal oscillations 
and the final equation ^(p)=iOis merely Lagrange's determinantal equation in an 
expanded form. Accordingly we see that it is an equation of the n^ degree to find 
the n values of p^. 

But if n be considerable this method of elimination cannot always be employed. 
The Calculus of Finite Differences sometimes enables us (as in Art. 402) to arrive at 
a solution in a simpler manner. But whatever method be adopted the solution 
obtained, whether partial or complete, must be included in that indicated above. 

426. If the given function b^ be such that bQ=Ojh^=0 and X, fi are also zero, there 
are no conditions at the limits. In this case the equation of differences defined by 
k=0 only contains Li and L,, the term - (^ [y^ - y^ being now absent. This equa- 
tion therefore determines the ratio of L^ to X.^ and the argument proceeds as before. 

It is however more convenient to regard this case as included in the former with 
the condition that y^, y^, y^.^, y^ are not to be infinite. With this proviso the 
terms - \ {y^ - y^) and h^ (^^^ - yj cannot become finite. 

427. Tbe co rresponding DilliBrentlal Bqnatlon. The limiting case of this 
equation of differences is peculiarly interesting. Let us make all the intervals 
l^ l^ &c. between the particles equal to each other and each equal to I ; and let us 
write x=hl. Then in the limit when I is indefinitely small we have dx=ly and all 
the various functions of k may therefore be regarded as continuous functions of x. 
Writing mtt^mjfix^ aj^^aydx, and bji.=bxldx the equation of differences becomes in 
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This eqaation is to hold for all values of x between certain limits, say 2b=0 to 
x=L. The conditions at the limits are 

In the same way we may find the differential equation which corresponds to the 
equation of differences given in Art. 424. 

In this equation it is not necessary to suppose y to be small, for since the 
equation is linear we may multiply y by any constant quantity we please. It is 
necessary however that all the functions and as many of their differential coeffi- 
cients as enter into the equation should be finite. 

Suppose the function &.=0 at each limit and that X and /i are both zero. The 
conditions at the limit disappear for a differential equation of the second order. 
We thus have no equation to find p. But in the following theorems, the condition 
that the' solutions chosen for y must be finite between the limits remains in full 
force. In some cases this one condition will limit the values of p. 

428. Ex. If the differential equation be -j-\(l-'9i?)^l=^]^anA the limits 

be a;=0 to ic= 1, show that no solution can be finite at both limits unless |>'=:t (t + 1) 
where i is any positive integer. 

429. This equation of differences and its limiting case the differential equation 
are of considerable importance in other besides dynamical investigations. It is 
therefore useful to notice that though the equation presented itself with a dynami- 
cal meaning, yet the results in this section are perfectly general. We may regard 
the equations of motion as simply bo many differential equations to find ^j, y^ &c, 
derived, as explained in Chap, vii., from the two auxiliary functions A and C, the 
other auxiliary functions B, D, £, F being all zero. The functions A and C are 
here called T and - U and the symbol m is here replaced by p^y - 1. 

430. Three Fropodtloiis. We immediately infer the following theorems con- 
cerning the values of p. 

Prop. 1. If the function mje or m, be positive between the limits, the function 
T will be a one-signed positive function. It therefore follows from Art. 819, that 
all the values of p' are real* 

This also follows from the theorem that all the roots of Lagrange's determinant 
are real*. 

431. Prop. 2. If the functions ajt, 5j., <&c. or a„ &., &o. as well as m^ or m, be 
positive between the limits, and if X, /a be also positive, the function C = -U will 



* Another proof that the values of p^ are all real is given by Poisson in Art. 90 
of his Theorie Mathimatique de la Chaleur. He there shows that if p^ could 

have a pair of imaginary values of the form f'^g^J-l, the integral / vigXtJJLc 

(see Art. 432) could not be zero. The argument is as follows. Since, by Art. 425, 
L* is a function of p\ it follows that the corresponding values of X, and Y„ may be 

written F±G^^-1. This leads to the result Pwi,(F« + G*) da; =0, which is an 

impossible equation if m« keep one sign between the limits. Poisson applies his 
argument to the case of a differential equation of the second order, but it may 
evidently be extended to the general case of a differential equation or an equation 
of differences of any order. 
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be a one-signed positive function. It therefore follows from Art. 316, that aU the 
values of p* are positive. 

This also follows from the theorem in Vol. i. that when the force fnnction U is 
a maximum in the position of equilibrium, that position of equilibrium is stable. 

482. Prop. 8. Let p and q be two unequal possible values of the parameter p, 
and let the corresponding solutions be indicated by the typical equations 

ffy. = Xif sin ptt and y^ = F^ sin gt. 
Then we may use the method of multipliers as explained in Chap. Tin. Art. 899, and 
assert that ZmuXiYi^ = m^^X^ Fj + . . . + m^^^Y^ = 0. 

In the case of the differential equation this becomes / m^,Ygdx=0. 

433. Btnnn** Tliaoreiiis. Bestricting ourselves to the case in which the equa- 
tion of differences has the form at^^jb - ^ (^t-i^S^i>-i) ^P^t^fei lot us compare the 
different kinds of motion indicated by different values of p'. - 

In order to realize the motions of the several particles more easily, let an 
ordinate be drawn perpendicular to the length of the row at the position of each 
particle when in equilibrium. Let the length of this ordinate be equal to the dis- 
placement of that particle at the time t. The curve traced out by the extremities 
of these ordinates will exhibit to the eye the nature of the motion. The intersec- 
tions of this curve with the axis of the row are called nodes, the maxima and 
minima ordinates are called loops. 

Let all the possible values of |> be arranged in ascending order beginning with 
the least. 

In the solution given by the least value of p, it will be shown that at any one 
moment all these ordinates have the same sign. Thus throughout the motion the 
indicating curve will form an arc with a single loop which oscillates from one side 
to the other of the axis of x. 

In the solution given by the next smallest value of p, it will be shown that at any 
instant there is one change of sign am^mg the ordinates, as we travel from one 
extremity of the row to the other. Thus throughout the motion the indicating curve 
will form a double arc with two loops separated by a node. 

In the solution given by the third smallest root there are at any instant two 
changes of sign among the ordinates. Thus the indicating curve forms three loops 
separated by two nodes, and so on through all the values of j). 

In all these cases the nodes which belong to any value of p are separated by or 
lie between the nodes which belong to the next value of p in the series. 

434. To prove these theorems we require the following lemma. Let p and q 
be two possible values of p, and let the corresponding motions be given by 
yje^XjeOn pt and yt,=:Yuemqt, We have therefore 

«*^* - A (6i_i AZ|t_i) =p%4Z|.) 
a* r* - A (6t_i Ar*_i) = «%» F* J ' 
Eliminating the function aji, we find 

This gives by summation from k=aix)h=k 

(g2 -i>2) {maXaYa+ ... + W*Ztr*} = 6fc (Zfc4.irt - ZfcF^i) - 6a-i (XaFa-i - Xa-i Yah 

The right-hand side may also be written 
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„.-„^-^ra..[..(rg-xg)]; 



In 'the limiting case in which the equation of di£Ferences becomes the differential 
equation (Art. 4^7) this lemma takes the form 

435. Cor. 1. Consider the full series of values X^, X^.,.X^ arranged in order. 
We shall have ranges of positive and negative values succeeding each other. Let 
Xa ... Jl;^ be one of these ranges in which all the constituents have one sign, while 
those on each side, viz. Z^.^ and Zjb+i* ^'^^Q the opposite sign. We shall prove that 
if ^.>V there is one change of sign at least in the corresponding range ofY*s extend- 
ing from Yft-i to Y^^^ both inclusive. 

For if possible let all these Y^s have one sign, then every one of the four terms 
on the right-hand side of the equality in the lemma has the sign opposite to that of 
the product Xji-Yk* Hence the lemma could not be true. 

We have made no assumption as to the function a^, but h^ and m^ have been 
supposed to have the same sign, and to keep that sign from one limit to the other. 

436. Cor. 2. Consider next a double range of values, say Xa...X0'i.. Xjg, such 
that all the constituents from Xa to X^^ have one sign, say negative, and X/s to X^ 
have the other sign while (to make the double range complete) Xg^_j^ and Xi^i have 
opposite signs to their adjacent constituents. Then by Cor, 1 i/ q >p T must change 
sign between Y^_^ and Y/3 and also between Y^_i and Y^^^, We shall now prove 
that a single change of sign between Tj3_i and Y/s will not st^fflce for both these 
requirements. 

For if it did, the products XaYa ... X^Yk would all have the same sign: but every 
one of the four terms on the right-hand side of the equality in the lemma has the 
sign opposite to that of the product Xi^Y^ Thus again the lemma could not 
be true. •• 

In the same way if we consider a triple range of values Xa... Xp ... Xy ... X^ so 
that X changes sign twice as k varies from one limit to the other, then by Cor. 1, 
Y must change sign between Ya-i and Y/s, Yp_i and Yy, Yy^i and Yj^.^, But it follows 
exactly as before that two changes of sign will not sulfice for all three requirements. 

437. Cor. 3. Consider the range of values Z^, Xg ... Z^ all of one sign begin- 
ning at one extremity of the complete series and such that X^^^ has the opposite 
sign. We shall prove that t/ q>p there is one change of sign at least in the cor- 
responding range of Y's extending from Yj to Yi+j. 

In this case the range begins at one extremity, we have therefore the conditions 
&o (^1 ~ -^o) =^^1 *^^ ^0 (^1 ~ ^o) = ^^1 which hold at that extremity. The equality 
in the lemma becomes therefore 

(g2 -^2) (^^XiYi + . . .m,X^Y,) = b, (Xt+i 7* - Z* Y^+J. 

If then all the Y's from Yj to Yt^i had the same sign, every term on the left- 
band side would have the same sign, and the two terms on the right-hand side 
would have the opposite sign, and thus the equality could not exist. 

Similar remarks apply to a range terminating at the other extremity. 

438. Cor. 4, Lastly consider all the n series X^... Z^, Y^ ... Y^, &c., &o., cor- 
responding to the n values of p, q^ &c. arranged in order of magnitude beginning at 
the least. By the preceding corollaries, each of these series ;nust have at least one 
more change of sign than any series before it. As there are but n terms in each 
series, the last, i. e. the w*"*, can have but w - 1 changes of sign. Hence the first 
series has iu) changes of sign^ the second has one change, the third has only two and 

R.D. II. 16 
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$0 on. Also the changes of sign in each series altematey in the manner already 
explained^ with the changes of sign in any series next to it. 

439. It should be noticed that m Cor. 1 and 2 no use has been made of the 
conditions at the limits. In these propositions therefore p and q are any arbitrary 
quantities except that q must be greater than p. In Cor. 8 the conditions at one 
limit are introduced, so that all three corollaries are true if only XJXq^YJYq at 
one limit. Finally in Cor. 4 the conditions at both limits are supposed to be 
satisfied and therefore p and q must now be different roots of the equation repre- 
sented in Art. 425 by ^ {p)=0. 

440. Let us suppose that the conditions of constraint at one limit are satisfied 
as in Cor. S. We may therefore write the lemma in the form 

{^ -!>«) 2mXr= 6^ {X^,Y^ - Z^F^J, 
when the summation extends from A; = 1 to k=n. Since p and q are now arbitrary 
quantities we may put q*=pl^ + dp'. We therefore hare to the first order of small 
quantities dp^ZmX^=h^ (X^i dX^ - X^dX^^. 

This equation may be written in the form 

But the quantity in brackets is the left-hand side of the equation ^ (i')=0 arrived 
at in Art. 425 as the equation to find aU the possible values of p when the condi- 
tions of constraint at both extremities are taken account of. We therefore infer 

It immediately follows from this equation that no value of p can make both 
^ (jp) =0 and }f/ (jp) =0. The equation ^ (p) =0 cannot therefore have equal roots. 

441. Ex. 1. If n particles of any masses at any intervals be arranged in a 
straight row, as already explained, and oscillate transversely with the motion indi- 
cated by any one value of the parameter p, prove that the straight line joining 
any two particles cuts the axis of the row in a point which is fixed throughout the 
motion. 

Ex. 2. If yit=iXu%mpt represent the principal oscillation corresponding to 
the value p^ prove that 

1)» Sot* Jfc« = SatZfc* + 2Jfc (Xfc4.i - X*)* + XXi» + fiX^. 
The two first 2's imply summation extending from A; = l to k=n, and the third 
from i=l to ifc=n-l. 

Ex. 8. If ajti hit and m* be all positive and 2ir/p be the longest period of a 
principal oscillation, prove that p' is less than the greatest value of (a;i+ &»+&t-i)/mft 
and greater than the least value of ajmj^ 

If 20/j) be the shortest period of a principal oscillation, prove that p^ is greater 
than the least value of (at+^A+^ii-O/mt and less than the greatest value of 
(at+ 2&t+2&t_i)/mt. In this example h^ and h^ are to be taken equal respectively to 
X and /i. 

Ex. 4. If the function a^ and li^ keep one and the same sign or are zero, show 
that no value of p can be zero unless X and ft. are both zero. 

Ex. 5. Let yu=XkBmpt, yu^Yu^rnqt represent two principal oscillatory 
motions such that q is greater than p. If a range of values be taken, say Xa ... Z^, 
which are all of one sign and such that X^ is at a loop and that a node lies between 
A'a_j and Xo, prove that either a node or a loop lies within the range F^.j . . . 1%. 
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Thence show that either a node or a loop of the shorter-timed oscillation must 
lie within (or at the boundaries of) the space joining any node to any loop of the 
longer-timed oscillation. 

Ex. 6. In the equation P j^ + Q^-\-Ry=pSy, where P, Q, B, 8 are given 

fanctions of x, let y=:X and yz=Y he two solutions corresponding to different 
values of p, and let ft, be the integrating factor of the first two terms on the left- 
hand side. Prove that ffiSXYdx=0 for any limits, between which X, Y and their 
differential coefficients are finite provided that at each limit either 

dY/„ dX 



^=«-i-/r=^^/x. 



dx' dx 

The differential equation of the second order mentioned in Art. 427 is discussed 
by 0. Sturm in the first volume of Liouville*s Journal. He there establishes the 
theorems given in Art. 433 which we have called after his name. The- extension of 
these to equations of finite differences will be found in a paper by the author in 
the eleventh volume of the Proceedings of the Mathematical Society ^ 1880. The 
theorems on a network of particles are taken from a paper by the author in the 
fifteenth volume of the same Proceedings, 1884. 
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CHAPTER X. 



APPLICATIONS OF THE CALCULUS OF VARIATIONS. 

Principles of Least Action and Varying Action. 

442. Two llindamental equations. Let (q^, g,, q^, &c.) 
be the co-ordinates of a system of bodies, and let q stand for 
any one of these. Let 2 T be the vis viva of the whole system 
and U the force-function, and let Z =T-|- CT. As before let accents 
denote diflferential coefficients with regard to the time. 

Let us imagine the system to be moving in some manner, 
which we will call the actual motion or course. Then y , 9,, 
&C. a^e all functions of t, and it is generally our object to find the 
form of these functions. Let us suppose the system to move in 
some slightly different manner, i.e. let q^, q^, &c. be functions of t 
slightly different from their actual forms. Let us call the motion 
thus represented a neighbouring motion or course. We may pass, 
in our minds, from the actual motion to any neighbouring motion 
by the process called variation in the calculus of that name. By 
the fundamental theorem in that calculus 

where the letter S implies summation for all the co-ordinates 
?i» 9«» ^^* ^^^ ^^ ^® implied by the square brackets that the terms 
outside the integral sign are to be taken between limits. 

The co-ordinates being independent of each other, each sepa- 
rate term undfer the integral sign vanishes by Lagrange's equations, 
arid we have therefore 



-[-^«+^ !%];■. 



where H is the reciprocal function of L, as explained in the first 
volume of this treatise. 

The integral I Ldt has been called by Sir W. R Hamilton 

J to 

the principal function, and is usually represented by the letter 8. 
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If the geometrical equations do not contain the time explicitly, 
T will be a quadratic homogeneous function of the velocities; 
we have therefore t {dTldq) y = 27. In this case H=T-U. The 
equation of vis viva will now hold and therefore T—U=A, where h Suul T :'k f 
is a constant which represents the energy of the system. The 
Hamiltonian equation just proved now takes the simpler form 

443. Other functions may be used instead of 8. Let us put 



» • 



8F=r^SJJ+2^SjT\ 



The function Fis called the characterisiic function. 

If the geometrical equations do not contain the time explicitly, 
we have H — A, where A is a constant which may be used to repre- 
sent the whole energy of the system. In this case 

F=/S + A (^,-0 = f\T+U)dt + r\T-- U)dt, 



to 

.-. F= 2 r Tdt. 

Jto 



The function V therefore expresses the whole accumulation of the 
vis viva, i.e. the action of the system in passing from its position 
at the time ^^ to its position at the time t^. 

For the sake of simplicity it will be genemlly assumed in this 
section that the geometrical equations do not contain the time 
explicitly. 

445. In the proof of these theorems we have supposed that all the foroes are 
oonservative. If in addition to the impressed foroes there are any reactions, such 
as rolling friction, which cannot be taken account of by reducing the number of 
independent co-ordinates, we must use Lagrange's equation in the form 

d dL ^^ ^ p 

dt'dq' dq^ * , 

where, as explained in Vol. i., PSq is the virtual moment of these reactions corre- 
sponding to a displacement dq. In this case the quantity under the integral sign 
will not yanish unless the variations are such that 

XP{dq-q'8t)=0. 
Now q being the value of any co-ordinate in the actual motion at the time f, 
q-k-dq ia its value in a neighbouring motion at the time t+dt. But q'dt is the 
change of g in the time St^ hence q + bq- ^8t is the value of the co-ordinate in the 
neighbouring motion at the time t. The neighbouring motions must therefore be 
such that the virtual moments of the reactions corresponding to a displacement of 
the system from any position in the actual motion into its position in a neighbour- 
ing motion at the same time is zero. With this restriction on the variations, the 
two equations which express the variations of S and V will still be true. 
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446. hnnflhmr ftoo& We may also establish these theorems withoat the ase 
of Lagrange's equations. Let x,y,zhe the Cartesian oo-ordinates of any particle, 
and let m be the mass of this particle. Let U be such a function that dXJIdx, 
dUldy, dVjdz are the components of the impressed forces on this particle in the 
directions of the axes. We may write mX, mY, mZ as usual for these compon^its. 

Then L=r+ 17= JS« (x'^+^+^T^ + U. 

By the fundamental theorem in the Calculus of Variations, we have 

,/^L^=[L«]S[2g(ax-^«,]%/j.(g-|g)(,.-.'«,<... 

where the variations Sac, &o, are connected together by the geometrical relations of 
the system. If we substitute for L and remember that T is a homogeneous quad- 
ratic function of a/, y\ z', this becomes 

Now dx - ac'dt is the projection on the axis of x of the displacanent of the particle 
m from its position in the actual motion at the time t to its position in a neigh- 
bouring motion at the same time. Hence the part under the integral sign vanishes 
by the principle of virtual velocities. 

The term 'Lmafdx is clearly the virtual moment of the momenta. If the co- 
ordinates be expressed as functions of any independent quantities q-^, ^, (j^c, it has 
been proved in the first volume that this is equal to 2 {dTjdq') dq. Putting 
T- 17= If we have as before 

5p^Ldt= [-.ir«« + S {dTjdq^dq'Y^, 

447. Principle of Least Action. Let us call the positioDs 
of the system at the times f^ and t^ the initial and terminal posi- 
tions. Let us suppose these fixed so that the actual motion and all 
its neighbouring motions are to have the same initial and terminal 
positions. In this case hq vanishes at each limit and the two 
fundamental equations giving the values of iS and 8 F take the 
simpler forms 

S/Sf = 8 {^^Ldt = - A {U^ - U,\ 

J to 
J to 

where it has been supposed that the geometrical equations do not 
contain the time explicitly. 

If the time of transit of the system from its initial to its terminal 
position be also given, we have S^^ = hf^y and therefore 

8 rLdt = 0. 



p 

Jto 



If the constant h be given, or which is the same thing, if the 
energy of the system be given, we have SA = 0, and therefore 

8 rcZe = 0. 

^^0 
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448. Since 8 V= 0, it follows that for the actual motion Fis a 
maximum or minimum, or at least the change it undergoes in 
passing to any neighbouring motion is of the second order of small 
quantities. It cannot be a maximum since by causing the bodies to 
take circuitous paths we may make Fas large as we please. Again, 
since the vis viva cannot be negative there must be some mode 
of motion from one given position to another for which the action 
is the least possible. When therefore the equations supplied by 
the Calculus of Variations lead to but one possible motion that 
motion must make F a minimum. But when there are several 
possible modes of motion, though none can be a maximum some 
may be neither maxima nor minima. With this understanding 
we may infer the two following theorems. 

449. Let any two positions of a dynamical system be given, 
the actual motion is such that jTdt is less than if the system 
were constrained, without violating any geometrical conditions, to 
move in some other manner from the one position to the other 
with the same energy; these other motions being such that, 
throughout, T is the same function of the co-ordinates and their 
dififerential coeflBcients. This particular inference from the general 
equations in Art. 447 is usually called the Principle of Least 
Action. 

In the same way, if the system move in the varied course not 
with the same energy, but in the same time, from the one given 
position to the other, then jLdt is Sk minimum. 

450. Maupertois conceived that he conld establish h priori by theological argu- 
ments that all mechanical changes must take place in the world so as to occasion 
the least possible quantity of action. In asserting this it was proposed to measure 
the action by the product of the velocity and space; and this measure being 
adopted, mathematicians though they did not generally assent to Maupertuis* 
reasonings found that his principle expressed a remarkable and useful truth, which 
might be established on known mechanical grounds. Whewell's History of the 
Inductive Sciences^ Vol. ii. p. 119. 

Euler, at the end of his TraitS des IsopSrimetr^Sy 1744, established the truth of the 
principle for isolated particles describing orbits about centres of force. This was 
afterwards extended by Lagrange to the motion of any system of bodies acting in 
any manner on each other. In deducing conversely the equations of motion from 
the principle of Least Action, Lagrange seems to have fallen into some errors which 
were pointed out by Ostrogradsky in his MSmoire sur les Equations differentielles 
relatives au probJ^ine des Isopirim^tres published in the Memoirs of the Academy of 
Sciences at St Petersburgh in 1850. 

451. Motion deduced from the Calculus of Variations. 

By making the first variation of either V or S equal to zero (under 
the given conditions) according to the rules of the Calculus of 
Variations we may conversely find the co-ordinates q^, g^, &c. 
as functions of L Amongst these functions of the time we shall 
certainly find the motions given by Lagrange's equations because 
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we have just proved that these make the first variations equal to 
zero. But it is possible that there may exist other courses or 
modes of conducting the system from the initial to the terminal 
positions which (though contrary to mechanical laws) may make 
K or iS a minimum. It is easy to see that some other courses 
must exist, for the two positions may be so placed that it is 
impossible to project the system from the initial position with a 
given energy so as to pass tlirough the terminal position. Thus 
suppose it is required to project a particle under the action of 
gravity ftx)m an initial position with a given velocity so as to pass 
through a position B on the horizontal line through A, but beyond 
the maximum range. We know that this cannot be done with 
real conditions of projection in a real time. Yet some course of 
minimum action from A to B must exist. We shall now show, 
(1) that the ordinary processes of the Calculus of Variation^, 
which are founded on the supposition that the variations of the 
independent co-ordinates may have any sign, lead only to La- 
grange's equations ; (2) that there are certain other modes of 
motion which are so situated that the co-ordinates (along some 
part at least of the course) cannot be made to vary on one side 
without introducing imaginary quantities, and that when these 
impossible variations are omitted such courses may give a maxi- 
mum or minimum. 

452. Oontlniioiui Mottoai. Beginning with the first of these two propo«i- 
sitions, let us make dS and SV equal to zero according to the rules of the Calculus 
of Variations. 

Taking 9/Ldt=0 where the time of transit is given, we immediately have 

for all variations. Smee the dq*a are all arbitrary and independent, it follows that 
each coefficient under the integral sign must vanish separately. In this manner we 
are led directly to Lagrange's equations of motion. • 

453. If the action U to be a minimum some further considerations are 
necessary because the condition that the energy T-U should be constant may act as 
a limit to the variations which can be given to the co-ordinates. Let h be this 
constant, then following Lagrange's rule in the Calculus of Variations we put 

W=T + \(T-U-h) and make d/Wdt^O, 
without regard to the given condition. Afterwards we choose the arbitrary quantity 
X so that the given condition is satisfied. Then S/Wdt being zero for all variations 
of the co-ordinates, it immediately follows that d/Tdt is also zero for all variations 
which do not violate the given condition. With the same notation as before 
we have 

where the integrals and the quantities in square brackets are to be taken between 
the given limits, which are omitted for the sake of brevity. 

First, let us consider the part outside the integral sign. The initial and final 
positions being given, each iq=0. We therefore have 

{W-:2(dWldq')q']5t = 0, 
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This equation is satisfied by df =sO, but since the time of transit is not to be the 
same in the actual and varied motions this factor is to be rejected. Also T is a 
homogeneous quadratic function of the ^'s, hence 2 {dTldq')^=2T. Substituting 
for W its value and using this equation we find (1 + X) T + \{U-^h)=0. But X is 
such that T-U=h. Hence (1 + 2X) T= 0, and therefore X = - J. 

Next, consider the part under the integral sign. By the rules of the Calculus of 
Variations we have (since the 8q^a are all arbitrary) the typical equation 
V dIF d FT 

dq dt dq' 

Substituting for W and giving X its value just found, we have the typical 
Lagrange's equation. 

454. Ex. If we add to the conditions used in the principle of Least Action the 
condition that the time of transit as well as the energy is to be the same in all the 
varied motions, show that the minimum does not in general lead to Lagrange's 
equations. Following the same notation as in the last article, show that the mini- 
mum for a given time (not necessarily equal to the time of free transit), leads to 
\=-i + AIT, where A ia a constant to be so chosen that the energy has its given 
value. Show also that when the time of transit is given so that A=0, the minimum 
thus found is the least. 

455. Difleontiimoiui Kotlona. Turning now to the second proposition men- 
tioned in Art. 451, let us investigate if there can be any other modes of motion 
besides those just found, which make the first variation of the action equal to zero. 
In obtaining these equations it is assumed that the iq^s are all independent ; but, if 
the conditions of the question imply any boundary, this may not be true for any 
actual motion which takes the system in the immediate neighbourhood of that 
boundary. Thus, in our case, since T cannot be negative, all positions of the 
system outside the boundary 17+^=0 are excluded. In the immediate neighbour- 
hood of this boundary the variations of the co-ordinates may not be susceptible of 
all signs*. It follows that a motion along the boundary may be a course of mini- 
mum action though not given by the ordinary equations of the Calculus of 

> Variations. 

It is evident that we cannot make the system travel along the boundary whose 
equation is U+h=0 because this requires all the velocities to be zero. But the 
system may travel as near as we please to this boundary with a total ** action " as 
small as we pleasa The following discontinuous motion may therefore be a course 
of minimum action. First project the system from its given initial position (A) 
with such velocities and directions of motion, but with the given energy, that every 
particle may come simultaneously to rest. Assuming the equations to give real 

* Exceptional cases, similar to these, occur in the theory of maxima and minima 
in the Differential Calculus. When the independent variable is not capable of 
unlimited increase, but is bounded in one or both directions, its value at either 
boundary sometimes corresponds to a maximum or minimum value of the dependent 
variable, though this is not found by making the differential coefficient equal to 
zero. 

In the Calculus of Variations some instances in which the variations at the 
boundaries are not susceptible of every sign are given in De Morgan's Differential 
Calculus, page 460, &c. These appear to have been rediscovered by Dr Todhunter 
in his " Researches in the Calculus of Variations" Art. 18. See also Chap. viii. of 
his "Researches &c." 
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conditions of projection, the system is then sitaated on the boundary. Let 
this position be called B, Next move the system dose to the bomidary until it 
reaches such a position (C) that on being set free without velocity it passes through 
the given terminal position (D) under the action of the forces represented by U, 
The motions from A to B and C to D are courses of minimum action, while the 
action from £ to C may be made as small as we please. 

456. We may show that the action along this discontinuous course is really a 
minimum. To prove this, let us take any neighbouring motion beginning at A and 
ending at D. Let B\ C be any positions of the system on the neighbouring course 
near B and C respectively. Since 5h=0, the action (Art. 443) along AB' exceeds 

that along AB by dV=[j^{dTldq^dqJ}, This vanishes at the lower limit since 

both courses begin at A. Since T is a quadratic function of the velocities, dT/dq' 
contains a velocity in every term and all these velocities vanish in the position B, 
i.e. at the upper limit. We therefore have SV=0, We infer that the difference 
of the actions along AB and AB' is of the order of the quantities neglected in 
investigating this expression for dV. Thus the difference of these two actions is of 
the order of the squares and products of dq and Sq'. 

Next let If' be any position on the neighbouring motion B'Cf so that the change 
of place B'M' is finite. The velocities in every position of the system between B' 
and M' are of the order 6q'y and hence the semi vis viva T is of the order {Bq')\ 
But the time of transit from B' to M' varies inversely as the mean velocity, hence 
the /Tdt, i. e. the action from B' to M\ is of the first order of small quantities, 
viz. 8q'. This action is essentially positive, and we have just proved that it is 
infinitely greater than the difference of actions along AB and AB', Hence the 
action along AM' is greater than that along AB, 

In the same way ii N'he& position of the system properly chosen on the neigh- 
bouring course nearer C, we may show that the action along N'D is greater than 
that along CD. The action along M'N! is also greater than that along BG. It 
follows therefore that so long as the separation in space between the positions B 
and C is finite, the action along ABCD is less than that along any neighbouring 
course. 

457. Ex. If we use the principle of least action in the manner explained in 
Art. 453 we virtually remove the restriction on the variation of the co-ordinates. 
Show that in the discontinuous course the first variation of fWdt is zero if we 
regard X as a discontinuous function which is equal to - ^ along the courses AB, 
CD and equal to zero along the course BC, 

458. Is the Action an actual minimum P To determine 
whether the integral is a maximum or a minimum or neither, 
we must examine the terms of the second order in the variation 
of the integral to ascertain if their sum keeps one sign or not for 
all variations of the independent variables. This is a very trouble- 
some process, but it is unnecessary to discuss it. It will be 
sufficient to remind the reader of some remarks of Jacobi, given 
in the seventeenth volume of Crelle's Joumaly 1837, and trans- 
lated in Dr Todhunter's History of the Calaulus of Variations, 
page 250. 

Suppose a dynamical system to start from any given position 
which we shall call A, and to arrive at some position B, If the 



PRINCIPLE OF LEAST ACTION. 251 

time be given, the motion is found by making SjLdt = 0; if the 
energy be given, by making BJTdt=0. The constants which 
occur in integrating the differential equations supplied by the 
Calculus of Variations are to be determined by means of the 
given limiting values ; but as this involves the solution of equa- 
tions there will in general be several systems of values for the 
arbitrary constants, so that several possible modes of motion from 
AtoB may be found which satisfy the same differential equation 
and the same limiting conditions. Now let one of these modes 
of motion be chosen, and let the position B approach A, so as to 
be always on this chosen mode of motion. Suppose that when B 
reaches the position G another possible mode of motion from A 
to B is indefinitely near to the chosen motion. Then G determines 
the boundary up to which or beyond which* the integration must 
not extend if the integral is to be a minimum*. 

Jacobi illustrates his rule by considering the principle of least 
action in the elliptic motion of a planet. Let S be the sun, and 
let the particle start from A towards aphelion to arrive at a point 
B. The path is known to be an ellipse with 8 for focus. Since 
we use the principle of least action, the energy of the motion is 
given: hence the major axis of the ellipse is known, let this be 2a, 



* One part of the argument may be briefly sketched thus. Let the system 
depend on two co-ordinates q^ , q^ and let fWdt be the integral under consideration. 
Bestricting ourselves to such variations as have the limits fixed, the terms of the 
first order may be written f{Mu+Nv)dtj where u and v contain the arbitrary 
variations. Since u and v may have any sign, we have along the chosen course 
M=0, N=0, The second variation of this integral may be written f(dMu + dNv) dt, 
where 5M= (dM/dqi) Sq^ + (dM/dq^') dq^' + (dMIdq^) Sq^ -I- {dMjdq^) dq^ and m is ex- 
pressed by a similar equation. 

Let the equations to the chosen course be 

gi=0(<, Oj, a2» H^ «4)» 32=^(^1 %> ^2» ^8» "4)* 
where a^^ag, 03, a^ are the four constants of integration. These are of course 
the integrals of the differential equations 31=0, 2^=0. The equations to the 
neighbouring course which brings the system from the position A to the position G 
are found by writing a^ + Soj, Ac. for a^, &c. It therefore follows that 5gi = S (d<f>lda) da 
and Sq2=^(d\l/lda)Sa is a solution of the simultaneous differential equations 
5L=0, dM=0. 

This variation from the chosen course must therefore make the terms of the 
second order vanish. Thus, by Taylor's theorem, dfWdt is now expressed by the 
terms of the third order. Since 51/ =0, 8M=0 are linear equations to find Sg^ and 
Sq2, they are still satisfied if we change the sign of all the constants da^, &c. at 
once. The terms of the third order may therefore be made to be of any sign. 
Thus dJlVdt does not keep one sign for all variations from the chosen course. 

The result is that if the final position B be at C, variations from the chosen 
course can be found which make dfWdt either positive or negative. If B be beyond 
C the same conclusion follows, for we may conduct the system from A to C along 
the neighbouring course and then from C to i? along the chosen course. 
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The other focus H of the ellipse is the intersection of two circles 
described with centres A and B and radii 2a — SA, 2a — SB re- 
spectively. The two intersections give two solutions which only 
coincide when the circles touch, that is when the lioe AB passes 
through the focus H. Thus if we draw a chord AC through H 
to cut the ellipse described by the particle in C, then the terminal 
position B must fall between A and C if the integral which occurs 
in the principle of least action is really to be a minimum for this 
ellipse. If B coincide with C, then the second variation cannot 
become negative, but it can become zero, so that the variation of 
the integral is then of the third order, and may therefore be either 
positive or negative. If B be beyond G the second variation 
itself can become negative. 

If the particle start from A towards perihelion, then the ex- 
treme point C is determined by drawing a chord A C through the 
focus S to cut the ellipse in G. For if A and G are the limits we 
can obtain an infinite number of solutions by the revolution of 
the ellipse round AC. If in the last case the second limit B fall 
beyond G, Jacobi considered that there would be a curve of double 
curvature between the two given points for which the action is 
less than it is for the ellipse. But this supposition is unnecessary, 
for the discontinuous course spoken of in Art. 456 supplies the 
minimum for this case. 

459. BzamplM. Ex. 1. A particle, under the action of a centre of force at O 
whose attraction varies as the distance, is projected from a given point A with a 
given velocity in such a direction as to reach another given point B. If (7 be the 
first point on the elliptic path at which the tangent is perpendicular to the direction 
of projection at A^ prove that the "action" from ^ to ^ will be or will not be a 
minimum according as B is between A and C or beyond G, 

If B lie within a certain ellipse having its centre at O and one focus at A, prove 
that there are two directions in which the particle can be projected from A to reach 
B and that the action is a minimum for one of these and not for the other. If B 
lie outside this bounding ellipse, the particle cannot reach B, If 0^ be produced 
to D, where D is such that the velocity of projection at A is equal to that acquired 
by a particle starting from rest at Z> and moving to A under the action of the 
central force, prove that the major axis of the bounding ellipse is equal to twice the 
distance OD, 

If the point B be without the bounding ellipse, the particle can reach B only if 
properly conducted thither by some curve of constraint. The curve of minimiun 
action can be found by the following construction. Produce OA, OB to meet the 
auxiliary circle of the bounding ellipse in E and F, The required path is in- 
definitely near to AEFB, 

To prove these results, let us find the direction of projection from A that the 
particle may pass through B, We notice that if OD=kj the sum of the squares of 
any two semi-conjugate diameters is k^. Bisect AB in N and let ON=x, 
NA=NB=:y. Let the required direction of projection from A cut ON produced 
in T, Then from the equation to the ellipse we have a quadratic to find OT , 
showing that there are in general two elliptic paths which may be described iu 
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passing from A to B, Let the tangents at ^1 to these intersect ON produced in 
T and U\ we deduce from the quadratic that OT . OXJ^k^ and NT , NU^yK 
These equations determine T and U, 

We see at once that the two directions of projection coincide when Or=X;, i.e. 
when the tangents at A and B, viz. AT and JBT, are at right angles. 

Describe two circles with centres and N and radii equal to k and y respectively. 
Describe a third circle on TV as diameter. Since OT . OU=J^ this third circle 
cats the circle with centre O at right angles. Similarly it cuts the circle with 
centre N at right angles. The tangents from the centre JR of this third circle are 
therefore equal. The centre R is therefore on the radical axis of the circles whose 
centres are and N. This gives an easy geometrical construction to find T and TJ. 

The points T and 1J will be imaginary unless the radical axis lie outside the 
circles. The circles must therefore not intersect. Hence ON+NA must be less 
than h Produce AO to A' so that OA'=OA, Then we see that AB+BA' must be 
less than 2k. Hence unless B lie within an ellipse whose foci are A and A' and 
major axis 2i&, the particle cannot be projected from A to pass through B. 

Ex. 2. A particle is projected from a given point A under the action of gravity 
and ^C7 is a focal chord of the parabola described. Prove that the action from A 
to B is not a minimum unless B lie on the parabola between A and C JiB lie 
beyond C7, find the path which makes the action a minimum. 

The first result follows at once from Jacobi's example. To answer both these 
questions, we notice that there are two directions (if any) in which a particle may 
be projected from one given point A to pass through a second given point B, These 
have their foci 5, 8' one above and the other below the chord A B, so that SS' and 
AB bisect each other at right angles. These paths coincide when B is at C, and 
wherever B may be one of these has its focus below AB, This parabola is the 
path required. 

Ex. 3. A particle, projected from a given point A with a given velocity, describes 
a circle about a centre of force on the circumference whose attraction varies in- 
versely as the fifth power of the distance. If B be any other position on this circle 
through which the particle will pass before arriving at the centre of force, prove 
that the action from il to B is a minimum according to Jacobi's condition. . 

460. Lasraose's tranaConnatlon. Lagrange has given a general view of his 
transformation from Cartesian co-ordinates which seems worthy of notice. Let L 
be any function of x, x\ <&c., y, y', Ac and of t, not restricting ourselves to dif- 
ferential coefficients of the first order. Let the variables x, y. Sec, be transformed 
to others q^ q^ &c. by writing for ob, y, <fec. any functions of ^j, q^ &Q, and of t. 
The function L is thus expressed in two ways. By comparing the two values of 
d/Ldtf given by the Calculus of Variations when the time is not varied, we see that 
ftr fdL d dL . \ , ,, [ti^ fdL d dL ^. \ , ., 

is equal to the difference of the integrated portions of the two variations. Hence the 
expression under the integral sign must be a perfect differential with regard to t, 
quite independently of the operation 9, But this cannot be unless the expression 
is zero, because it contains only the variations 8x, 8q, &o, and not &e differential 
coefficients of these variations. We have therefore the general equation of trans- 
formation 

^fdL d dL ^ \ , ^fdL d dL ^ \ , 

where the Z implies summation for all the variables x, y, Ac, qi, q^ &e. 
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If Xt yj <feo. be Cartesian co-ordinates and if !» be of the usual form ^na^-h Uf 
the left-hand side of this equality yanishes by virtual Telocities. Henoe the right- 
hand side must also vanish. The g's being all independent, we are led to Lagrange's 
equations. 

461. Oyelieal Blottons. When the geometrical equations do not contain the 
time explicitly the symbol H or h may be used to express the energy of the system. 
If we represent the energy by E, Sir W. B. Hamilton's fundamental equation may 

be written 2a jTdt=t5E+ fz ^8gT . 

This equation has been applied to the motion of a system of bodies oscillating 
in such a manner that the motion repeats itself in all respects at some constant 
interval. Let this interval be t. Suppose that some disturbance is given to the 
system by the addition of a quantity of energy dE, Let the system be such that 
the motion still recurs after a constant interval, and let this interval be now 
i + di. The symbols of variation in Hamilton's equation may be used to imply a 
change from one kind of motion to the other. If the time t be taken equal to the 
period i of complete recurrence, the initial and terminal states of motion are the 
same and therefore the last term vanishes when taken between the limits. The 

equation reduces to 2d jlTdt=i6E. Let T^ be the mean vis viva of the system 
during a period of complete recurrence of the motion, i}ieiLjlTdt=iT^, We 

therefore have - - = 2 - . ** . 

This equation may be put into another form. Let P^ be the mean potential 
energy of the system during a period of complete recurrence ; then we have 

dP^+dT^=8E, 

which serve to determine the change in the mean potential and kinetic energies 
when any additional energy dE is added to the system. 

These or equivalent equations have been applied by Bolzman, Clausius and 
Szily to the Dynamical Theory of Heat. The papers of the two latter are in 
various numbers of the Philosophical Magazine extending from 1870 onwards. 
The second of the equations above written may be called Clausius' equation. 

462. Ex. 1. If the period of complete recurrence of a dynamical system is not 
altered by the addition of energy, prove that this additional energy is equally dis- 
tributed into potential and kinetic energy. See Art. 73. 

Ex. 2. A quantity of energy dE is communicated to a system whose mean 

semi vis viva during a period of complete recurrence is T^. This is repeated 

continually, so that at last the mean vis viva and the period of complete recurrence 

fdE 
are the same as at first. Prove that 1^=0. This example is due to M. Szily, 

J m 
and is important in the Dynamical Theory of Heat. 

On the Solution of the General Equations of Motion, 

463. Hamilton's Solution. Sir W. E. HamUton has ap- 
plied his fundamental theorem expressing the variation of the 
Principal and Characteristic functions to obtain a new method of 
solving dynamical problems. 
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Let (a^, a/, a,, a' &c.) be the values of {q^y g/, y,, y/, &c.) 
when <= t^, and let T^^ he the same function of (oTj, a/, &c.) that 
r is of (jj, ^,', &c.). We have then by Art. 442 when t is written 
for the upper limit 

aq '^ da " * 

It is clear that both 8 and V may be regarded as functions of 
the time and the initial conditions of the system of bodies, i.e. we 
may regard either of these quantities as a function of t^, t, a^, a,, 
&c., a/, a/, &c. • Also the co-ordinates y,, y,, &c. are functions of 
t^, t and the same initial conditions. Though these functions are 
in general unknown, yet we can conceive the initial velocities 
a^\ a/, &c. eliminated, so that 8 and V are now functions of t^, t, 
and a,, a^, &c., q^, q^, &c. the co-ordinates of the system at the 
times t^ and t 

Let 8 be thus expressed, then, by the equation for 88, we have 
the typical equations 

d8 dT d8 dT. 



J > ~jT — ~jZi' • 



dq dq* da da 

Since T is not a function of q'\ the first of these equations 
contains no differential coefficient of a co-ordinate higher than the 
first. This equation, therefore, represents typically all the first 
integrals of the equations of motion. 

Since T^ contains only the initial co-ordinates and the initial 
velocities, the second equation has no differential coefficient of 
any co-ordinate in it. This equation, therefore, represents typically 
all the second integrals of the motion. 

Besides these we have the two equations 

dS jj. d8 jT- 

dt \ dt^ °* 

where, if the geometrical equations do not contain the time ex- 
plicitly, we may put h for U, h being a constant. In this case 
these integrals may be used to connect the constant of vis viva 
with the constants (a, a', &c.). 

Comparing Art. 447 with these results we see that 8 is such 
a function, that all the equations of motion and their integrals are 
included in the statement that h8 is a known function of the 
variation of the limits. If we keep the limits fixed, we get 
Lagrange's equations ; if we vary the limits we get the integrals. 

464. In just the same way, if we regard y/, q^, &c., as 
functions of t, the initial co-ordinates and their initial velocities, 
we may eliminate t also by means of the equation 
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We may eliminate t^ also by means of a similar equation 
giving H^ in terms of the initial conditions. Both these reduce 
to H = b^^T --U when the geometrical equations do not contain 
the time explicitly. 

Let us suppose Y to be expressed in this manner as a function 
of the initial co-ordinaies, the co-ordinates at the time t, and of H 
and Hp. Then, by the equation for SF, 

dV^dT dV dT, dV _ §I_^__f 

dq dq' da^ da" dH^^' dH, ^^ 

Supposing \ tohe known, the first of these equations gives in 
a typical form all the first integrals of the equations of motion. 
The second supplies as many equations as there are co-ordinates 
(q,, q,, &c.). When the geometrical equations do not contain the 
time explicitly these do not contain t, but they all contain h. 
One of them, therefore, reduces to the relation between this 
constant and the constants (a, a\ &c.). The two last equations 
become dVldh^t — t^, This will give another second integral of 
the equations of motion containing the time, 

465. The typical expression dTfdq has been called in Vol. i. 
the momentum corresponding to the co-ordinate q or, more briefly, 
the q component of the momentum. We may therefore say that 
the q component of the momentum is given by dSjdq or dVjdq 
according as we are using S or V, 

The momenta corresponding to the co-ordinates y,, g,, &c. will 
be represented by the symbols j^j,!)^, &c., or typically by the single 
letter p, 

466. If Q= r (2g/+H)(i«, where 1>=^, prove that 5Q=[jBr5«+Sg5p]J^ . 

Thenoe show that if Q be expressed as a function of the initial and terminal 
components of momentum, viz. (&^, h^i <fto.) and (p^^ p^ (fee.) and of the times t^ and £, 

then 3^=3, -,^ = - a, -^^H. This result is due to Sir W. R. Hamilton. 
dp do dt 

467. Ibcainples. Ex. 1. A homogeneous sphere of unit mass rolls down a 
perfectly rough fixed inclined plane. If the position of the sphere is defined by the 
distance q of the point of contact from a fixed point on the inclined plane, show that 

where g is the resolved part of gravity down the plane and ^0=0. 

Thence obtain by substitution the Hamiltonian first and second integrals of the 
equation of motion. 

We easily find, as in Vol. i., that q=a + a't-\-^gt^. Also T—^q'^, U=gq, 
To find S, we subsjtitute in 8=J^ (T+ U) dt. After integration we niust eliminate 
a* by means of the equation for q, 

Ex. 2. Taking the same circumstances of motion as in the last example, show 

that F=^ VV-{(fl'ff + ^)*-07« + ^)*}. Thence also deduce the Hamiltonian first 
og 

and second integrals. 
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Ex. 3. Sho^ how to deduce the equation of vis viya, from the Hamiltonian 
integrals. 

We have V a function of g,, g-, Ac. and J?. Hence -T-=S-5-g'+^i=. -rr » 

* "^ (ft dq ' o£r at 

which becomes by Hamilton's integrals 2T=Z {dTldq') g'+« {dHldt). When T is a 
homogeneous quadratic function of (g/, q^\ ^c.) this gives dHldt^O, or ir= con- 
stant. The equation of vis viva may also be deduced from Hamilton's principal 
function. 

Ex. 4. When the geometrical equations do not contain the time explicitly, 
show that no two of the Hamiltonian integrals can be the same and ho one can be 
deduced from two others. 

If it were possible that two could be the same, the ratio of dT/dg/ to dTjdq^ must 
be some constant m. Integrating tbis partial differential equation we find T to be a 
homogeneous quadratic function of g/ - mg,', g,', &o. It would, therefore, be possi- 
ble "to set the system in motion, with values of g/ and qi which are not zero, and 
yet so that the system is without vis viva. 

Ex. 5. In any dynamical system if the co-ordinates g^, gj, gj and their corre- 
sponding momenta j^^, p^ pj^ be expressed in terms of their initial values and the 
time elapsed, prove that the Jacobian of pi, p^ p^f g^, g^, g, with regard to their 
initial values is equal to imity. 

Ex. 6. A system whose co-ordinates are g^, g,, &c. is making small oscillations 
about a state of steady motion determined by gi=0, g2=0, &o. The Lagrangian 
function, as in Art. Ill, is given by LsL^+Zilg' + Lg, where L, is a homogeneous 
function of the second order of the co-ordinates and their velocities. Prove that 

Sf = Xo (« - to) + 2A(q-a) + i ISqdLJdq'l 
where the last term is to be taken between the limits t^ and t. Here the in- 
tegrations have been effected, but in order to express S (Art. 463) as a function of 
the co-ordinates we must finally substitute for g' and a' in terms of these quantities. 

Ex. 7. The position of a system making small oscillations as in Ex. 6 is 
defined by one co-ordinate g, so that 

L=I,o+^ig'+Jiiug'3+JCu?'+^uW'. 
where the coefficients are all constants. Prove that when t^^O 

where to' = CiJAj^. 

f^ 468. Hamilton's Differential Equations. By the pre- 
ceding reasoning all the integrals of a dynamical system of equa- 
tions can he expressed in terms of the differential coefficients of 
a single function. But the method supplies no means of discovering 
this function A priori. We shall now show that this function 
must always satisfy a certain differential equation, so that the 
solution of all dynamical problems may be reduced to the inte- 
gration of one differential equation. 

Let us for the* sake of brevity, suppose that the geometrical 
equations do not contain the time explicitly. We have then 
jEr=T— K To construct this differential equation we must find 
the reciprocal function oiT—U, according to the rules given in the 
first volume of this treatise. Let 

27'=^„j,"+2^„?,'y.'+ 

R. D. II. 17 
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We now put dTfdq'^p^, ^^l^t'^Pv *^' *^^^ eliminate from T 
the velocities q'y q^, &c. so as to express T as a frLnction of tbe 
co-ordinates and momenta alone. As explained in the first volume, 
we arrive at the result 
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where A is the discriminant of jT. The reciprocal function of 
T— C is therefore Ht^T^ — U. Thus -H" is a quadratic function 
of the momenta p^, p,, &c. We may shortly write this in the 

form ir= i5„K* + 5,JJJ>,+ ... - IT. 



But p. = dV/dg., p^ — dV/dq^, &c. and the equation of vis viva 
gives H==h. Hence Fmust satisfy the equation 

»*-©'-^.f£-^-^-* m- 

In just the same way pj= dS/dq^y p,= dS/dq^, &c. and H=z^dS/dL 
Hence 8 must satisfy the equation 

Here the coefficients B^^, B^^, &c. are all known functions of the 
co-ordinates q^, q^, &c. 

We have supposed F to be expressed as a function of the 
co-ordinates at the time t, the initial co-ordioates and the* energy 
h. But in this equation we may also regard F to be a function of 
the co-ordinates at the time t, the energy h, and as many arbitrary 
constants as there are co-ordiDates. In this case these constants 
are really functions of the initial co-ordinates which we do not 
care to determine. The equations giving the momenta p,, p., &c. 
at the time t as the differential coefficients of V with regard to 
^i> 9s I &c. ^ill still be true; but the equations expressing the 
initial momenta are supposed not to be wanted. 

If we take as these constants the actual co-ordinates at any 
epoch f = f^, we may form another equation of a form similar to (L) 
with ttj, ff,, &c. written for q^, q^, &c. and t^ for ^. It is then 
necesss^ that F should satisfy both these equations. 

Summing up, we may form the Hamiltonian equation (I.) by 
the following process. We first write down the equation of via viva, 
viz, T — U = h. We next form the reciprocal function of the left- 
hand side. To do this we differentiate the left-hand side with 
regard to the velocities y/, j,', &c. and equate the results to the 
momenta /?j,|)j, &c., we then eliminate the velocities. Lastly we 
write for the momenta in the reciprocal function the differential 
coefficients of V with regard to the co-ordinates q^, q,, &c. 
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469. JacobPs complete Integral. We thus have, in 
general, a partial differential equation to find V or 8, This 
equation admits of many forms of solution, but SirW. R. Hamilton 
gave no rule to determine which integral is to be taken. This 
defect has been supplied by Jacobi in the following proposition. 

Let there be n co-ordinates in the system. 

Suppose a complete solution to have been found containing n — 1 
constants (besides h) and the constant which mny be introduced by 
simple addition to the fwnction Y. These constants need not be the 
initial values ofc{^y q,, &c., but mxiy be any constants whatever. Let 
them be denoted by a^y a^... cr^.^, so that 

^^f{<lv ft ••• ?n> «!> a,-.. O + an (1). 

Hien the integrals of the dynamical equations will be 

| = ^..&c.£- = ^^.. f=.4-e (2). 

where /S^, /8, ... P^^ and e are n new arbitrary constants, and the 
first integrals of the equations may be written in the form 

^^dT df_^dT 

It appears from Jacobi's proposition that any inte^al provided 
it is complete* will supply a solution to the dynamical problem. 
We have also a suflScient number of constants, viz. a^ ... a^_j, A, € 
and /3j . . . ^8^^ to satisfy any initial conditions. 

470. To prove these results, we must show that if the form 
of V given by (1) satisfies identically the equation 

^=i5uPi" + -B^iA+...-I^=A... (I), 

where p stands for dVjdqy then the relations (2) will satisfy iden- 
tically the two typical Hamiltoniau equations 

dH f dH , ,^j. 

-^-2> —3^-P (11). 

It will immediately follow, since H and T— U are reciprocal func- 
tions, that the relations (2) will also make 

^-f • ("!)• 

Since (I.) is identically satisfied, we may differentiate it partially 

I ' ■ I -I T - -■ - . - ■■ I ■ ■ ■ ■ ■ ■ - ■■ I , - 

* An integral of a partial differential equation has been called by Lagrange 
*< complete,'* when it contains as many arbitrary constants as there are independent 
variables. It is implied that the constants enter in sach a manner, into the inte- 
gral that they cannot by any algebraic process be reduced to a smaller number. 
For instance, if two of the constants enter in the form a^ + aj, they amount on the 
whole to only one. 

17—2 
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with regard to each of the n constants or^ ••• a^^ and h. We thas 
obtain, after substitution from (1), n — 1 equations of the form 

dH dp^ dH dp^ _ ^ 
dp^ doL dp^ da ""'" ' 

and a^ nth equation derived from this by writing h for a and 
unity for the zero on the right-hand side. We shall use these n 
equations to find dH/dp^, dH/dp^, &c. 

But if we differentiate Jacobi's integrals (2) with regard to t 
we have n — 1 equations of the form 

dt d%dq^ dt dadq^ '" ' 

and an nth equation derived from this by writing h for a and 
putting unity on the right-hand side. We shall use these n equa- 
tions to find dq/dt^, dqjdt, &c. 

Comparing these two sets of equations, we see that when we 
substitute for the typical p its value derived fix»m p = df/dq, the 
equations become identical. Hence, 

dH ^ dq^ dH^dq^ « 
dp," dt' d^'"dt' ' 

Again, if we differentiate the identical equation (I.) with regard 
to each of the co-ordinates ^^ ••• 9«, in turn, we obtain after sub- 
stitution from (1) the typical equation 

dB dHdp, dHdp^ ^^ 

dq dp^dq dp^dq '" * 

. dH_dq, d'f dq, dy 

dq dt dq^dq dt dq^dq 

But since p = df/dq, the right-hand side is the same as dp/dt, we 
, therefore have 

_dH_^^ _dH_dp^^ 

dq, dt* dq.'dt' ' 

471. O^onMtrteal B«iiiasks. To simplify the argnment let ns suppose that 
the dynamical system depends only on two co-ordinates g^, g,. The Hamiltonian 
equation (I.) therefore takes the form 

*^" W ■'^"¥xd7.-'*^»^fej ^^^'^ ^'^- 

Let us suppose that a complete integral has been found, viz. 

^=/(«i. ffa. «i) + a2 (2). 

Regarding g^, q^ and V as the Cartesian co-ordinates of a point P, this is the 
equation to a double system or family of surfaces. Let us select any family we 
please, so that the constants o^ a, are now related by some equation c4=^(ai). 
The characteristics of this chosen family are given by 

OsdZ/doi + ^r^/rfoi I ^^'* 

where a^ is regarded as a constant. 
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The general integral ia obtained by eliminating^ o^ between the two equations (3). 
Here 0^ in the first equation is to be regarded as a f onction of g^, q^ determined by 
the second equation. This of course is merely following Lagrange's rule to find the 
general integral when any complete integral is known. 

In the same way we find that Lagrange^s singular solution is at infinity. 

It appears from this that all the characteristics of all the families of surfaces 
included in the complete integral (I) are used to build up the general integral. We 
choose any set of characteristics we please so that a surface can be made to pass 
through every member of the set. This surface is a particular case of the general 
solution. 

472. According to Jacobi's theorem the path of the dynamical system is defined 
by dflda^^fii. Looking at the second of equations (3) we see that this is equivalent 
to asserting that drpldoi and therefore o^ is constant. It follows that the possible 
peaks of the dynamical system are the characteristics of the families which may he 
chosen out of the complete integral. 

473. Since Lagrange's method of finding the general integral will give a solu- 
tion whatever the form of ^ (a^) may be, we may use that process to obtain other 
complete integrals. If we write </> (m, o^) + n for ^ (a^) and proceed to eliminate a^ we 
obtain a solution which contains two constants, viz. m and n, and is tiierefore a 
complete integral. Here 4> may be any function we please, and a^ is to- be regarded 
as a function of g^, g, determined by the second of the equations (Sy, 

The paths derived from this new complete integral by Jacobi'^ me&od' are 
given by (dflda^ + dffdar^ da J dm + dypldm = p. 

By the second of equations (3) the teim in brackets is zero. The path therefore 
is defined by equating to a constant a function of a^ and m. l^e-patiis are there- 
fore given by equating c^ to a constant. It follows that the two complete integrals 
lead to the same set of dynamical paths. 

474. If the Hamiltonian equation 

iBu (dVldq^)^ + Bu (dVldq^) {dVldq^) + B^ {dVldqJl^= U+ h 

be such that all the coefficients on the left side and also XJ are functions of one co- 
ordinate only, say q^ then a complete integral can be found by^writing V= Tr+ a^q^^ 
where TF is a function of g, only. Substituting this in the Hamiltonian equation 
we have a differential equation with one independent variable viz. g,. The solution 
of this caA be effected by the ordinary method of separating the variables. Thus 
we easily find by solving a quadratic that dVfdq^ is a known function of g, and a^. 
Integrating this we have a value for V with one additional constant. This there- 
fore is a complete integral. 

475. Wxampliwi, Ex. 1. Taking the same problem as in Ex. 1 of Art. 467, 
show that Hamilton's differential equation Vi^^(d V{dqf—gq = h. Integrate this 
equation and thence find the motion. 

Ex. 2. Let us next consider a more complicated case in which there are two co- 
ordinates. The simplest example we can take is that of the motion of a projectile 
under the action of gravity. 

If g^, g, be its co-ordinates the equation of vis viva may be written 
i (9i" + 22^ ~ - J79s+ ^* Following the rule of Art. 468 we see that the Hamiltonian 
equation is i {d Vjdq^'^ + J (dVldq^^=i - gq^ +h. To solve this we notice that all the 
coefficients on the left side are constants and that U is a function of g^ only. By 
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Art. 474 we therefore auiime VsW+^iqi. Sabetittiting and integr»ting we find 
TFj 80 that finaUy F= a^q^ - ^ (2* - «i* - 2^g,)* + Oj. 

Following Jaoobi*8 role (Art. 469) the motion is given by 



^(2;i-ai«-2^gji=/J I 



dF/dA= --(2* 

These easily rednoe to the ordinary formulA for the motion of a projectile. 

Ex. 8. A particle describes an orbit abont a centre of force which attracts 
according to the law of nature. If r, $ be its polar co-ordinates referred to the 
centre of force as origin, show that the Hamiltonian equation is 

{d Vjdrf + {d VlrdSy = 2filr + 24. 

Show also that a complete integral may be found (as in the last example) by 
putting F=Tr+o^. 

476. Jacobi has extended his theorem to the case in which the geometrical 
equations do contain the time explicitly. But for this we haye no space. We can- 
not also do more than allude to Professor Donkin^s the(»em that a knowledge of 
half the integrals of the Hamiltonian system wiU in certain cases lead to a determi- 
nation of the rest. 

In Boole's Differential Equatiom it is shown that when the Hamiltonian equa- 
tions are four in number, and one integral besides Vis Viva is known, both the 
remaining integrals can be found by integrating an exact differential equation* 
Miscellaneous Exercises, No. 16. 

Variation of the Elementt. 
^11 » Let the integrals of a dynamical problem be 

&C s= (&C. j 

where p, g, ... are some variables which determine the position and motion of the 
system, and which are such that the equations of motion may be written in the 

, dH , dH 
^^"^« ^=-d^' «=d^ ^2>' 

in the Hamiltonian manner. Let the equations of motion of a second dynamical 

, , • , dH dK , dH dK ,_» 

problem be ,'=____, q'=^ + ^ (3). 

where K is some function of p, 9, ... f. If we consider c^, c,, ... the constants of the 
solution of the first problem to be functions of p, g, and t, we may suppose the 
solution of the second problem to be represented by integrals of the same form 
(1) as those of the first problem. It is therefore our object to discover what func- 
tions c^ C3, ... are of j>, 9, and f. The function K is called **the disturbing func- 
tion," and is usually small as compared with H, 

Since the equations (1) are the integrals of the differential equations (2), we 
shall obtain identical expressions by substituting from (1) in (2). Hence dif- 
ferentiating (1), and substituting for j>' and q' their values given by (2), we get 

«=-|f-^|f--Si • (*)• 

0=<tc. 
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But when c^, e,, ... are considered as variables, the equations (1) are the integrals 
of the differential equations (3). Hence repeating the same process, we have 

dt" dp dq dq dp dt dp dq dq dq 

dt ~*^- 

where the differential coefficients on the left-hand side are total, and those on the 
right-hand side partial. 

Hence, using the identities (4), we get 

dt dp dq dq dp 

de 
with similar expressions for -j^ , <&o. 

dt 

IfKhe given a$ a function of p, q, de. and t, we have dejdt^ &o. expressed as 
functions of p, q, <fec. and t. Joining these equations to those marked (1) we find 
c^f Cj ... as functions of t. 

JfKbe given m a function of c^, Cj, ... and t we may continue thus, 

dK^dKdc^ dKdc^ dK^dXde^ dKdc^ 

dp dCi dp dc^ dp '"' dq~ dc-^dq dc^dq 



dc 
Substituting in the expression for -^ , we get 

i— T r^ de^ _^dci rf<?j"| dK _ Fde^ de^ dc^ ^H'^ ^^ 
t "" \^dq dp dp rfj JdCj L<^Sf ^P " ^P dqjdc^ 



dt 

dCj 

dt 

where the 2 means summation for all values of p, g, viz. p^ q^ p^ q^ &o. 

Since by hypbthesis c^, e^ ... are supposed expressed as functions of Pi<, g^, <bo. 
and t, these coefficients may be found by simple differentiation. It will, of course, 
be more convenient to express them in terms of c^ c,, Ao, and t by substituting 
for pi, 9^, &o. their values given by the integraLs (1). 

478. On effecting this stibstitution it will be found tJtat t disappears from the 
expressions. This may be proved as follows. Let A be any coefficient, so that 

'^"^r do t'" d"^^' 1 ' ^® ^*^® *® prove that A being regarded as a function 
^^ Pit 9v ^^» A^d tt the total differential coefficient d-A/dtis zero. Now 

d.A _ dA dA f dA , 

The letters p^^ g^, <ftc. enter into the expression for A only through e^ and c,. 
Let us consider only the part of d.A/dt due to the variation of c^, then the part due 
to the variation of c, may be found by interchanging c^ and c,, and changing the 
sign of the whole. The complete value of d.A/dt is the sum of these two parts. 

The part of d.A/dt due to the variation of e^ is 

r<fca( d de^ cPg^ dH ^dH ) ^JiL^_^i^ ^i dH )-| 
l_dp \dq dt dpdq dq dq^ dp '") dq \dp dt dp^ dq dpdq dp *")J' 

If we substitute for dc^dt its value given by the indentity (4), we get 

rde^ jdc^ d^H dc^ d^II ) de^idc^ d*H dCid'Hl'l 
Ldp Idp dq^ dqdpdq) dq \dp d'pdq dq dp^}J* 

If we now interchange c^ and c, we get the same result. Hence when the two 
parts of d . A/dt are added together, the signs being opposite, the sum is zero. 
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479, Let the ezpreMion 21 20'!^^ d l^t * ^^^"^ ^® '^ means snnmuu 

tion for all the yalues of p, 9, be represented shortly by (e^, e,). Then in any 
dynamical problem if iC be the disturbing iiinetion, the variations of the parameters 
C|, e^ ... are given l^ 

•g^ = (Ci, Cj)^^+(Cl,C|)^+..., 

where all the eoeffidents are fonctions of the parameters only and not of t. 

This equation may be greatly simplified by a proper choioe of the constants 
Ci, Cy ... In the Mieanique Anatytique of Lagrange, it is shown that if the con- 
stants chosen be the initial yalaes of p^, Pt, ... and qi, ^s, ..., viz. a, /3, 7, ... and 
X, M, r, ... respectively, then the equations become 

Ac.\ 

It is assumed in the demonstration that IT is a function of q^, g,,, ... only. This 
simplification has been extended by Sir W. Hamilton and Jacobi to other cases, but 
for this we jbave no space. 

480. It foUowt from the itweitigation in Art. 478, that if two integrals of a 
dynamieal problem be found, viz. c^^a, C9=/3, where c^ and c, itand for some 
functions 0/ Px, q^* Ps, q^, ... and t, and a and p are constants, then (c^, Cg) is also 
constant. So that (c^, C])^^, where 7 is a constant, is either a third integral of 
the equations of motion or an identity. If it is an integral it may be either a 
new integral or one derivable from the two Ci and e, ahready found. 
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CHAPTER XI. 

PRECESSION AND NUTATION, 
&C. &C. 

On the Potential 

481. To find ike potential of a body of any form at any 
external distant point 

Let the centre of gravity G of the body be taken as the origin 
of co-ordinates and let the axis of x pass through 8 the external 
point. Let the distance GS^p. Let (a?, y, z) be the co-ordinates 
of any element dm of the body situated at any point P and let 
GP = r, then PiS» = p* + r^ - 2px. The potential of the body is 

^dm(. 12px-r* . 3/2pa:-rV . 6 /2pa:-r*\» . 35 /2pa?-r^V ) 

^^TV'^^~^'^sVV~) ■*'i6V~7~J "*T28l-7~i + -T 

arranging these terms in descending powers of p, we get 

71 p ~V" 2p- + V ■*"•••}• 

Let M be the mass of the body, then Xdm = M. Also since the 
origin is at the centre of gravity, we have 2,xdm = 0. 

Let A, B, G he the principal moments of inertia at the centre 
of gravity, / the moment of inertia about the axis of x, which in 
our case is the line joining the centre of gravity of the body to 
the attracted point. Then 

tdmr'^i(A + B+ C), 

Xdma?^Xdm(r^--y'^z')^:^(A+B + C)'-I. 

Let I be any linear dimension of the body, then if p be so 
great compared with 2 that we may neglect the fraction {l/py of 
the potential, we have 

^_2f , -4 + B + 0--3/ 

P ^P 
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If we wish to make a nearer approximation to the value of V, 
we must take account of the next terms, viz. 

V " 

Let (f , fi, ^) be the co-ordinates of m referred to any fixed 
rectangular axes having the origin at G, and let (a, fi, y) be the 
angles G8 makes with these axes. Then 

a?=fcosa + i7COS)8 + fcos7; 
.'. 2S«iar^ = cos'a2»if* + 3cos'aco8)82mf*iy+ 

If the body be symmetrical about any set of rectangular axes 
meeting at G, we have 2mf*s=0, 2i»f*i7 = 0, &c. = 0, so that this 
next term in the expression for the potential vanishes altogether. 
Thus the error of the preceding expression for V is comparable 
to only the fraction (l/py of the potential. This is the case with 
the earth, the form and structure of which are very nearly sym- 
metrical about the principal axes at its centre of gravity. 

This theorem is due to Poisson, bat it was pat into the convenient foim jast 
giTen bj Prof. MacCallagh. See Royal Irish Traruaetiotu for 1855, page 387. 

482. In the investigation of this value for the potential, 8 
has been supposed to be at a very great distance. But the ex- 
pression is afco very nearly correct wherever the point 8 be 
situated, provided the body is an ellipsoid whose strata of equal 
density are concentric ellipsoids of small ellipticity. 

To prove this, we may use a theorem in attractions due to 
Maclauiin, viz. The potentials of confocal ellipsoids at any ex- 
ternal point are proportional to their masses. Let us first con- 
sider the case of a solid homogeneous ellipsoid. Describe an 
internal confocal ellipsoid of very small dimensions and let a\ h\ c' 
be its semi-axes. Then because the ellipticity is very small, we 
can take a\ V, c' so small that 8 may be regarded as a distant 
point with regard to the internal ellipsoid. Hence the potential 
due to the internal ellipsoid is 

where accented letters have the same meaning relatively to the 
internal ellipsoid that unaccented letters have with regard to the 
given ellipsoid. The error made in this expression is of the 
order (aVp)* V\ ^ Hence, by Maclaurin's theorem, the potential V 
of the given ellipsoid is . - 

and the error is of the order {a'/pf V. 
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If a, i, e be the semi-axes of the given dUpsoid, we have 



..A=M 



.if(^.|v)-#'^--i^-- 



Similarly, 5 = ^,5' + | JfX«, (7 = J Cf' + ?JlfX\ 

Also if (a, 13, 7) be the direction-angles of the line OS with 
reference to the principal axes at &, we have 

/= ^ cos'a + J5 cos"i8 + (7 cos»7 = ^ J'+ 1 ifX*. 
Hence, substituting, we have 

P ^P 

If a, b, c be arranged in descending order of magnitude, we 
can by diminishing the size of the internal ellipsoid make c as 
small as we please. In this case we have ultimately a! = J of — c*. 
Let € be the ellipticity of the section containing a and c the 

greatest and least semi-axes. Then a!=^aj2e^ and the error of 
the above expression for F is of the order 4 (a//^)* e'F". 

The theorem being true for any solid homogeneous ellipsoid 
is also true for any homogeneous shell bounded by concentric 
ellipsoids of small ellipticity. For the potential of such a shell 
may be found by subtracting the potentials of the bounding 
ellipsoids, -4 + JB + (7 (see VoL i.) being independent of the direc- 
tions of the axes. 

Lastly, suppose the body to be an ellipsoid whose strata of 
equal density are concentric ellipsoids of small ellipticity, the 
external boundary being homogeneous. Then the proposition 
being true for each stratum, is also true for the whole body. 

This theorem was first given by Prof. MaoGollagh as a problem, and was pub- 
lished in the Dublin Uhiverrity Calendar for 1834, page 268. Some years after, 
about 1846, he gave his proof of the theorem in his lectures, which is sabstantially 
the same as that given in this Article. See the Trantactiom of the Boyal IrUh 
Academy, Vol. zzn., Parts i. and 11., Science. 

483. The following geometrical interpretation of the formula of Art. 4dl is 
also due to Prof. MacCnllagh. His demonstration and another by the Bev, B. 
Townsend may be foond in the Irish Traneactione for 1855. 

A tyttem of material pointe attracts a point S whose distance from the centre 
of gravity O of the attracting mass is very great compared tcUh the mutual 
distances of the particles. If a tangent plane he drawn to the dUpsoid of gyration 
perpendicular to GS, touching the ellipsoid in T and cutting GS in U, then thf 
resultant attraction on S lies in the plane 8GT. The component of the attraction 
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fiM 

oil 8 {it the direction TUs ^QV . UT. The component of the attraction on 

P 
8 tn «*« direction U0=^ + 1 ^i^^^^ 

These theorems are also tme if we replace the ellipsoid of gyration by any 
oonfooal ellipsoid. Let a, &, c be the semi-axes of this confooal, and let p be the 
perpendicular OU on the tangent plane. Since (see VoL i.)i -^ =3fa'+X, B=3f&^+X, 

Ac. where X is some constant, we have F=— + — ^-i — • 

P V 

To prove that the resultant force on 8 lies in the plane SGT, let ns displace 
Sio 8' where 88' is peipendicnlar to this plane and is equal to pd^. Becanse F'is 
a potential, the force on £f in the direction 88" is d Vjpdy^, But after this displace- 
ment the tangent plane perpendicular to Q8' intersects along TV the former tangent 
plane, hence dp/dtpszO, and .*. dVldrjf^O. 

To find the force P acting at 5 in the direction TU, let us displace 8 to S^' where 




88" is parallel to TU and is equal to pdrp. Since GZ7 is perpendicular to UT we 
have, exactly as in the Differential Calculus, TU=dpld^, Hence 

p a\// p* "^ 
Lastly, to find the force i2 in the direction 8G we have 

Ex. Show that the product OU . TU is the same for all confocals. 

484. Ibcamplea on attraettona. Ex. Let GP be a straight Hne through the 
centre of gravity such that the moment of inertia about it is equal to the mean of 
the three principal moments of inertia at G, then the resolved attraction of the 
body on any point ^Sf in the direction SG is more nearly the same as if the body 
were collected into its centre of gravity when 8 lies in GP, than when 8 lies in any 
other straight line through G. 

Show also that the moment of inertia about GP is equal to the mean of the 
moments of inertia about all straight lines passing through G. 

If two of the principal moments of inertia are equal, prove that GP makes with 
the axis of unequal moment an angle equal to cos~^ (1/V^)- 

485. Bqiii-attraetlv<e bodiea. Ex. 1. If two bodies exert equal attractions on 
all external points, prove that their centres of gravity must coincide and their 
masses must be equal. The principal axes at their common centre of gravity must 
be coincident in direction, and the difference of their moments of inertia about any 
straight line constant. 

Ex. 2. Thence show that two Ghaslesian shells of the same body have the 
same principal axes at their common centre of gravity and the difference of their 
numients of inertia about any straight line constant. 
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Kz. 3. If the attraction of a body on every external 'point be the same as that 
of a single particle placed at some point, then the mass of the particle is eqnal to 
the mass of the body, the point is the centre of grayity; also the law of attraction 
must be either as the inverse square of the distance or as the direct distance, and in 
the former case every axis through the centre of gravity is a principal axis at the 
centre of gravity. See a paper by the author in the Quarterly Mathematical 
Journal, 1857, Vol. n. page 136. 

Ex. 4. Let an ellipsoid be described having its semi-axes a, h, c such that 
Mia^=B + C-A+\ Mll^=C+A''B+\ If} c»=^+B-C+X, where X is at 
our disposal, and may be any quantity positive or negative which does not make 
a, b, c imaginary. Let an indefinitely thin shell of mass M be constructed 
bounded by similar ellipsoids and having this ellipeoid for one bounding surface. 
Then the attractions of the given body and this shell on any distant external point 
are the same in direction and magnitude. 

The attraction of such a shell on any external point is normal to the confocal 

M 
through that point and is equal to -^, p', where a', b\ € are the semi-axes of the 

confocal and y the perpendicular on the tangent plane at the attracted point. See 
a paper by the author in the Quarterly Journal of Pure and Applied Mathematictf, 
1867, Vol. VIII. page 322. 

Ex. 5. The attraction of a body two of whose principal moments at the centre 
of gravity A and B are equal and greater than the third attracts a distant point as 
if its mass M were equally distributed over a straight line of length 2{, where 
Ml^=S (ii - C), placed perpendicular to the plane of A, £ with its middle point at 
the centre of gravity. This proposition is accurately true if the body be an indefi- 
nitely thin shell bounded by similar prolate spheroids. In any case it is necessary 
that the equal moments A, B should be greater than the third moment of inertia C, 

Ex. 6. Whatever be the relative magnitudes of the three principal moments 
of inertia, the attraction on a distant point is the same as if the mass was distributed 
over the focal conic of the ellipsoid described in (4) so that the density at any point 
P is proportional to ABI(AP . PB)^t where AB is the diameter through P. 

Ex. 7. The attraction of any body of mass 3f on a distant particle may be 
found in the following manner. Let an indefinitely thin shell of mass 3if be 
constructed bounded by similar ellipsoids and having the ellipsoid of gyration at 
the centre of gravity for one bounding surface. Also let a particle of mass 41f be 
collected at the centre of gravity. Then the attraction of M on any distant 
particle is the same in direction and magnitude as if 4ir attracted it and 3ilf 
repelled it. 

Othflv laws of atlraetlon. Ex. 8. If the law of attraction had been ^ (dist.) 
instead of the inverse square, the potential of a body on any external point S 
would have been represented by Zm^^ {PS), where (/>) is the differential coefficient 
of 01 (p). In this case, by reasoning in the same way as in Art. 481, we get 

where A, B, C and I have the same meanings as before. 

If (j/, y*, z^ be the co-ordinates of S referred to the principal axes at O', the 

moment of the attraction of S about the axis of « is =-3- ^^ AC -A) 7iz\ 
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486. To find the Ftyrce-funotion due to the attraction of any 
body on any other distant body. 

Let O, Q' be the centres of gravity of the two bodies, and let 
OG'=^R. Let A, B, C; A\ B, G* be the principal moments of 
inertia of the two bodies at and O' respectively; /, /' the 
moments of inertia about G0\ and let My M' be the masses of 
the two bodies. 

Let m' be any element of the body M' situated at the point S, 
and let G8=p. Then the potential of the body M at mf is 

mi — I s-s *L where J, is the moment of inertia of 

\P ^P ) * . 

the body M about GS. We have now to sum this expressiou for 

all values of m'. This gives 

P V 

The first term by the same reasoning as before gives 

R '^^ im • 

In the second term, let x\ y\ z' be the co-ordinates of m 
referred to 6^' as origin. Then 



p = 5(l + ■^4- squares oi x\y\ z'\ 



Jj = 7(1 + oa/ + )8y' + ^z + squares), 

where o, fi, y are some constants. Substituting these, and re- 
membering that Swi V = 0, Smy = 0, tmz' = 0, we get 

M' - ^ + -^ + ^^""3^ f^ , /terms depending on the\| 
2iJ' \ \ squares of a/, y, z' J) * 

Hence the required force-function is 

ir MM\ ^A' + B+C--SI' ^^^A + B + G-Sr 

^-^-R-^^ m +^ — m — • 

The error of this expression is of the order (11'/ B^^ V, where 
1. 1- are any linear dimensions of the two bodies respectively. 

487. Moment of the Sun's force. To find the moment of 
the attraction of the sun and moon about one of ihe principal axes 
of the earth at its centre of gravity. 

Let the principal axes of the earth at its centre of gravity he 
taken as the axes of reference, and let a, fi, y be the direction- 
angles of the centre of gravity G' of the sun. Then if F be the 
potential of the sun or moon on the earth, we have 

^ MM'^A^ + B + G^--Sr^^,A + B+C-SI 

^^-R-^^' — 2^^ — +^ — m — ' 
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where unaccented letters refer to the earth, and accented letters 
to the sun or moon. Let be the angle the plane through the 
sun and the axis of y makes with the plane of xy^ then dVldO is 
the required moment in the direction in which we must turn the 
body to increase 0. From the above expression, since & enters 
only through /, we have 

d0 21? d0' 

Now / = -4. cos'a + B cos?0 + Ccoa^y, and by Spherical Trigo- 
nometry, we have 

cos 7 = sin /3 sin 0, cos a s sin )3 cos ; 

.'. ^ = -2(il-0)sin*i8sto^cos^; 

/. the moment required) « -M'' ,^ .. 

x. X xi. • r >• = — 3 ^8 C^" -4) COS a cos y. 
about the axis of y J R^ ^ ' 

In this expression the mass of the attracting bodjr is measured 
in astronomical units. We may eliminate this unit in the follow- 
ing manner. Let w' be the mean angular velocitv of the sun 
about the earth, jR^ its mean distance, so that if m be the mass 
of the earth, we have (if' + M)IR^ = n\ Now M is very small 
compared with M\ so small that MjM' is of the order of terms 
already neglected. Hence we may in the same terms put 
M'IR; = n\ and therefore 

the moment of the sun's at-] _ ^ *^(n^ a\ /"'^•V 

traction about the axis of yj "" ^ ^ ' \R) 

Let n" be the mean angular velocity of the moon about the 
earth, so that, if M" be the mass of the moon, R!^ the mean 
distance, we have {M'' + M)/R^=n"\ Let v be the ratio of the 
mass of the earth to that of the moon, then Jf " (1 + v)/R'^ = n"*, 
and therefore if R^ be the distance of the moon 

the moment of the moon's at-| 3/*"* /p__ a\ /'■^'o^* 

traction about the axis ofyjl + i;^ ^ ' \R' J ' 

In the same way the moments about the other axes may be 
found. Putting k for the coefficient, we have 

moment about axis of a? = — 3/k (5 — (7) cos /3 cos 7, 

moment about axis of ^ = — 3/c (4 — 5) cos a cos 0. 

488. flTwinpl— I Ex. 1. The force-f auction between a body of any form and 
a uniform circular ring whose centre is at the centre of gravity of the body and 

whose mass is Jr is r= M ^-5 > 

where J is the moment of inertia of the body abont an axis through its centre of 
gravity perpendicular to the plane of the ring, and A, B^ C are the principal 
moments of inertia at the centre of gravity. 
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Themse show UmI 8atani*g ring nippoeed onilorm will haTe the same xnomefitB 
to tarn Satnm tbont its centre of gimTity as if half the whole mass were ooUeeted 
into a particle and placed in the axis of the ring at the same distance from Satmn, 
prorided the particle repelled instead of attracted Saturn. 



Ex. 2. If the earth be formed of concentric spheroidal strata of smaU bnt 
different ellipticities and of different densitiesy show that the ratio of C to ^ may be 
foond from the equation C/pd{<^€) = (C-A)fpd{tfi), where e is the ellipticity and p 
the density of a stratom, the major-axis of which is a; the square of e being neg- 
lected. It follows that if e be constant, the ratio of C to il is independent of the 
law of densily. 

If we assume the law of density and the law of ellipticity given in the Figure 

C — A 
of the Earth, this formula gives -77- --00313598. See Pratt's Figure of the 

EartK 

Ex. 8. A body free to turn about a fixed straight line passing through the 
centre of gravity is in equilibrium under the attraction of a distant fixed particle. 

Show that the time of a small oscillation is 2v \ ^^,,^,.^ ^,^ — frr^ 1 where the 

fixed straight line is the axis of y, the plane of xy in equilibrium passes through the 
attracting particle, and {, iy are tiie co-ordinates of the particle. Also A^B^C, D, E, F 
are the moments and products of inertia of the body about the axes. If the straight 
line did not pass through the centre of gravity show that the time would be propor- 
tional to p. 

Motion of the Earth ahout its Centre ofChravity^ 

489. To find the motion of the pole of the earth about its 
centre of gravity when disturb^ by the oMraction of the sun and 
moony the figure of the earth being taken to be wie of revolution. 

Let us consider the effect of these two bodies separately. 
Then, provided we neglect terms depending on the square of 
the disturbing force, we can by addition determine their joint 
effect. 

The sun attracts the parts of the earth nearer to it with a 
force slightly greater than that with which it attracts the parts 
more remote, and thus produces a small couple which tends 
to turn the earth about an axis lying in the plane of the equator 
and perpendicular to the line joining the centre of the earth 
to the centre of the sun. It is the effect of this couple which 
we have now to determine. It clearly produces small angular 
velocities about axes perpendicular to the axis of figure. We 
shall also suppose that the initial axis of rotation so nearly coin- 
cides with the axis of figure, that we may regard the angular 
velocities about axes lying in the plane of the equator to be small 
compared with the angular velocity about the axis of figuro. 

Let us take as axes of reference in the earth, OC the axis 
of figure, OA and GB moving in the earth with an angular 
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velocity 0^ round GC, Then following the notation of Art. 16, 



we have 



A/ = -4a)j, A,' = -4a)j, h^ = O 



G> 



a* 



6^= ©i, 6^— 6),. 



The equations of motion are therefore 



d 



(O 



^ «- Ca>,fD^ + Aa>,0^^M 



dt 
^-dt 



= 



.(1). 



The last of these equations shows that g), is constant. Let 
this constant be denoted by n. 

The other two angular velocities are to be found by solving 
the other two equations. This solution must be conducted by 
the method of continued approximation, w^ and o), being regarded 
as small compared with n. 

In the first instance let us suppose the orbit of the dis- 
turbing body to be fixed in space. This is very nearly true 
in the case of the sun, less nearly so for the moon. This limi- 
tation of the problem proposed will be found greatly to simplify 
the solution. We can now choose as our axes of reference in 
space two straight lines OX, GF at right angles to each other 
in the plane of the orbit and a third axis QZ normal to the 
plane. 




490. In these equations of motion the quantity 0^ is at 
our choice, let it be so chosen* that the plane containing the 

* We might also very conveniently have chosen as axes of reference, GC the 
axis of figure and axes QA\ QB' moving on the earth so that OB' is the axis o^ 

R. D. II. 18 
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axes 00, GA also contains GZ. Then d, is the angular velocity 
of the plane ZOO round 00. If w^ and », were zero, and 
the earth merely turned round its axis 00, it is clear that 
00 and therefore also the plane ZOO would be fixed in space. 
Hence ^ is a small quantity of the same order at least as oi^ 
or fi>y. For a first approximation we neglect the squares of the 
small quantities to oe found. We therefore reject the small 
terms toj^^f ^fi^ in the equations (1)« The equations now become 

A-j^ + Onfo^^L 
at ■ 

at * 

Following the usual notation let be the angle ZG and 

the resultant eonple prodnoed by the action of the disturbing body on the earth* 
In this case the plane CA' moyes so as always to contain the disturbing body 8^ 
so that 9, is the angular Telocity of CS ronnd C and is therefore a small quantity of 
the order n'. We shall therefore reject the small terms ta^^ and la^B^ in equations 
(1). The equations now become 

Hi 



(2). 



i4^ + Cn«a=0 



A -Jj -Cnwi=M=- 8/c(C--4)cosocoS7] 

where the yalue of M is at once obtained from Art. 487, and in our case a=iir- y 

Eliminating ^^ we have -^^ + (-j) wi=-7j-M^' 

Since the angular distance 7 of the disturbing body from the pole of the earth 
Taries yeiy slowly, the term on the right-hand side is very nearly constant. If 
this be regarded as a sufficient api>rozimation we haye 

«i= 2^ -g- sm 27, and Wj- 0. 

But in fact these are nearly true when we take account of the periodical term 
proyided only B moyes slowly. For suppose 

lf=3fo + SPsin(i)e + g), 
where |» is small ; we have in that case 

M 
neglecting the small term p' in the denominator we haye as before Wi= - ^r • 

The motion of the axis C in space is therefore simply that due to an angular 

velocity o^ about the axis A'. Since the plane A'C moves so as always to contain 

the disturbing body 8, the axis of figure GC is at any instant moving perpendicular 

to the plane containing it and the disturbing body (i. e, in the figure C is always 

3k G — A 
moving perpendicular to SC) with an angular velocity equal to 5 tt" ™ 27. If 

we resolve this in the direction along and perpendicular to ZC we easily deduce the 
equations (7) in the text and the solution may be continued as above. 
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ifr the angle the plane ZO makes with the fixed plane ZX. 'We 
have then the two geometrical equations 

These follow at once from a mere inspection of the figure, or 
we may deduce them from Euler's geometrical equations (see 
Vol. I.) by putting ^ = 0. 

We have now to find the magnitudes of L and M. Let 8 
be the disturbing body and let it move in the direction X to Yl 
According to the usual rule in Astronomy, we shall suppose 
the longitude Z of /S to be measured in the direction of motion 
from the point on the sphere opposite to B, This point is 
usually called the first point of Aries. Then 

BS^ir-l and SN^l-^^ir. 

By Art. 487 we have 

i = -3ic(5 - C) cos^ C0S7 = - 3/c (^ - C) sin SNco^SN&m 

^\k{A- C) sin d sin 2i (4), 

M= - 3^ (C^— -^) cos a cos 7 = — 3)c ((7— A) cos'SiVsin cos 

= _|^(C-^)sin^cos^(l-.cos20 (5). 

Since the motion of the disturbing body is very slow com- 

Fared with the angular velocity of the earth about its axis, 
and therefore L and M are very nearly constant. If this be 
regarded as a sufficiently near approximation we have at once 

^y<2) "«=-5' '*'«=^ w- 

That these are the integrals of equations (2) when we take 
some account of the variability of L and M may be shown by 
substitution in those equations. We see that they are satisfied 
if we may neglect such a term as 

^ = -|«(5-C7)|cos^sin2Z^ + 2sindcos2zS. 

Since k{B'-C) and dOjdt are both small quantities of the 
order <o^ or w,, the first of these terms is of the order o>^ and 
such terms we have already agreed to neglect. The last term 
is of the order <o^n/n, where rif is the mean angular velocity of 
the disturbing body about the earth. Rejecting these terms also, 
we have by (3), (4) and (5), 



uv o/c G — -ii . /« . rti 

-jT = — 7i 77 — Sin sm 21 

at zn C 

d^ 3/c C—A yj.- oyv 



(7). 



18—2 
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491. To find the motion of the pole of the earth in space 
referred to the pole of the orhit of the disturbing body as 
origin, we have merely to integrate the equations (7). For a 
first approximation, in which we reject the squares of the small 
quantities to be found, we may regard on the right-hand side 
as constant and equal to its mean value. If we write for I its 
approximate value 

we find by integration 



.(8). 



6 s=s const. + T— ' — fT' sin ^cos 21 
-^ = const. — -^z — , — p — cos (l — \ sin 21) 

492. Anothw aolntloa. We may also solve equations (2) in the following 
manner. Since we reject the squares of the small quantities to be found, we may 
in calculating the yalnes of L and ilf to a first approximation suppose ^ to be con- 
stant and { to be measured from a fixed point in space. We then haye by the 
theory of elliptic motion 

I=ji't + e'+PjSin(|)it+gi)+P,sin(pjt+g2)4-&c., 
where the coefficients of the trigonometrical terms are all known small quantities, 
and all the coefficients of t are very small compared with n. In the case of the 
sun the coefficient of t in the greatest of the trigonometrical terms is ^\^n and in 
the case of the moon ^ n. 

We may also include in this formula the secular inequalities in the yalue of {. 
For, we shaU presently find that B has no secular inequalities, and that the first 
point of Aries from which I is measured has a very slow motion which is very 
nearly uniform on the plane of the orbit of the disturbing body. This slow motion 
may obviously be included in the n'. 

If We eliminate ta^ between equations (2) we have 

d«wi C2n> 1 dL Cn 

The first t«rm on the right-hand side we have already agreed to neglect Sub- 
stituting in the expression for M given in (5) the value of 2, suppose we have 

M^'SFaoeQit+f), 

where the constant part of M is given by X=0 and all the other values of X are 
very smaU. Then solving, we find 

FCn 

Since F and X^ are both very small we may reject the small term X' in the 

denominator, we then have 

1 M 

«, = -^SFoos(X«+/) = -^^. 

This result is strictly true for the constant term and very nearly true for the 
periodical terms. In the same way we may prove that ta^^^LICn, 

When we proceed to find $ and ^ from the values of io^ and a;, by the help of 
equations (3), it will be seen that no term wiU rise on integration in which X is not 
small. These rejected terms will not therefore afterwards become important. 
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493, The integration of equation (7) may be effected without neglecting the 
terms containing the powers of «' in the expression for I. By the theory of 

elliptic motion we have B^ -j = constant = J?q V ^Jl - e\ 

where a very small term has been rejected on the left-hand side depending on the 
motion of Aries. Substituting for k its value given in Art. 487 we find 

d9 3»' 1 C-A Ro . „ . Of 

— = - TT- 7= , sm sin 21 

cU 2» 1 + v C Bjl-e'^ 

dxj/ 3n' 1 C-A Rq .,- onl 

-^=-—-. ,-g cos g (1 - cos 21) 

dl 2»l + v C R^l^e'^ ' 

where i^ is to be put equal to zero when the disturbing body is the sum From 

the equation to the ellipse, we have 

?^^:^ = l + e'cos(l-L). 

If this value of R be substituted in the equations, the integrations can be effected 
without difficulty. But it is clear that all the terms which contain e' are periodic 
and do not rise on integration so as ta become equally important with the others. 
Since then e' is small, being equal in the case of the sun to about ^V* ^^ ^^ ^ 
needless to calculate these terms. 

494. Let us now examine the geometrical meaning of the 

Sk G ^ a. 

equations (8). For the sake of brevity, let us put S = ^ — -, — j^ — > 

so that by Art. 487 8 = ^ — ^ or c = h — ^ z ac- 

•^ 2 C n 2 G n 1 + v 

cording as the sun or moon is the disturbing body, the orbit of the 

disturbing body being in both cases regarded as circular. 

Let us consider first the term — S cos 01 in the value of 
^jr. Let a point C^ describe a small circle round Z the pole of 
the orbit of the disturbing planet, the distance GZ being constant 
and equal to the mean value of 0, Let the velocity be uniform 
and equal to Sn cos sin 0, and let the direction of motion be 
opposite to that of the disturbing body. Then CJ, represents 
the motion of the pole of the earth so far as this term is con- 
cenied. This uniform- motion is called Precession. 

Next let us consider the two terms 

85= J fifsin cos 21, Sf = J 5f cos 5sin 21. 
If we put 0? = sin 5 S*^, y = 85, we have 

s i 

-I ^ = 1 



{^Scos0sm0y ' (J/Ssin(9)' 

which is the equation to an ellipse. 

Let us then describe round C^ as centre an ellipse whose 
semi -axes are i^8cos0sin0 and J£>sin5 respectively perpen- 
dicular to and along ZG ; and let a point G^ describe this ellipse 
in a period equal to half the periodic time of the disturbing 
body. Also let the velocity oi G^ be the same as if it were 
a material point attracted by a centre of force in the centre 
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varying as the distance. Then C^ represents the motion of the 
pole of the earth as affected both by Precession and the principal 
parts of Nutation. 

If we had chosen to include in our approximate values of 
and ^ any small term of higher order, we might have repre- 
sented its effect by the motion of a point (7, describing another 
small ellipse having C^ for centre. And in a similar manner by 
drawing successive ellipses we could represent geometrically all 
the terms of and '^. 

495. The Oomplementary Functioiis. In this solution 
we have not yet considered the Complementary Functions. To 
find these we must solve 

We easily find eo^ — Hsmf-j t-\'K\, », = — JTcosf-^f + jK'j. 

The quantities H and f depend on the initial values of o\, fi>,. 
As these initial values are unknown H and K must be deter- 
mined by observation. If H had any sensible value it would be 
discovered by the variations produced by it in the position of 
the pole of the earth. No such inequalities have been found. 
If however any such inequality existed we might consider these 
two terms together as a separate inequality to be afterwards 
added to that produced by the other terms of a>^, o,. 

496. The effect of the complementary functions on the motion of the pole of 
the earth has been already considered in Arts. 180 to 182. The motion is the same 
as if the earth were at any instant to be set in rotation about an axis GI making an 
angle i with the axis of figure GC and then left to itself. Here tan i=H/7i. Let OL 
be the invariable line and Ut y be its inclination to the axis of figure of the earth, 
then by Art. 180 tan y = tan t . AJC, In the case of the earth A and C are very nearly 
equal, and l-AJC has been yarionsly estimated to lie between *0031 and *003S. 
Thus 7 and t differ by at most ^^th part of either. 

As explained in Art. 181, the instantaneous axis describes a right cone in space 
whose axis is GL and angular radius i - 7. The time of a complete revolution is 
equal to a (sin 7/sin i)th part of the time of a revolution of the earth about its axis, 
and is therefore very nearly equal to a sidereal day. 

The instantaneous axis also describes a right cone in the earth whose axis is the 
axis of figure, viz. GC, and whose angular radius is equal to t. The time of a 
complete revolution is equal to a (sin 7/8in (t - 7))th part of the time of a revolu- 
tion of the earth. It therefore lies between 806 and 325 days, according to the 
value taken for AjC, 

If we construct these two cones (as explained in Art. 167) and make the cone 
fixed in the body roll on the cone fixed in space, the motion in space of the axis of 
figure of the earth is represented. 

The co-latitude of any place on the earth is found by observing the zenith 
distances of a circumpolar star S at its superior and inferior transits. Let Z be the 
eenith of the place, and at the first transit let the zenith distance observed be 
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ZSsi^ti^ At the second transit the directions GC, OZ will have described a semi- 
circle round the axis of rotation GI while that axis of rotation will have described a 
semicircle about the invariable line GL. In this position let the zenith distance 
observed be z'. Thus the mean of the two zenith distances z and z* is the angle ZL, 
while half their difference is the angle SL, Since the direction in which the star is seen 
and the invariable line are both fixed in space, it follows that the latter angle, which 
we may call the north polar distance of the star, is not affected. The former angle 
differs from the geographical latitude of the place by the angle 7. Thus in a period 
which is equal to about 306 to 325 days the latitude of the place found by these 
observations should have altered by twice the angle 7 and returned to its original 
value. As no such periodical changes of latitude have been discovered we must 
conclude that the axis of rotation differs from the axis of figure only by an insensible 
angle. 

497. Numerical resulti. The preceding investigations are 
of course approximations. In the first instance we neglected in 
the differential equations the squares of the ratios of o), and 6>, 
to n, and afterwards some periodical terms which are an (n/n)th 
of those retained. We see by equations (3) and (8) that the 
second set of terms rejected is much gi-eater than the first, and 
yet when the sun is the disturbing body these terms are only 
about ^th part of those retained, and when the moon is the 
disturbing body these are only ^th part of terms which them- 
selves are imperceptible. 

We have also regarded the earth as a solid of revolution so 
that A — B may be taken zero, a supposition which cannot be 
strictly correct. 

498. In the case of the sun we have 8=^t: — 7= , so that 

S G — A n' ^ 

the precession in one year is ^ — ^ cos iir. It is shown in 

treatises on the Figure of the Earth that there is reason to sup- 
pose that {C — A)/C lies between '0031 and '0033. Also we have 
n'/n = ^^, and = 23*. 8'. This gives a precession of about 15"'-42 
per annum. Similarly the coefficients of Solar Nutation in '^ 
and are respectively found to be 1"*23 and 0"'53. If we sup- 
posed the moon's orbit to be fixed, we could find in a similar 
manner the motion of the pole produced by the moon referred 
to the pole of the moon's orbit. In this case 

^ SO- An" 1 

= t; 



2 G n 1 + v* 
The value of varies between the limits 23® ± 5*. Putting 

n'/n = ^V* ^ ~ ^®' ^ ~ 2^°> ^® ^^^ ^ precession in one year a little 
more than double that produced by the sun. But the coefficients 
of what would be the nutations are about one-sixth of those 
produced by the sun. 

499. Motion of the plane of the disturbing body. 

We have hitherto considered the orbit qf the disturbing body to 
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be fixed in space. If it be not fixed, we must take the plane CA 
perpendicular to its instantaneous position at the moment under 
consideration. The quantity 0^ will not be the same as before*, 
but if the motion of the orbit in space be very slow, 6^ will still 
be very small. We may therefore neglect the small terms 0^€o^ 
and ^3©, as before. The dynamical equations will not therefore 
be materially altered. With regard to the geometrical equa- 
tions (3) it is clear that ©,, <o. will continue to express the re- 
solved parts of the velocity of G in space along and perpendicular 
to the instantaneous position of ZC, To this degree of approxi- 
mation therefore, all the change that will be necessary is to 
refer the velocities as given by equations (7) to axes fixed in 
space and then by integration we shall find the motion of (7. 
This is the course we shall pursue in the case of the moon. 

The attractions of the planets on the earth and sun slightly 
alter the plane of the earth's motion round the sun, so that the 
position of the ecliptic in space varies slowly. It can oscillate 
nearly five degrees on each side of its mean position. If the earth 
were spherical there would be no precession caused by the at- 
tractions of the sun and moon. The direction of the plane of the 
equator would then be fixed in space, and the changes of it.s 
obliquity to the ecliptic would be wholly caused by the motion of 
the latter, and would be very considerable. But, as Laplace re- 
marks, the attractions of the sun and moon on the terrestrial 
spheroid cause the plane of the equator to vary along with the 
ecliptic so that the possible change of the obliquity is reduced 
to about one and a third degrees which is about one-quarter of 
what it would have been without those actions. 

At present the obliquity is decreasing at the rate of about 
48" per century. After an immense number of years, it will begin 
to increase and will oscillate about its mean value. We must 
refer the reader to the second volume of the Mdcanique CelestCy 
livre cinquifeme. He may also consult the Connaissance des 
Temps for 1827, page 234. 

500. Bzamples. Ex. 1. If the earth were a homogeneous sheU bounded by 
BimUar ellipsoids, the interior being empty, the precession would be the same as if 
the earth were solid throughout. 

Ex. 2. If the earth were a homogeneous shell bounded externally by a spheroid 
and internally by a concentric sphere, the interior being filled with a perfect fluid 

* The value of 0^ may be found in the following manner. The orbit at any 
instant is turning about the radius vector of the planet as an instantaneous axis. 
Let u be this angular velocity which we shall suppose known. Let Z, Z' ; B, B* be 
two successive positions of the pole of the orbit and the extremity of the axis of IB 
respectively. Then ZB=& right angle =Z'B'. Hence the projections of ZZ\ BB\ 
on ZB are equal. This gives, since ZB is at right angles to both CZ and SB^ 

BSB'^nBS=ZCZ'sm ZC, Now the angle ZCZ'^^bO^ and the angle BSB' ^u, 
hence S^j . sin ^ = - u sin U The value of S0^ must be added to the former value of ^3. 
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of the same density as the earth, show that the precession wonld be greatei than if 
tbe earth were solid throughout. 

Let (a, o, c) be the semi-axes of the spheroid, r the radius of the sphere. Then 
since the precession varies as (C - A)IG by Art. 494, the precession is increased in 
the ratio a^ : a^c - r". 

Ex. 3. If the sun were removed to twice its present distance show that the 
Bolar precession per unit of time would be reduced to one-eighth of its present 
value; and the precession per year to about one-third of its present value. 

Ex. 4. A body turning about a fixed point is acted on by forces which tend to 
produce rotation about an axis at right angles to the instantaneous axis, show that 
the angular velocity cannot be uniform unless the momental ellipsoid at the fixed 
point is a spheroid. 

The axis about which the forces tend to produce rotation is that axis about 
which it would begin to turn if the body were placed at rest. 

Ex. 5. A body free to turn about its centre of gravity is in stable equilibrium 
under the attraction of a distant fixed particle. Show that the axis of least 
moment is turned toward the particle. Show also that the times of the 

principal oscillations are respectively 2t j ^^, .^ I and 2t j -^ ,^_ i . 

If the body be the earth and M' be the sun, show that the smaller of these two 
periods is about ten years. 

501. To give a general explanation of the manner in which 
the attraction of the Sun causes Precession and Nutation. 

In order to explain the efiFect of the sun's attraction on the 
earth it will be convenient to refer to Poinsot's. construction for 
the motion of a body described in 144? and the following articles. 

If a body be set in rotation about a fixed point under the 
action of no forces, we know that the momenta of all the particles 
are together equivalent to a couple which we shall represent by O 
about an axis OL called the invariable line. Let T be the Vis 
Viva of the body. If a plane be drawn perpendicular to the axis 

of G^ at a distance e* JMT/G from the fixed point, then the whole 
motion is represented by making the momental ellipsoid whose 
parameter is € roll on this plane. In the case of the earth, the 
axis 01 of instantaneous rotation so nearly coincides with OG the 
axis of figure that the fixed plane on which the ellipsoid rolls is 
very nearly a tangent plane at the extremity of the axis of figure. 
This is so very nearly the case that we shall neglect the squares 
of all small terms depending on the resolved part of the angular 
velocity about any axis of the earth perpendicular to the axis of 
figure. 

Let us now consider how this motion is disturbed by the action 
of the sun. The sun attracts the parts of the earth nearer to it 
with a slightly greater force than it attracts those more remote. 
Hence when the sun is either north or south of the equator its 
attraction will produce a couple tending to turn the earth about 
that axis in the plane of the equator which is perpendicular to 
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the line joining the centre of the earth to the centre of the sun. 
Let the magnitude of this couple be represented by a, and let us 
suppose that it acts impulsively at intervals of time dt 

At any one instant this couple ivill generate a new momentum 
adt about the axis of the couple a. This has to be compounded 
with the existing momentum 6, to form a resultant couple G'. 
If the axis of a were e xactly perpendicular to that of we should 

have 0' = JCP + Qidty = G ultimately. 

Let be the angle that the axis of O makes with OC, then 
is a quantity of that order of small quantities whose square is 
to be neglected. Taking the case when OC, the axis of O, and 
the axis of a are in one plane, for this is the case in which G' will 
most differ from G, we have 

G^--{Gcos0)' + {Gmi0^adty 

^G^ + 2Gaahi0dt (1). 

Then a and being of the same order of small quantities, the 
term a sin d is to be neglected. Hence we have G' = G, But the 
axis of G is altered in space by an angle adt/0 in a plane passing 
through it and the axis of a. 

Next let us consider how the Vis Yiva T is altered. If T' be 
the new Vis Viva we have 

T' — Tss twice the work done by the couple a 

« 2a (« cos )9) (i< (2), 

where eacos/3 is the resolved part of the angular velocity about 
the axis of a. For the same reason as before the product of this 
angular velocity and a is to be neglected. Hence we have T' =21 

It follows from these results that the distance e^jAfT/G of the 
fixed plane from the fixed point is unaltered by the action of a. 

Thus the fixed plane on which the ellipsoid rolls keeps at the 
same distance from the fixed point, so that the three lines 0(7, 
0/, OL being initially very near each other will always remain 
very close to each other. But the normal OL to this plane has 
a motion in space, hence the others must accompany it. This 
motion is what we call Precession and Nutation. 

Lastly these small terms which have been neglected will not 
continually accumulate so as to produce any sensible effect. As 
the earth turns round in one day, the axis OC will describe 
a cone of small angle round OL. The axis about which the sun 
generates the angular velocity a is always at right angles to the 
plane containing the sun and OG. Hence, regarding the sun as 
fixed for a day, the angle in equation (1) changes its sign every 
half day. Thus G' is alternately greater and less than G, Simi- 
larly since the instantaneous axis describes a cone about OL it 
may be shown that T' is alternately greater and less than T, 
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502. Solar Preceiiion and Nutation. The three axes in 
the earth which are the most important in our theory are (1) the 
axis of figure OC^ (2) the instantaneous axis of rotation 01, (3) the 
invariable line OL, It has just been proved in the last article 
that if these three be at any one instant very nearly coincident 
with each other they will, notwithstanding the sun's attraction, 
always remain very close together. It will therefore be sufficient 
for our present purpose to find the motion in space of any one of 
the three. 

Let OAy OB be two perpendicular axes in the earth's equator 
and let the earth turn round OG in the positive direction AB. 
Let the sun 8 at the time t be in the plane OOA and on the 
positive or north side of the equator. The sun's attraction during 
the time dt generates a couple adt about the axis OB which acts 
in the negative direction AG. It follows from the last article 
that OL (which is very nearly coincident with OG) moves in space 
in the plane BOG with an angular velocity equal to a/ O in the 
direction BG. Since the sun moves round in the same direction 
that the earth turns round its axis OG, it follows that when a is 
positive, the axes OL and OG move very nearly at right angles to 
the plane COS in a direction opposite to the sun's motion. 

Knowing the motion produced in these axes by the sun in the 
time dt, we now proceed to sum up the whole effects produced by 
the sun in one year. For simplicity we shall speak only of the 
axis of figure, viz. 00. 

Describe a sphere whose centre is at and let us refer the 




motion to the surface of this sphere. Let K be the pole of the 
ecliptic and let the sun S describe the circle DEFH of which K 
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is the pole. Let DF be a great circle perpendicular to KC, then 
since 0(7 and the axis of figure of the earth are so close that we 
may treat them as coincident, D and F will be the intersections of 
the equator and ecliptic. When the sun is north or south of the 
equator, its attraction generates the couple a, which will be 
positive or negative according as the sun is on one side or the 
other. This couple vanishes when the sun is passing through the 
equator at D or F. If the sun be anywhere in DEF, i.e. north 
of the equator, G is moved in a direction perpendicular to the 
arc C8 towards D, If the sun be anywhere in FED, a has the 
opposite sign and hence C is again moved perpendicular to the 
instantaneous position of CS but still towards D. Considering 
the whole effect produced in one year while the sun describes the 
circle DEFH, we see that G will be moved a very small space 
towards Z), i.e. in the direction opposite to the sun's motion. 
Resolving this along the tangent to the circle centre K and radius 
KG, we see that the motion of G is made up of (1) a uniform 
motion of G along this circle backwards, which is called Preces- 
sion and (2) an inequality in this uniform motion which is one 
part of Solar Nutation. Again as the sun moves from D to F, G 
is moved inwards so that the distance KG is diminished, but as 
the sun moves from E to F, KG is as much increased. So that 
on the whole the distance KG is unaltered, but it has an in- 
equality which is the other part of Solar Nutation. 

It is evident that each of these inequalities goes through its 
period in half a year. 

503. ' Lunar Nutation. To explain the cause of Lunar 
Nutation. 

The attraction of the sun on the protuberant parts at the 
earth's equator causes the pole G of the earth to describe a small 
circle with uniform velocity round K the pole of the ecliptic with 
two inequalities, one in latitude and one in longitude, whose period 
is half a year. These two inequalities are called Solar Nutations. 
In the same way the attraction of the moon causes the pole of the 
earth to describe a small circle* round M the pole of the lunar 
orbit with two inequalities. These inequalities are very small 
and of short period, viz. a fortnight, and are therefore generally 
neglected. All that is taken account of is the uniform motion 
of G round M. Now ^ is the origin of reference, hence if M 
were fixed the motion of G round M would be represented by a 
slow uniform motion of G round K together with two inequalities 
whose magnitude would be equal to the arc MK, or 5 degrees, 
and whose period would be very long, viz. equal to that of G 
round K produced by the uniform motion. . But we know by 
Lunar Theory that M describes a circle round K as centre with 
a velocity much more rapid than that of G. Hence the motion 
of G will be represented by a slow uniform motion round K, 
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together with two inequalities which will be the smaller the 
greater the velocity of M round K, and whose period will be nearly 
equal to that of M round K. This period we know to be about 
19 years. These two inequalities are called the Lunar Nutations. 
It will be perceived that their origin is diflferent from that of 
Solar Nutation. 

504. To calculate the Lunar Precession and Nutation, 

Let K be the pole of the ecliptic, M that of the lunar orbit, 
C the pole of the earth. Let KX be any fixed arc, KG =^6, 
XKC=ylr, then we have to find 6 and ^|r in terjns of t By 
Art. 494 the velocity of C in space is at any instant in a direction 
perpendicular to MG, and equal to 

— s 7^ — ^— ; — cos MG sin MG. 

2n u 1 + v 

For the sake of brevity let the coeflScient of cosMOsmMG 
be represented by P. Then resolving this velocity along and 
perpendicular to KG, we have 

d0/dt = - P sin MG cos MG sin KGM) 
sin d^Jr/dt = - P sin MG cos MG cos KGMJ ' 

By Lunar theory we know that M regredes round K uniformly, 
the distance KM remaining unaltered. Let then KM=i, and 
the angle XKM = — wi* + a. Now by spherical trigonometry, 

cos MG = cos i cos + sin % sin cos MKG, 

• -MM^n -rrmir COS t — COS ifcf (7 COS ^ 

sin MG COS KCM^ : — t^ 

sm 

= cos % sin — sin i cos cos MKCy 

sin MG . sin KGM = sin i sin MKG. 

Substituting these we have 

d0ldt = — P {sin { cos % cos sin MKG + i sin'i sin sin 2MKG], 

sin dyfr/dt = — P {sin cos (cos'i — J sin't) 

— sin i cos i cos 20 cos MKG — J sin^t sin cos cos 2MKG]. 

For a first approximation we may neglect the variations of 
and ^jr when multiplied by the small quantity P. Hence d0/dt 
contains only periodic terms, and the inclination has no per- 
manent alteration. But dyjr/dt contains a term independent of 
MKG; considering only this term, we have 

'^ = constant — P cos (cos*i — J sin'i) t 

This equation expresses the processional motion of the pole 
due to the attraction of the moon. We may write this equation 
in the form yjr = ^Q — pt 

To find the nutations, we must substitute for MKG its ap- 
proximate value MKG = {—m-\-p)t + a-' '^o* 
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We then have after integration 

^ . Psint COSlCOsd T^jTrrn Psin'isind a^rirn 

=s const. cos MKG j-. r- cos 2MKG. 




The second of these two periodic terms being about one- 
fiftieth part of the first, which is itself very small, is usually 
neglected. Also p is very small compared with m, hence we have 

^ y. P sin % cos i cos -Brrr^ 

0s:0 cosMKG. 

® m 

This term expresses the Lunar Nutation in the obliquity. 

In the same way by integrating the expression for y^, and 
neglecting the very small terms, we have 

siu 2% cos 20 — 

^rs-Jr^ — Pcosd(cos"t — i sin't)* — P -s — . -^ — ^-sinMRG. 

The angle MKG is the longitude of the moon's descending 
node, and the line of nodes is known to complete a revolution 
in about 18 years and 7 months. If we represent this period by 
T we have MKG = - 2TTtlT-\- constant. 

The pole M of the lunar orbit moves round the point of re- 
ference A with an angular velocity which is rapid compared with i?, 
but yet is sufficiently small to make the Lunar Nutations greater 
than the Solar. We may also notice that if M had moved round 
iTwith an angular velocity more nearly equal to p the Nutations 
would have been still larger. This may explain why a slow motion 
of the ecliptic in space may produce some corresponding nutations 
of very long period and of considerable magnitude. 

Motion of the Moon about its centre of gravity. 

505. In discussing the precession and nutation of the equinoxes, the earth has 
been regarded as a rigid body two of whose principal moments at the centre of 
gravity are equal to each other. One consequence of this supposition was that the 
rotation about the axis of unequal moment is not directly altered by the attraction 
of the disturbing bodies. As an example of the effect of these forces on the 
rotation when all the three principal moments are unequal, we shall now consider 
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the case of the moon as disturbed by the attraction of the earth. As onr object is 
to examine the mode in which the forces alter the several motions of the moon 
abont its centre of gravity rather than to obtain arithmetical results of the greatest 
possible accuracy, we shall separate the problem into two. In the first place we. 
shall suppose the moon to describe an orbit which is very nearly circular in a plane 
which is one of the principal planes at its centre of gravity. In the second case we 
shall remove the latter restriction and examine the effects of the obliquity of the 
moon's orbit to the moon's equator. 

506. The moon describes an orbit about the centre of the earth which is very 
nearly circular. Supposing the plane of the orbit to be one of the principal planer 
of the moon at its centre of gravity, find the motion of the moon about its centre of 
gravity. 

Let GA, OB, GC be the principal axes at O the centre of gravity of the moon, 
and let GC he the axis perpendicular to the plane in which G moves. Let A,B,C 
be the moments of inertia about GA, GB, GC respectively, and let M be the mass 
of the moon, and let accented letters denote corresponding quantities for the 
earth. 

Let be the centre of the earth, and let Ox be the initial line. Let 00 =r, 
GOx=$, Let us suppose the moon turns round its axis GO in the same direction 
that the centre of gravity describes its orbit about 0, and let the angle OGA=^. 

The mutual potential of the earth and moon is by Art. 486 

r=-_ + M _ +M ^ . 




Here Jsiicos^^+Bsin'^ and therefore the moment of the forces tending to 
turn the moon round GC is 

^«--_(B.^)sm2^ (1). 

Since $ + <f> is the angle which GA , a line fixed in the body, makes with Ox, a 
line fixed in space, the equation of the motion of the moon round GC is 

d^0 . d20 SM'B-A . ^^ ,„ 

5r» + d^=-2^-c-''"^2^ (2)- 

The motion of the centre of gravity of the moon referred to the centre of the 
earth as a fixed point is found in the Lunar Theory. It is there shown that r and 
$ may be expressed in the form 

r=c{l + -Lcos(p« + a)+Ac.}, 

^ = n + j9t + Hn COS (jpe + o) + <fec. , 

where pt is a very small term which represents a secular change in the moon's 
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angular Telocity about the earth, and is really the first term of the expansion of a 
trigonometrical expression. 

If we sabstitnte the value of d$ldt in equation (2) we have the following equation 
to determine ^, 

Tp = -s3'6in20-/5+nplf sin(p« + o) + &c (3), 

where for the sake of brevity we have put n' ^ " =%* 

Now we know by observation that the moon always turns the same face towards 
the earth, so. that amongst the various motions which may result from different 
initial conditions, the one which we wish to examine is characterized by <p being 
nearly constant. Let us then introduce into this equation the assumption that ^ 
is nearly constant ; we may then deduce from the integral how far this assumption 
is compatible with any given initial conditions which we may suppose to have been 
imposed on the moon. Putting 0=0o+ ^'' where 0^ is supposed to contain aU the 
constant part of </>, we easily find 

}j«sin20o = -/3 ) 

<P0' } (4). 

~^+2'cos2^o0'=nplf sm(p« + a)+&c.J ' 

Solving the second equation, we find, 

ff>=Han{qt+K) + <Po + M ^^^J'^ ^^ Bm{pt+a) + &c (5), 

where H and K are two arbitrary constants whose values depend on the initial con- 
ditions. The angular velocity of the moon about its axis is therefore given by the 
formula 

g+^=„+^t+H,cos(g*+ir)+lfjg^^,ooBa>« + a)+*c (6). 

In this investigation the axis GA which makes the angle ^ with the radius 
vector GO drawn to the earth may be either of the principal axes in the moon's 
equator. If we choose GA to be that axis whose mean position makes the lesser 
angle with the radius vector GO^ the quantity cos 2^0 will be positive. The quantity 
q^ will be positive or negative according as that axis GA has the least or greatest 
moment. In the solution just written down 9' has been taken to be positive. 

If q^ were negative or zero, the character of the solution of (3) would be altered. 
In the former case the expression for would contain real exponentials. If the 
initial conditions were so nicely adjusted that the coefficient of the term containing 
the positive exponent were zero, the value of 0' would still be always small. But 
this motion would be unstable, the smallest disturbances would alter the values of 
the arbitraiy constants and then 0' would become large. If we also examine the 
solution when ^^=0, we easily see that t// could not remain smalL The comple- 
mentary function would then take the form Ht + K and as before some small 
disturbance might cause t/>' to become great. We therefore infer that of the axes 
GAj GB of the moon, the axis of least moment is turned more towards the earth 
than the other and that these two principal moments are not equal. 

In order that the expression (5) for may represent the actual motion it is 
necessary and sufficient that H when found from the initial conditions should 
be small. We see, by differentiation, that Hq is of the same order of small 
quantities as d<pldu Hence H will be small if at any instant the angular velocity, 
viz. d$ldt-i-d4>ldt, of the moon about GC were so nearly equal to the angular 



MOTION OF THE MOON ABOUT ITS CENTRE OF GRAVITY. 289 

velocity, viz. d$ldtt of its centre of gravity round the earth, that the ratio of the 
difference to g is very small. 

We see from the first of equations (4) that the magnitude of the constant angle 4>q 
which the axis of least moment in the moon's equator makes with the radius vector 
drawn to the earth depends on the ratio 2/3/^. The value of p is found in the 
Lunar Theory and is known to he extremely small. The numerical value of q* depends 
on the structure of the moon and is not properly known. Its value can only h^ found 
hy comparing the results of this or some other investigation with observation. 
The first of equations (4) shows that 2/3 must be less than g*. So that unless the 
moments of inertia A and B in the moon are sufficiently unequal to satisfy this 
condition the moon could not move so as always to turn the same face to the earth. 

If we enquire what can be the physical cause of the difference between the 
moments of inertia about the two principal axes in the moon's equator we naturally 
think of the attraction of the earth on that body. This attraction, either in the 
past or in the present time, would tend to lengthen that diameter which is directed 
to the earth. Taking the suppositions usually made in the theory of the Figure of 
the Earth, Laplace has attempted to deduce from this the value of qK The only 
result we are here concerned with is that the ratio 2/3/g' is so small that we may 
reject its square. Assuming this, we see that 4*o i^^^Bt also be very small. It 
follows also that we may write -plq^ for (pQ and unity for oos2<pQ in equations 
(5) and (6). 

If therefore we suppose the moon at any instant to be moving with its axis of 
least moment pointed towards the earth and its angular velocity about its axis of 
rotation to be nearly equal to that of the moon round the earth, then the axis of 
least moment will continue always to point very nearly to the earth. The mean 
angular velocity of the moon about its axis will immediately become equal to that 
of the moon about the earth and will partake of all its secular changes. This is 
Laplace's theorem. It shows that the present state of motion of the moon is 
stable, rather than explains how the angular velocity about the axis came to be so 
nearly equal to the angular velocity about the earth. 

507. By comparing the value of the angular velocity of the moon about its 
axis obtained by theory with the results of observation, we may hope to obtain 
some indications of the value of q* and thence of (B''A)IC. If the term 
ffq COS {qt+K) could be detected by observation, we should deduce the value of 
(B-A)IC from its period. 

Among the other terms of the expression for the angular velocity of the moon 
about its axis, those will be best suited to discover the value of q which have the 
largest coefficients, that is those in which either the numerator M is the greatest 
or the denominator q^ -p^ the least possible. By examining the numerical value of 
their coefficients Laplace has shown that ii (B- A)IC were as great as '03 the elliptic 
inequality could be recognized by observation, and if it were between *0014 and *003 
the annual equation could be observed. 

508. Motion of tho eentre of gravity of tlio Moon. We may also deduce 
from the potential given in Art. 506 the radial and transverse forces which act on 
the centre of gravity of the moon due to the mutual attractions of the earth and 
moon. Since the principal moments of the moon are nearly equal and its linear 
size small compared with its distance from the earth, these forces are very nearly 
the same as if the moon were collected into its centre of gravity^ The effect of the 
small forces neglected by this assumption will be insignificant compared with the 

R. D. n. 19 
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other foroe8 which act on the oentre of gravity of the moon. The motion- of the 
oentre of gravity of the moon is therefore very nearly the same as if the whole mass 
were oolleeted into its eentre of gravity. 

(%noe however there are no other forces which have a moment ronnd GC besides 
those found above, the effect of these may be perceptible. The effects of tidal 
friction on the rotation of the moon may be omitted, at least at the present time. 

Ex. The oentre of gravity (7 of a rigid body describes an orbit which is 
nearly oironlar abont a very distant fixed oentre of force attracting according 
to the Newtonian law and situated in one of the principal planes through (r. If 
r^c{l-\-p)j 9snt + n^ be the polar co-ordinates of G referred to O, show that the 
equations of motion are 



dp (P^ 8 



B-A , 2C-A-B 
where 7--j^, •/= ^^^, . 

We may notice that the values of y and y' are much smaller than ^ and might 
therefore be rejected in a first approximation. 

If the body always turns the same face to the centre of force so that <f> is 
nearly constant and is small, show that there will be two small inequalities in the 
value of of the form X sin (pt + a), where p is given by 

(pa - n») (p^ - 5=) - 3»*y {p^ + 3n«) =0, 

one of these periods being nearly the same as that of the body round the centre 
of force and the other being very long. 

If the body turns very nearly uniformly round its axis GC, so that 4>=n't+€' 
nearly, show that there will be two small inequalities in the value of 0, one in 
which p=n and another in which p=2n^ 

509. Bzamples. Ex. 1. Show that the moon always turns the same face 
veiy nearly to that focus of her orbit in which the earth is not situated. [Smith's 
Prize.] 

Ex. 2. If the centre of gravity G of the moon were constrained to describe a 
cirde with a uniform angular velocity n about a fixed centre of force O attracting 
according to the Newtonian law; show that the axis GA of the moon will oscillate 
on each side of GO or will make complete revolutions relatively to GO according 
as the angular velocity of the moon about its axis at the moment when GA and GO 
coincide in direction is less or greater than n + q where q has the meaning given 
to it in Art. 506. Find also the extent of the oscillations. 

Ex. 3. A particle m moves without pressure along a smooth circular wire of 
mass M with uniform velocity under the action of a central force situated in the 
centre of the wire attracting according to the law of nature. Show that this system 

vn. ft J- 19 /a 

of motion is stable if-TJ>> — ntr » The disturbance is supposed to be given 

to the partlde or the wire, the centre of force remaining fixed in space. 

Ex. 4. A uniform ring of mass M and of very small section is loaded with a 
heavy particle of mass m at a point on its circumference, and the whole is in 



r 
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uniform motion about a centre of force attracting according to the law of nature. 
Show that the motion cannot b& stable unless ml{M-\-m) lies between *815865 and 
•8279. 

This example shows (1) that if a ring, such as Saturn's ring, be in motion 
about a centre of force, its position cannot be stable, if the ring be uniform ; and 
(2) that if, to render the motion stable, the ring be weighted, a most delicate 
adjustment of weights is necessary. A very small change in the distribution of 
the weights would change a stable combination to one that is unstable. This 
example is taken from Prof, MaxwelVs Essay on SaturrCs Rings, 

Ex. 5. The centre of gravity of a body of mass M, symmetrical about the plane of 
xy, is G ; and is a point such that the resultant attraction of the body on O is 
along the line GO. Then if the body be placed with O coinciding with a fixed 
centre of force S, and be set in rotation about an axis through perpendicular to 
the plane of xy with an angular velocity w, G will, if undisturbed, revolve uniformly 
in a circle, always turning the same face towards 0, provided Ma<a* is equal to the 
resultant attraction along GO, where a is the distance GO, It is required to 
determine the conditions that this motion should be stable. 

The motion being disturbed, will no longer coincide with the centre of force 
8, Let two straight lines at right angles revolving uniformly round S as origin 
with an angular velocity u be chosen as co-ordinate axes, and let x be initially 
parallel to OG, Let (x, y) be the co-ordinates of 0, the angle OG makes with 
the axis of x, then x, y, ^ are all small. Let V be the potential of the body at O, 
and let d^Vldx^=a, dPVIdxdy=y, d^Vjdy^^p, Let iSf be the amount of matter in 
the centre of force. The equations of motion of a particle referred to axes moving 
in one plane round a fixed origin are given in Vol. i. These equations may also be 
deduced from Arts. 4 and 5 of this volume by putting ^^=0 and ^3=0. In this way 
the equations of motion of G reduce to 

(S-"'-|«)'-(^"Jt + 50«'-2'*'Jt*="' 

and the equation of angular momentum about S will lead to 

where k is the radius of gyration of the body about 0. Combining these equations 
as a determinant and reducing we find that the differential equation in {, 17, or 

is of the form A 5:1+5-^-5+ C=0. 

at* at* 

The condition of stability is that the roots of this equation should be real and 
negative. Hence A, £, C must be of the same sign and B^>4AG, This pro- 
ppsition is due to Sir W. Thomson and is given in Prof. MaxwelVs Essay an Saturn^s 
Rings, 

510. Xiaplaee's th«or«ia on the Bloon's equator. The motion of a rigid 
body about a distant centre of force has been investigated on the supposition that 
the motion takes place entirely in one plane. We see by equation (2) of Art. 506 
that the case in which the centre of gravity describes a circular orbit, and the rigid 
body always turns a principal axis towards the centre of force, is one of steady 
motion. The preceding investigation also shows that this motion is stable for all 
disturbances which do not alter the plane of motion, provided the moment of 

19—2 
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inertia aboaft that principal axis which is directed towards the centre of force is less 
than the moment of inertia about the other principal 4uds in the plane of motion. 
It remains now to determine the effect of these disturbances in the more general 
case when the motion takes place in three dimensions. 

The whole attraction of the centre of force on the body is equivalent to a single 
force acting at the centre of gravity, and a conple. If the size of the body be small 
compared with its distance from the centre of force, we may neglect the effect of the 
motion of the body abont its centre of gravity in modifying the resultant force. 
The motion of the centre of gravity will then be the same as if the whole were 
collected into a single particle. The problem is therefore reduced to the following. 
A rigid body turns about its centre of gravity O, and is acted on by a centre of 
force E which moves in a given manner. In the case in which the rigid body is 
the moon, this centre of force, i.e. the earth, moves in a nearly circular orbit in a 
plane which itself also has a slow motion in space. This motion is such that a 
normal GM to the instantaneous orbit describes a cone of small angle about a 
normal OK to the ecliptic. The two normals maintain a nearly constant in- 
clination of about 5^.8'; and the motion of the normal to the instantaneous orbit 
is nearly uniform. 

511. It will dearly be convenient to refer the motion to axes GZ, GY, GZ 
fixed in space such that GZ is normal to the ecliptic. Let GA, GB, GC be the 
principal axes of the moon at the centre of gravity G. Let {p, g, r) be the direction- 
cosines of GZ referred to the co-ordinate axes GA, GB, GC, Then we have by 
Art. 9, since GZ is fixed in space, 

^-w,g + war=0, ^-«ir+«,p=0, ^-W2l> + Wi2=0 (I). 

Let GC be the axis of rotation of the moon, and as before let the moment of 
inertia about GA be less than that about GB, 

Now our object is to find the small oscillations about the state of steady motion 
in which OZ, GC, GM all coincide. We shall therefore have p, q, toi, a^aH small, 
and r very nearly equal to unity. The equations (I) will therefore become 

dp ^ da ^ 

where n is the mean value of w^. 

Let \, /I, V he the direction-cosines of the centre of force E as seen from G. 
Then we have by Enler's equations and Art. 487, 

A^-{B-C) w,W3= -Bn'^B-C)/iy 



B^-{C^A)u^»^^-3n'^(C-A)v\ 



(H). 



In the case of steady motion, the rigid body always turns the axis {GA) of lesser 
moment towards the centre of force, and <jt)^=n\ We have then both /i and p small 
quantities, so that in the first equation we may neglect their product /ly, and in 
the second equation we may put i'X=i'. Also, we may put ut^=n=n' in the small 
terms. 

If I be the latitude of the earth as seen from the moon, we have 

sin I = cos ZE =p\ + qfi-{-rv=p + p nearly. 
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(HI). 



Hence the two first of Eoler's eqnations take the form 
^^-(B-C)n»,=0 

B^-{C-A)nui=-in*(C-A){-p+eial) 

If the earthy as seen from the moon, be supposed to move in a cironlar orbit in 
a plane making a constant inclination tan~^ k with the ecliptic, and the longitude 
of whose node is -gt-\-p, we shall have 

sin {=X; sin (n't+^t— 13). 

In this expression g measures the rate at which the node regredes, and is about 
the two hundred and fiftieth part of n. We shall therefore regard gin as a small 
quantity. 




To solve these equations, it will be found convenient to substitute for t^ cii, 
their values in terms of p, q. We then have 

4§ + (4+B-C)nJ-««(5-C)j=0 

S^,-iA + B-CI)n^+iti*{G-A)p=3n.\G-A)anl\ 

Tofindi), g,letusput p=Pan{{n'+g)t~p}, g=Qcos{(n'+^)«-^}, 
where P, Q are some constants to be determined by substitution in the equation. 
Wehave <i{^i^+9)'+{B-C)n^}=rP{A+B^C)n(n+g) ) 

P{B(n+g)^-^(C-A)n^}^QiA+B--C)n{n+g)=-Sn^k{C-A)f' 
We may solve these equations to find P and Q accurately. In the case of the 

moon the ratios , — j- ,♦ — — and ^ are all small. If then we neglect the 

products of these small quantities, the first equation gives us Q/P=l-^/7i. The 
second equation will then give 

p_ Bnh{C-A) 

3nC''A)-2Bg" 
As g is very small compared with n, we may regard P and Q as equal. 
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512. The oomplementarj fanctions may be found in the usual manner by 
assuming |>=f*Bin(«e + H), q = cos (st-^H), 

on substituting we have the quadratic 

.iJB«*-{(i4 + B-C7)«-B(fi-C)-4ii(ii-C)}nV+4(ii-C)(B-C)n*=0, 

to find »•, and ^ = i « -/^-- jL • i 

to find the ratio of the coefficients of corresponding terms in p and q. If the roots 
of this equation were negative p and q would be represented by exponential values 
of t, and thus they would in time cease to be small. It is therefore necessary for 
stability that the coefficient of <' should be negative and the product (<i - C) (B - C) 
positive. Both these conditions are probably satisfied in the case of the moon. 
For since B - C and il - C are both small, the term {A+B-C)^ is much greater 
than the two other terms in the coefficient of 8^. Also, since the moon is flattened 
at its poles, we shall probably have A and B both less than C» 

513. Let If be the pole of the moon*s orbit, which is the same as that of the 
earth's orbit as seen from the centre of the moon. Then M is the pole of the 
dotted line in the figure of Art. 511. Therefore the angle EZM measured by 
turning ZE in the positive direction round Z until it comes into coincidence with 
ZM, is = |x-{(n+^)t-/3}. Again, if the angle EZC be measured in the ^me 
direction, we have 

cos EZC=^^^^$^:^^^^^^ = '-;(P^^^^-^^> = -f±^ , nearly. 
BmCZemZE J^ + q^smZE Jp^ + q'' 

Hence we easily find sin EZC=i — , . 

But sin CZM= sin EZM cos EZC - cos EZM sin EZG 

coB{{n-\-g)t-fi}p-Bm{(n+g)t-p}q 

If now we substitute for p and q their values, it is clear that the terms in p and 
q, whose argument is n+g, disappear. So that if F and O were zero, the sine of 
the angle CZM would be absolutely zero. In this case the three poles C, Z, M 
must lie in an arc of a great circle, or, which is the same thing, the moorCs equator, 
the moon^s orbit, and the ecliptic must, cut each other in the same line of nodes, 

Jf however F and O be not zero, but only very small, we have 

sm CZM= , ^ — i 

jF^+XG'^Bm(8't+H') 

where F*, G' contain either F or ^ as a factor, and are therefore small. If then F 
and O be both small compared with P, the angle CZM will remain either always 
small or always nearly equal to t. 

The intersection of the moon's equator with the ecliptic will then oscillate about 
the intersection of the moon's orbit with the ecliptic as its mean position. Since 
these oscillations are insensible, it follows that in the case of nature, the com- 
plementary functions must be extremely small compared with the terms depending 
directly on the disturbing force. 

514. If we disregard the complementary functions we have j9=P8in^, 
q=P cos 4>, where = (n' + p) « - /3. Now sin* CZ =p^ +q^; therefore CZ=-P very 
nearly.' The value of CZ, the inclination of the lunar equator to the ecliptic, is 
known to be about 1^.28'. Hence, since ^/n 9*004, we may deduce from the ex- 
pression for P at the end of Art. 511 an approximation to the value of (C-A)IB, 

C-A 

In this manner Laplace finds = 'OOOSOO. 



CHAPTER XII. 



MOTION OF A STRING OR CHAIN. 



The Equatiom of Motion, 

515. To determine the general equations of motion of a string 
under the action of any forces. 

Ineztensible Btrings. Let Ox, Oy, Oz be any axes fixed in 
space. Let Xmds, Tmds, Zmds be the impressed forces that 
act on any element ds of the string whose mass is mds. Let 
u, V, w be the resolved parts of the velocities of this element 
parallel to the axes. Then, by D'Alembert's principle, the 
element ds of the string is in equilibrium under the action of 
the forces 

»*(x-g), ^{y-% ^{z-'i) (I). 

and the tensions at its two ends. 

Let T be the tension at the point (a:, y, z\ then Tdx/ds^ 
Tdy/ds, Tdz/ds are its resolved parts parallel to the axes. 
The resolved parts of the tensions at the other end of the element 

and two similar quantities with y and z written for x. 
Hence the equations of motion are 






tn^'=^lT^] + mZ 



(2). 



In these equations the variables s and t are independent. 
For any the same element of the string, s is always constant, and 
its path is traced out by variation of t. On the other hand, the 
curve in which the string hangs at any proposed time is given by 
variations of s, t being constant. In this investigation s is 
measured from any arbitrary point, fixed in the string, to the 
element under consideration. 
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To find the geometrical equations. We have 

©■-©■-0-' <^)- 

Differentiating this with respect to t, we get 

dxdu dy dv dz dw^ . 

ds da dads ds ds 

The equations (2) and (4) are sufficient to determine x, y^ z^ 
and r, in terms of a and U 

516. Ex. If F be the Yis Viva of any arc AB of the chain ; T^ T^ the tensions 
at the extremities of this aic; t^', u,' the velocities of the extremities resolved along 
the tangents at those extremities, prove that 

\dV 

the integration extending over the whole arc. 

517. The equations of motion may be put under another 
form. Let ^, '^^ y^ be the angles made by the tangent at x, y, ^, 
with the axes of co-ordinates. Then the equations (2) become 

w^ = ^(jrcos^) + mX (5), 

with similar equations for v and w. 

To find the geometrical equations, differentiate Qo&4>^dxlds 
with respect to ^ : . ,d4> du ,^. 

Similarly, by differentiating cos yjr^dy /da and cos x^dz/da, 
we get two other similar equations for '^ and j^. Taking these 
six equations in conjunction with the following 

cos*<^ + cos*'^ + cos*;^ = l (7), 

we have seven equations to determine u, v, to, <f>, y^, ^ ^^^ ^* 

If the motion takes place in one plane, these reduce to the 
four following equations : 



"»^=^(^«^^*) + "*^ 



(8). 



The arbitrary constants and functions which enter into the 
solutions of these equations must be determined from the peculiar 
circumstances of each problem. 

518. Blastle strlnss. Let <r he the nnstretched length of the arc «, and let 
mdff be the mass of an element d<r of nnstretched length or ds of stretched length. 
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Then by the same reasoning as before, the equitations of motion beeome 

'^Tt=^Vdir'^ W' 

and two similar equations for v and w. To find the geometrical equations we must 

^"^ m<i)'<i)'-{i)'' 

the independent variables being now <r and U Differentiating with regard to t we 

dxdu dy dv dz dw __dB d fd8\ 
dff d<r dado" da da" da dt \daj * 

ds T 

But if X be the modulus of elasticity of the string, we have ^ = 1 + t (^)- 

o 1- x-x j.« 1. dxdu dy dv , dz dw /- TN 1 dT ,,... 

Substitutmg we have _ _ + ^_ +__ = (^l + -j - _ (m). 

The two equations (ii) and (iii) together with the three equations (i) will suffice 
for the determination of u, v, w, 8 and T in terms of a and t. 

If we wish to use the equations of motion in the forms corresponding to (5) or 
(8), the dynamical equations become 

'^5J = ^(^*^°'^)+'"^' 

with similar equations for v and w» 

The geometrical equations corresponding to (6) or (9) may be found thus. We 

dx dg /^ r\ 

have 5S=<««^d;^=<^«^(^l+xj- 

Differentiating, we have •j-=:-sin0~ + --j-(rcos0), 

ua dt A dt 

with similar expressions for t; and w. 

519. Tangential and Normal Resolution, When the 
motion of the string takes place in one plane, it is often con- 
venient to resolve the velocities along the tangent and normal to 
the curve. 

Let u\ v' be the resolved parts of the velocity of the element 
ds along the tangent and normal to the curve at that element. 
Let <f> be the angle the tangent to the element ds makes with 
the axis of x. Then by Chap. iv. of Vol. i. or by putting 
^8 = df^/dty 0^ = 0, ^jj = in Art. (5) of this Volume, the equations 
of motion are 

du' fd^_ y'a- — 
dt dt mds 

at at Trip 

The geometrical equations may be obtained as follows. We 
have M = m' cos ^ — v s^n ^. 

Diflferentiating with respect to «, we have by Art. 517, 

where p is the radius of curvature, and is equal to -^ . Since 



(1). 
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the axis of x is arbitrary in position, take it so that the tangent 
during its motion is parallel to it at the instant under considera- 
tion ; then ^ = and we have 

»=f-;--- «>■ 

Similarly, by taking the axis of x parallel to the normal, 

di'^l^^-p ^^^- 

These four equations are suflScient to determine u', v\ <f> and 
T in terms of 8 and t 

If the string be extensible, the dynamical equations become 

dt dt md<r 

dt dt mp da) 

To find the geometrical equations, we may differentiate u=u'cos0--v'sin^ 
with regard to a. This giyes by Art. 618 









By the same reasoning as in Art 519, this reduces to 

Xdt" dtr" pV \)* 



f('-D-S*?('-f)- 



520. The equations (2) and (3) may also be obtained in the 
following manner. The motion of the point P of the string being 
represented by velocities v! and v* along the tangent PA and 
normal PO at P, the motion of a consecutive point Q will be 
represented by velocities v!'\^dv! and v' + dv' along the tangent 
QBy and normal QO at Q. Let the arc P(i — da, and let QN be 
a perpendicular on PA. Since the string is inextensible, the 
resultant velocity of Q resolved along the tangent at P must be 
ultimately the same as the resolved part of the velocity of P in 
the same direction. Hence 

(tt' + du') cos d^ — {v + dv*) sin d^ = u\ 

or, proceeding to the limit, 

du' — i/d<f>=^0; .*. -1 -=0. 

Again, d(l>/dt is the angular velocity of PQ round P. Hence 
the difference of the velocities of P and Q resolved in any direc- 
tion which is ultimately perpendicular to PQ must be equal to 
PQ d4>ldt ; 

JUL 

.'. {v! + du') sin dj> + {v' + dv') cos d<f> — v'==ds'^, 

• .1 T -x dd> dv . u' 

or m the hmit ^ = -y- H — . 

at as p 
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521, BzamplM. Ex. 1. An elastic ring without weight, whose length when 
tmstretched is given, is stretched round a circular cylinder. The ciylinder is 
suddenly annihilated, show that the time which the ring will take to collapse to its 
natural length is ( Jfax/8X)^ where If is the mass of the string, X its modulus of 
elasticity, and a is the natural radius. 

Ex. 2. A homogeneous light inextensible string is attached at its extremities 
to two fixed points, and turns about the straight line joining those points with uni- 
form angular velocity. Let the straight line joining the fixed points be the axis of 
X. Show that the form of the string, supposing its figure permanent, is a plane 
curve whose equation is l + {dyldx)'^=b{a-i^)^, where a and b are two constants. 

On Steady Motion. 

522. Def. When the motion of a string is such that the 
curve which it forms in space is always equal, similar, and simi- 
larly situated to that which it formed in its initial position, that 
motion may be called steady. 

523. To investigate the steady motion of a/ifi inextensible 
string. 

It is obvious that every element of the string is animated with 
two velocities, one due to the motion of the curve in space, and 
the other to the motion of the string along the curve which it 
forms in space. Let a and b be the resolved parts along the axes 
of the velocity of the curve at the time ^, and let c be the velocity 
of the string along its curve. Then, following the usual notation, 
we have 

w = a+ ccos^, v = 6 + csin^ (1). 

Now a, 6, c are functions of t only, hence dulds = — c sin if>d<l>/ds. 
Therefore by equation (9) of Art. 517 we have 

3i-4*: • ■«• 

Substituting the values of u and i; in the equations of motion. 
Art. 515, we get 

da dc , ' j^d<l> XT , d fT .\ 

db dc » J , d(b ^^ . d (T . ,\ 

Substituting for d^Jdt, these equations reduce to 



f=(r-|.i.*)4{g-o.)..*} 



The form of the curve is to be independent of t ; hence, on 
eliminating jT, the resulting equation must not contain t This 
will not generally be the case unless dajdt, di/dt, dc/dt arc all 
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constants. In any case their values will be determined by the 
knoMm circumstances of the Problem. The above equations must 
then be solved, a being supposed to be the only independent 
variable, and t being constant. 

524. If the string move uniformly in space, and the elements 
of the string glide uniformly along the string, da/dt = 0, db/dt = 0, 
dc/dt = 0. It will then follow from the above equations, tnat the 
form of the string will be the same as if it was at rest, but the 
tension will exceed the stationary tension by wic*. 



525. Ex. 1. Form of mn «iMtrlo calito. Let an electric cable be deposited at 
the bottom of a tea of uniform depth from a thip moving with uniform velocity in a 
etraight line^ and let the cable be delivered with a velocity o equal to that of the thip. 
Find the equation to the curve in which the ttring hangt. 

The motion may be considered tteady^ and the form of the carve of the string 
wiU be always the same. 

If the friction of the water on the string be neglected, gravity diminished by the 
buoyancy of the water will be the only force acting on the string, let this be repre- 
sented by g'. Hence the form of the travelling curve will be the common catenaiy, 
and the tension at any point wiU exceed the tension in the catenary by the weight 
of a length of string equal to c*lg'. 

Next let the friction of the water on any element of the cable be supposed to 
vary as the velocity of the element, and to act in a direction opposite to the direc- 
tion of motion of the element*. Let fi be the coefficient of Motion. 

Let the axis of as be horizontal, and let acf be the abscissa of any point of the 
cable measured from the place where the cable touches the ground, in the direction 
of the ship*s motion. Also let x' be the length of the curve measured from the 
same point. Then x=3if+ctf and t=t' + ct. 

Following the same notation as before, we have 

X=-/itt, Y=''g'-fw. 

But u=e-ccos0, v=-csin0. 

Hence the equations (3) become 

0= -/*C + /WJCOS0 + ^ |^^_c»J cos^j- 

0?. - p'+ /»c sin 0+^ |f - - c» j sin ^l 

To integrate these put sin s ({y/d9, eoB4»=dxlds. Hence, 

g'A= "/jxt+ficx+i — e^icos^l 

^^ ^ [ (1), 

g'B = — ^« + AUJy + ( c« j sin ^J 

where A and B are two arbitrary constants. 

At the point where the cable meets the ground, we must have either T=0 or 
4>=0, For if be not zero, the tangents at the extremities of an infinitely smaU 
portion of the string make a finite angle with each other. Then, if T be not zero, 

* Each element of the string has a motion both along the cable and trans- 
versely to it. The coefficients of these frictions are probably not the same, but 
they have been taken equal in the above investigation. 
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resolving the tensions at the two ends in any direction, we have an infinitely small 
mass acted on by a finite force* Hence the element will in that case alter its posi- 
tion with an infinite velocity. First, let us suppose that 0=0. Also at the same 
point, y=0 and «'=0. Hence B= -et. 

Putting ^=«, we get by divMon % = ^"^'Jl^. (2). 

This is the differential equation to the curve in which the cable hangs. 
To solve this equation*, let ns find s' in terms of the other quantities, 



1-3 



%.(A-eaf+^y) 



Differentiating, we have ^W (^y = ^'" / ^^ j,y ' 

Put p for dyldx where convenient, and put viot A-€^ + ehf\ the equation then 

dp 



becomes ^ ^"^ '^ 



^^ (l-ep)^l+p«* 
in which the variables are separated, and the integrations can be effected. The 
equation can be integrated a second time, but tiie result is very long. The arbitrary 
constant A may have any value, depending on the length of the cable hanging from 
the ship at the time <=0. 

The curve in its lowest part resembles a circular arc or the lower part of a comt 
mon catenary. But in its upper part the curve does not tend to become vertical, 
bat tends to approach an asymptote making an angle cot'^e with the horizon. The 
asymptote does not pass through the point where the cable touches the ground but 

below it, its smallest distance being A\e{(?^V^\ the asymptote also passes below 
the ship. 

If the conditions of the question be such that the tension at the lowest point of 
the cable is equal to nothing, the tangent to the curve at that point will not neces- 
sarily be horizontal. Let X be the angle this tangent makes with the horizon. 
Referring to equations (1) we have simultaneously 

0^=0, y=0, «=0, T=.0, and 0=X. 

Hence il=--jCosX, 5= -— . sinX-c*. 

The differential equation to the curve will now become 

, - -> sinX+«'-e« 

% i (3). 

— >cosX+€«-eaj 
9 
which can be integrated in the same manner as before. One case deserves notice ; 

viz. when «=cotX. The equation is then evidently satisfied by y = x'le. The two 

constants in the integral of (3) are to be determined by the condition that when 

• The problem of the mechanical conditions of the deposit of a submarine cable 
has been considered by the Astronomer Boyal in the Phil. Mag. July 1868. His 
solution is different from that given above, but his method of integrating the 
differential equation (2) has been followed. 
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s'=0, y^Oj then dyldx'=tfui\. Both these conditions are satisfied by the relation 
ys^afje, Henoe this is the required integral. The form of the cable is therefore a 
straight line, inclined to the horizon at an angle X=oot~^« ; and the tension may be 

niff'y 



found from the formula Ts= 



1+oobX* 



Ex. 2. Let a cable be delivered with velocity c' from a ship moving with nni- 
form velocity c in a straight line on the surface of a sea of uniform depth. If the 
resistance of the water to the cable be proportional to the square of the velocity, 
the coefficient B, of resistance for longitudinal motion being different from the 
coefficient A, for lateral motion, prove that the cable may take the form of a 

straight line making an angle X with the horizon, such that cot*X=/^«*H-J- J, 
where e is the ratio of the speed of the ship to the terminal velocity of a length of 
cable falling laterally in water. Prove also that the tension will be found from the 

equation Tas Jy-— gif — cosXj -r^j- n^. [Phil. Mag.] 
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526. Initial Tension. A string under the action of any 
forces begins to move from a state of instantaneous rest in the 
form of any given curve ; find the initial tension at any given 
point 

Let mPds, mQds be the resolved parts of the forces respec- 
tively along the tangent and radius of curvature at any element ds. 
The force P is taken positively when it acts in the direction in 
which 8 is measured and Q is positive when it acts in the direction 
in which the radius of curvature p is measured, i.e. inwards. Let 
the rest of the notation be the same as in Art. 515. 

Let us multiply the equation (2) of Art 515 by the direction- 
cosines of the tangent, viz. dx/ds, dy/ds, dzjds and add the results. 
Remembering that 

dx d^x dy d^y dz d*z _ 

didS^'^dsd?'^dsd7~^' 

a result which follows at once by differentiating (3) with regard 
to s, we find 

dosdudydv dz dw _\ dT p .^v 

ds dt ds dt ds dt ~ m ds 

In the same way if we multiply the equations (I) by the direction- 
cosines of the radius of curvature, viz. pcPop/ds*, pd^y/ds\ pd^z/ds^ 
and add the results, we find 

d^x du d?y dv d^z dw 1 T ^ ,t-t\ 

These two equations may also be directly deduced by simply 
resolving the forces (1) of Art. 515 along the tangent and radius 
of curvature. 
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Let us differentiate the first of these with regard to $ and 
subtract the second after division by p ; we have 

ds dsdt "*" da dsdt "*" d$ dsdt " d8\m da J ^ mp*^ dt " ~p ^^' 

If we differentiate equations (4) of Art. 515 with regard to t, 
we find that the left-hand side of equation (III) may be written in 
either of the forms 

-m- m'- (g)*-^v(fty--nv(«y-*.,(l)-...(:v,. 

In the beginning of the motion, i.e. just after the string has 
started, we may reject the squares of the small quantities du/dsy &c. 
or d^/dt, &c. We therefore deduce from either of the expres- 
sions (IV) that we may reject the left-hand side of equations (III). 
We therefore have 

ds\mdsJ m p* ds p ^ ^* 

When the string is homogeneous, we may put m equal to 
unity and the equation takes the simple form 

d^^T^^dP Q 

ds" p' ds^ p ^^^^• 

If we write mds^da and mp = p\ the equation (V) takes the 
form (VI) with p and «' written for p and s. 

These are the general equations to find the tension of a string 
which has just begun to move from a state of rest. 

527. Initial direction of motion. Let \, /i, v be the 

direction-cosines of the binormal, and let mRds be the resolved 
part of the impressed forces in this direction. If we multiply 
the equations (2) of Art. 515 by \, /x, v and add the results, or if 
we resolve the forces (1) directly along the binormal, we find 

du^ dv dw n /-rrxTx 

di^-^^f' + Tt'' = ^ (^">- 

Since the string begins to move from rest, we have initially u=0, 
V = 0, w = 0. At the end of a time dt, the velocities will be 
proportional to du/dt, dv/dt and dw/dt. Thus it appears that the 
left-hand sides of equations (I), (II) and (VII) are respectively 
proportional to the resolved velocities of the element in the di- 
rections of the tangent, principal normal and binormal. Hence 
the direction of motion of any element makes angles with the 
tangent, principal normal and binormal whose cosines are pro- 

1 dT 1 T 

portional to — 3- + P, h Q, M. 

^ m as m p 

528. The two arbitrary constants introduced into the solution 
of the equations (V) or (VI) are to be determined by the cir- 
cumstances of the case. If either end of the string be free we 
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have 7= at that end. If one extremity be acted on by a given 
force that force must act along a tangent since it must be balanced 
by the tension at that end. If one extremity be constrained to 
slide along a given smooth curve, we must equate to zero the 
resolved velocity along the normal to that curve. 

It must also be remembered that these constants introduced 
by the integration are constants only as regards 8, and at the 
time t=^0. They may be functions of i and may be continuous 

or discontinuous. 

• 

629. A string is in equilibrium under the action of any forces. 
Supposing the string to be cut at any given point, find the instan- 
taneous chatige of tension. 

Let Tq be the tension at any point (xyz) just before the string 
was cut. Then the resolved forces P, Q, JR must be such that 
when T^jTo ^^^ ^^^^^ ^^ ^^® equations (I), (II) and (VII) are 
zero. We thus find 

m as m p 

If we substitute for P and Q in the equations (V) or (VJ) and put 

r'=r-.ro»wefind 



l/'l^V- — = or — --' 
d8\md8/mp* * ds* pi 



according as we regard the string as heterogeneous or homogeneous. 
Here T" is the instantaneous change of tension at any point of 
the cut string. 

630. Examples A string is in equilibrium in the form of a circle about a 
centre of repulsive force in the centre. If the string be now cut at any point A, 
prove that the tension at any point P is instantaneously changed in the ratio of 

1-? ^ :1, 

where 6 is the angle subtended at the centre by the arc AF. 

Let F be the central force, then P—0, and mQ = - F. Let a be the radius of the 

circle. Then the equation of Art. 626 to determine T becomes ^-r — r>= — • 

as* a* a 

Let s be measured from the point A towards P, then s=a6; also F is independent 
of s. Hence we have T=Fa+Ae^+B€~^. 

To determine the arbitrary constants A and B we have the condition T=0 when 



^=0and^=2ir; 



'=Fa, \l-- — [ . 



But just before the string was cut T=Fa, Hence the result given in the enuncia- 
tion follows. 

Ex. 2. A string is wound round the under part of a vertical circle and is just 
supported in equilibrium at the ends of a horizontal diameter by two forces. The 
circle being suddenly removed, prove that the tension at the lowest point is 

instantly decreased in the ratio 4 : c^ + c"*'. 
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Ex. 3. ^e extreme links of a uniform chain can slide freely on two intersect- 
ing straight lines which are at right angles and equally inclined to the vertical. 
The chain is in equilibrium under the action of gravity. If now the chain break 
at the lowest point show that the tension at any point P is equal to the statical 
tension multiplied by 20/(ir + 2), where ^ is the angle the tangent at P makes with 
the horizon. 

Ex. 4. A string rests on a smooth table in the form of an arc of an equiangular 
spiral and begins to move from rest under the action of a central force F which 
tends from the pole and varies as the n^ power of the distance, show that the initial 

tension is given by T= -rF — ^r 7-^- + Ar'+Br^t where a is the angle 

w(n + 1) co8*a - sm* o 

of the spiral, p and q are the roots of the quadratic x{x-l)=ta,Ji^a, Show that 

the solution changes its form when a is such that the first term is infinite, and find 

the new form. 

531. Impiilsiye tensions. A string rests on a smooth hori- 
zontal table and is acted on at one extremity by an impulsive tension, 
find the impulsive tension at any point and the initial motion. 

Let T be the impulsive tension at any point P, T + dT the 
tension at a consecutive point Q, then the element PQ is acted on 
by the tensions T and T-\- dT at the extremities. Let (f) be the 
angle the tangent at P to the string makes with any fixed line ; 
u, V the initial velocities of the element resolved respectively 
along the tangent and normal at P to the string. Then, resolving 
along the tangent and normal, we have 

muds = (T+ dT) cos d(f> - T 
mvds = (T + dT) sin d(l> 

1 iJT 1 T 

therefore proceeding to the limit u = j- > v = • 

"^ ° m as m p 

But by Art. 520, we have du/ds = v/p. Hence the equation to 

d^T T 
find T becomes ^-r — 5=0. 

ds^ p 

This, as might have been expected from mechanical considera- 
tions, is the same as the equation in Art. 529. 

If the chain be heterogeneous we easily find in the same way 

d_(}_dT\l^T 

ds \m ds J m p^' 

The two results in this article appear to have been first given 
in College Examination Papers. 

532. Ex. If Tj, 7, be the impulsive tensions at the extremities of any arc of 
the chain, u^, u^ the initial velocities at the extremities resolved along the tan- 
gents at the extremities, prove that the initial kinetic energy of the whole arc is 

This readily follows by integrating m (u^ + v^) cb along the whole length of the 
arc. But it also follows at once from the proposition proved in Vol. I. that the 
work due to an impulse is the product of the impulse into the mean of the resolved 

E. D. U. 20 
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velooitiefl of the point of application jnst before and just after the action of the 
impulse. Henoe, since the string starts from rest the work done at either extre- 
mity is the prodnct of the tension into half the initial tangential velocity. 

d»T T 
538. floliitloB of a DUtartntlal Bqnatloii. The equation -=-^ — ,=0 can be 

solved whenever pU a quadratic function of s, 

Oasb I. If the factors of the quadratic be real, let p= ^ ~ . Assume 

P 

as a trial solution T=slf(«~ a)"* («-&)*. Substituting in the differential equation 
and dividing by (» - a)**-* {a - 6)*"^ we find 



(m+»-l) {(m+n)»'-2(an + &m)»} | ^ 
+ a%i (n - 1) + 2a6iiin + 6% (m - 1) - /5*) " 



This equation is satisfied if we choose m and n so that the coefficients of the 
several powers of s are zero. The two first powers lead to m+n=l and the last 
then gives mn {a-b)^+p= 0. The required solution is therefore 

where A and B are two arbitrary constants and m, n are the roots of the quadratic 
fl^-ossf-^j . This solution is given by Prof. Stokes in the eighth volume of 
the Cambridge Philosophical Transactions, 1849. 

Case II. When the factors are imaginary we may deduce the solution from the 

(s + a^2 + 6* 
result just given. But putting p=- ^ it will be more convenient to proceed 

P 
thus. If we write 8 + a=b tan 0, the differential equation takes the form 

d^T „. ^dT j88_, 



.-. g (T cos ^) + (l - ^) (T cos ^) =0. 



The solution of this equation is well known and is trigonometrical or exponential 
according as /3 is less or greater than b. 

Case IH. When the factors are equal, let p=- — ^ . If we write T=(8-a)z 

P 

1 d/^z 

and 8-a=- the equation reduces to ^-^ - p^z = 0. We therefore have 
X ax 

T=(8-a){Me*-<*+ Ne •-«). 

Oasb IV. If p be a function of a of the first degree, let p=a («-&). In this 
case the differential equation assumes a known form and is reduced to an equation 
with constant coefficients by putting 8-b=e^, 

534. Another solution is given in the ninth volume of Liouville*8 Journal by 
Besge who reduces the equation to one solved by Euler. 

d^T AT 

Let us write the equation in the form -=-^ = ; — -sr— ; — i\« • 

ds^ (a4-26« + c«*)' 

Putting log T=fUd8 we find by substitution 



ds (a+2b8 + cf)*' 

The denominator on the right-hand side suggests that a solution can be found of 

V 
the form 17= . <>. . — -- . 
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SabBtitnting in the differential equation we find 

Now it is obvious that if we put V-h-c8=h^ where k is some constant, the 
equation reduces to ac - 6* + ^ = -4 . 

Thus we have two values for k. Two particular integrals have therefore been 

found, viz. loc T= / ds. 

• ^ y a + 26« + c«« 

Each of these integrations can be effected in finite terms. If the values of T 

thus found be 0(«) and ^(s), the general integral required is T=M<l>(8)-\-N\lf (s), 

where M and N are two arbitrary constants. 

585. Ex. 1. If the given curve be the catenary c/)=c^+8^, show that the 
solution of the differential equation is T=y(A<l> + B), where y is the ordinate 
measured from the directrix and is the angle the tangent makes with the horizon. 

This result may easily be obtained by noticing (1) that T=yv& one solution and 
then finding the complete integral in the usual manner by putting T=yz, See 
Cambridge Senate House Problems for 1860 with Solutions^ page 65. 

Ex. 2. If the curve in which the string is placed be such that p^=-rr. — ^ where 

i is any positive integer, show that one solution is T=fPidXy where a;=8/a and Pi is 
a Legendre's function of x of the i*^ order. 

Ex. 3. Trace the curve Pp={s- a) {s-b). 

The curve has three branches, the first extends &om 8 = a to b, the curvature 
is always in one direction and the branch terminates at each extremity with an 
infinite number of diminishing convolutions being ultimately an equiangular spiral 
whose angle is tan~^j8/(a-5). The second branch extends from 8=b to oo, it 
unwinds like an equiangular spiral with an infinite number of turns. The winding 
and unwinding branches have the same directions of curvature when the arc in each 
is measured from the infinitely small cusp. The unwinding branch finally proceeds 
to infinity like one branch of the catenary /9p=«' + /9^, the tangent being ultimately 
parallel to that at 8=i{a+b). The third branch extends from 8=- c to - oo and 
resembles the second branch. 

Small OsdUations of a Loose Chain, 

536. Chain BUBpended by one extremity. A heavy 
hetexogeneous chain is suspe^ided by one extremity and hangs in a 
straight line under the action of gravity, A small disturbance 
being given to the chain in a vertical plane, it is required to find 
the equations of motion*. 

* In the Seventh Volume of the Journal Poly technique, Poisson discusses the 
oscillations of a heavy homogeneous chain suspended by one extremity. Putting 
(l'-x)^Jbigh equal to s or s' according as the upper or lower sign is taken, and 

y'=y{l-x)*y he reduces the equation to the form -t-^,= --a r1 ivi • -^^ obtains 

the integral by means of two definite integrals and two infinite series. After a 
rather long discussion of the forms of the arbitrary functions which occur in the 
integral, he finds that a solitary wave will travel up the chain with a uniform 
acceleration and down with a uniform retardation each equal to half that of 
gravity. 

20—8 
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Let be the point of support, let the axis Ox he measured 
vertically downwards and Oy horizontally in the plane of disturb- 
ance. Let md8 be the mass of any elementary arc whose length 
PQ is ds, and let The the tension at P. Let The the length of 
the string, and let us suppose that a weight Mg is attached to the 
lower extremity. The equations of motion as in Art. 515 will be 

6?x _ 1 d f rpdx\ 

df m ds\ ds, 

Since the motion is very small, the point P will oscillate in a 
very small arc, the tangent at the middle point being horizontal. 
Hence we may put dxjdt = 0. For a similar reason we may put 
dx = da. We therefore have by integrating the first equation 

T = constant ^gfrnch. 

But T= Mg when x—l, hence we find 

T^Mg + gjlmdx (2). 

When the chain is homogeneous, this equation takes the simple 
form T = Mg+mg{l--x),... .- (3). 

It may be noticed that this expression is independent of the 
time ; the tension at any point of the chain is equal to the total 
weight of matter below that point. 

The second equation may be written in either of the forms 

df mdx\ dx) 

m dx^ m dx dx 
where T is a function of x given by the equations (2) or (3). 

537. Let us suppose that the displacements of the particles 
forming any finite portion of the chain during a finite time, are 
represented by y = ^ (a;, t), where <^ is a continuous function of x 
and t. Let P be a geometrical point within this portion of the 
chain which moves so that the particle-velocity at P, i.e. dyjdt is 
always equal to some constant quantity A. Let v be the velocity 
with which P moves, then following in our mind the motion of P, 
we have by differentiating dy/dt = A with regard to t 

de^dxdt""^^ ^^^• 

Let () be a point also within the portion, such that the tangent 
to the chain at Q makes with the vertical an angle whose tangent, 
i.e. dyjdxy is P/T, where B is some constant quantity. Let v' be 
the velocity with which Q moves, then 



■(*). 



^^,*a(^l)»--» <«)• 



1 
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Eliminating the second differential coefficients of y from equa- 
tions (4), (5) and (6), we easily deduce that if P and Q coincide 
at any instant, 

w' = ^ (7). 

This reasoning requires that all the second differential coeffi- 
cients should be finite, and that y should be a continuous function 
of X and t It would not apply to any point P, if the discontinuous 
extremities of two waves were passing over P in opposite direc- 
tions. But the consideration of these exceptions is unnecessary 
for our present purpose. 

Let AB be a disturbed portion of the chain travelling in the 
direction AB on a chain otherwise in equilibrium. At the con- 
fines of the disturbance the two portions of the string must not 
make a finite angle with each other. If they did, an element of 
the string would be acted on by a finite moving force, which is the 
resultant of the two finite tensions at its extremities. In such 
a case the disturbance would instantly extend itself further along 
the chain and take up some new form. Supposing we exclude 
any such case as this, we must have, as long as the motion is 
finite, both dyjdt = 0, and dyjdx = 0, at both the upper and lower 
extremity of the disturbance. If then P be a point at which 
dyjdt = 0, and Q a point at which dy/dx = 0, P and Q may be 
considered as taken just within the boundary of the wave ; P and 
Q will therefore each travel with the velocity of that boundary. 
Hence putting v = v\ we find for the velocity of either point 

T 
v' = - (8). 

It appears therefore that if a solitary wave travel up the chain, 
the velocity increases as the wave approaches the upper extremity. 
The upper end of the wave will travel a little quicker than the 
lower end, because the tension at the upper end exceeds that at 
the lower ; thus the length of the- wave will gradually increase. 
When the wave travels down the chain, the velocity for the same 
reason decreases. 

538. BzamplM. Ex. 1. If the chain be homogeneons, show that the bonndaries 
of a solitary wave wiU travel np the chain with an acceleration equal to half that 
of gravity, and down the chain with a retardation of the same numerical amount. 

Ex. 2. Let the law of density be m-=^A\^-\-V -x)~^ where I is the length of 
the chain and A^ V two constants. Also let a weight equal to 2Ag\/l' be fastened 
to the lower extremity, prove that 

y =/ {Z + r - x)* - (4^)* t) + F {{I + r - x)^ + (isf)i t). 

This integration may be effected by writmg e=(l + V)^ -(l+V- a;)*. The equation 

of motion then takes the form -rl = ^ t^ » which can be solved in the usual manner. 

at* A ar 
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Ex. 3. The chain is Baid to sonnd an hannonio note when its motion can be 
represented by an expression of the form y=^{x) sin (ict+a) ; so that the motion of 
every elenrent repeats itself at the same constant interval. Show that the harmonio 
periods of the chain and weight are given by kV^ tan k { (l+V)^ - ^'*} = 1- 

To prove this, we substitute y=f (d) Bin {Kt+ a) in the differential equation 
obtained in the last Example; we thus find f($) to be trigonometrical. Since y=0 
when a;=0 for aU values of t, the expression for y reduces to 

y=sin KeiAKtoELKt (i^r)* +BicC08 Kt (ig)^} 

where Ak and Bk are two arbitrary constants. But when x=l, y must satisfy the 
equation of motion of the weight, viz. d^ldx^=^ -g dyjdx. Whence the result 
follows by substitution. 

539. Chain suspended by both extremities. An in- 

elastic heterogeneous chain is suspended from two fixed points 
under the action of gravity. Any smaU disturbance being given 
in its own plane, it is required to find the small oscillations. 

Let the axis of a; be horizontal and that of y vertical. Let O 
be any point on the chain when hanging in equilibrium, and let 
the arc s be measured from G. Let (x, y) be the co-ordinates of 
any point P determined by GP = s. Let T be the tension at P, 
mgds the weight of an element ds situated at P. The equations 
of equilibrium are 

Let a be the angle the tangent at P makes with the axis of x, 

then we easily find T= — ^, m — w — = — (1), 

•^ cos a ds ^ ' 

where w is an undetermined constant. 

When the chain is in motion, let (a? + f , y + 97) be the co- 
ordinates of the position of the particle P at the time ty and let 
the tension at that point be T'=T+U. The equations of motion 

Will be ^ 



m ds \ \ds dsj) 
which, by subtracting the equations of equilibrium, reduce to 



df m ds 



df mds\ ds ds) 

mds\ ds ds) 



(2). 



when the squares of small quantities are neglected. 
Since the string is inelastic, we have 

(dx + d^f + {dy + d/nf = (ds)\ 
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Expanding and rejecting the squares of small quantities, this 

becomes ^^ + ^^=0 (3). 

as as as as 

We have thus three equations to find f , 17 and U as functions 
of 8 and t 

540. Velocity of a wave. To find the velocity with which 
a solitary wave will travel along the chain. 

If we suppose a small disturbance to travel along this chain, 
so that there is no abrupt change of direction of the chain at the 
boundaries of the wave, we must have at those points d^jds = 0, 
d7}/ds — 0, d^/dt = 0, drj/dt = 0, and U= 0. Let v be the velocity 
with which one boundary of this wave travels along the chain, 
then, following that boundary in our mind, we have as in Art. 537 

dt'^ dsdt ' dtds^ ds' "' 
and therefore -j4 = i^ -rf , 

a 

with a similar equation for rj. Thus the dynamical equations be- 
come at the boundary 

(^_T\^^ldUdx 

\ m) cfo* m ds ds 

\ m) cfe* m ds ds 
and the geometrical equation becomes 

cPf dx __ d^ri dy 

ds^ ds ds^ ds * 
From these we easily get 'if — Tjm. Substituting for T and m 
their values, we have if p be the radius of curvature at P, 

v = ^(gp COB a) (4), 

so that the velocity of either boundary of the wave is that due to one 
quarter of the vertical chord of curvature at that point. 

Ex. A chain is in equilibrium under the action of any forces which are 
functions only of the position in space of the element acted on. Show that the 
velocity of either boundary of a solitary wave is that due to one quarter of the chord 
of curvature in the direction of the resultant force at that boundary. 

541. XntrlBslo aqnatlon of motion. To solve as far as possible the equations 
of motion of a heavy slack heterogeneous chain. 

It will be convenient to express the unknown quantities i, rf, U in. terms of 
some one function <p. 

Let a+0 be the angle the tangent at P makes with the horizon at the time t. 

Then oo8(a+0)=^^ Bin(a+^)=^^. 

.-. -0sma = ^, 0coso = ^ (5); 
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<^f ^V ft»\ 

.', -j^ = - pil> BUk a, — =/)0cOBa (6), 

oa an 

^ss - jp^Bmada + Af 17= jp^coBada + B (7), 

where A and B are two undetermined functions of t. 

The equations (2) now become by substitution from these and from (1) 

~ — r~ = T'( -if0tana+ — coso) 
dt^ cos^a d(i\ "^ %D J 

dht 1 d ( V . \ 

dt^ coB^a do \ ^ w / 

For the sake of brevity let accents denote differentiations with tegard to t. 
Expanding the differentiations on the right-hand side, these equations may be 
written in the form 

cos'o' 



dt' . ^ , . 

(8). 



-f sina+V'cosa-p f ^sina+^cosa j =U 
{''cos a + V' Bin a + p0 cos a 



w 
dU oos^al 



da w 

Differentiating the first with regard to a and adding the result to the second, 
we obtain 



PfL- ^^-2^ (UcoBa 
COB a da* da\ w 



) 



Differentiating the second and subtracting the first from the result, we obtain 

da da^ \ w J 
These equations evidently give 

l7co8o=w^(2/0da+(7o + D) (9), 

d^<t> cosa/d*0 , ^ \ ^ 

where C and D are two undetermined functions of t. These > are the general 
equations to determine the small oscillations of a slack chain. 

The undisturbed form of the curve being given, p is known as a function of a. 
We may then use the equation (10) to find lis a function of a and t. The tension 
is then found from the equation (9), and the displacements (, 17 of any point of the 
chain by equations (7). 

542. The determination of the whole motion depends therefore on the solution 
of a single equation. Supposing the integration to have been effected, the ex- 
pression for will contain two new arbitrary functions of a and t. These we may 
represent by ^(P) and x(Q) where ^ and x are arbitrary functions of two determinate 
combinations P and Q of the variables. The arbitrary functions A and B are not 
independent of C and D, and the relations between them may be found by substi* 
tuting in equations (8). 

We have thus four arbitrary functions whose values have to be determined from 
the conditions of the question. Let a^, a^, be the values of a which correspond to 
the two extremities of the string. Then the values of (f> and d<f>jdt are given by the 
question when t=0 for all values of a from a=ao to a=ai\ also the initial values 
of A and B are given. Thus the values of ^(P) and x(Q) ^^ determined for all 
values of P and Q between the two limits which correspond to a=ao, t=0 and 0=0^, 
t=0. The forms of ^ and x for values of P and Q exterior to these limits, and the 
values of A and B when t is not zero, are to be found from the conditions at the 
extremities of the chain. If the extremities be fixed, we have both ^ and 17 equal to 
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zero for all values of t when a=ao and a = aj. It may thus happen that- the 
arbitrary functions A, By \p and x &]^6 discontinuous. 

In many cases the circumstances of the problem will enable us to determine 
at once the form of C. Thus, suppose the string when in equilibrium to be 
symmetrical about a vertical line, say the axis of ^, and let the points of support be 
fixed in the same horizontal line. Then if the initial motion be also symmetrical 
about the axis of y, the whole subsequent motion will be symmetrical. Thus </> 
must be a function of a, containing when expanded only odd powers of a. Sub- 
stituting such a series in equation (10) we see that C must be zero. 

543. OflcUlattons of a eydoldal dialn. There are several cases in which 
the equation to find the small motions of a chain may be more or less completely 
integrated. One of the most interesting of these is that in which the chain hangs 
in equilibrium in the form of a cycloid. In this case we have, if 5 be the radius of 
the generating circle, p=42> cos a. The density of the chain at any point is given by 
m=wl4:bco8^a, so that all the lower part of the chain is of nearly uniform density, 
but the density increases rapidly higher up the chain and is infinite at the cusp. 

The equation to find the oscillations now takes the simple form 



^=fA^^'"^'''\ (">' 



in which all the coefficients are constants. 

There are two cases of motion to be discussed, (1) when the chain swings up 
and down, and (2) when it swings from side to side. The results are indicated in 
the two following examples. 

Ex. 1. A heavy chain suspended from two points in the sarne horizontal line 
hangs under gravity in the form of a cycloid. Find the symmetrical oscillations 
of the chain, when the lowest point moves only up and down. 

In this case we have (7=0. To find the nature and time of a small oscillation^ 
we put <p = ^R8in Kt + ^R' COB Kt, 

where Z implies summation for all values of k, and 22, R' are functions of a only, 



Substituting, we have -^ + 4(1+ — ji2=0; 

with a similar equation to find R', Therefore R=L Bin 2a 



(-7)' 



where L is an arbitrary constant, the other constant being determined by the 

consideration that the motion is symmetrical about the axis of y. For the sake of 

brevity, put \=2\/{l+hK^lg). Substituting in (7), we find that the terms derived 

from J2 become >«r26,. ^.o n-x ^i-^ 

1= SL 3_ , {X cos Xa sm 2a - 2 sm Xa cos 2a} sin k*, 

i7 = S I -Zir-g— J {X cos Xa cos 2a + 2 sin Xa sin 2a} -Zi YCOsXa + if siuict, 

where If is a constant depending on the position of the points of support. The 
terms derived from R' must be added to these, but have been omitted for the sake 
of brevity. They may be derived from those just written down by writing cos xt 
for sin Kt and changing the constants L, H into two other constants I/, ff\ 

Let the length of the chain be 21, then at either end sin ao= 2/45. At both 
extremities we must have ^=0, 17=0. All these four conditions can be satisfied if 

tan Xag tan 2a0 

~X~ "~2~~* 
This equati(m therefore determines the possible times of symmetrical vibration 
of a heterogeneous chain hanging in the form of a cycloid. 
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544. If a he not very larger the oseiUatioru are nearly the same as those of a 
uniform chain*. In this case since ao is small bnt Xoo is not necessarily small, 
the equation to determine X is approximately 

tanXa0=:Xao. 

The least value of Xao which can be taken is a little less than fir. Hence X 
is great, and therefore /cs=X(^/4&)^ nearly. The expressions for ^ and 17 now take 
the simple forms 

{=2Z.r-j{XacosXa-sinXa} sin -jf^j Xt + ej- 



iy=SI/— {oosXao - cosXa} sin ](^) ^*+«f, 



The terms depending on cos Kt have been included in these expressions for ^ azid 
17 by introducmg e into the trigonometrical factor. 

The roots of the equation tanXao— Xa© may be found by continued approxi- 
mation. The first is zero, but since X occurs in the denominator of some of the 
small terms, this value is inadmissible. The others may be expressed by the 
formula Xao=i(2t+l)T~^, where 6 is not very large. This makes the time of 

4 I 

vibration nearly equal to ^. — ^ • . . Thus the times of vibration of the chain 

Ji + 1 J^gb 

are all short. 

This result will explain why the marching of troops in time along a suspension 
bridge may cause oscillations which are so great as to be dangerous to the bridge. 
It is clearly possible that the *' marching time" maybe equal to, or very nearly 
equal to, some one of the times of vibrations of the bridge. If this should occur 
it follows from Arts. 338 and 340 that the stability of the bridge may be severely 
strained. 

It should be noticed that the terms in the expression for ^ have the square of \ 
in the denominator, while those in the expression for ti have the first power of X. 
Since X is great we might as a first approximation reject the values of ^ altogether, 
and regard each element of the chain as simply moving up and down. 

545. Ex. 2. A heavy chain suspended from two points hangs under gravity in 
the form of a cycloid. If it swings from side to side in its ovm plane so that the 
middle point has only a lateral motion without any perceptible vertical motion^ 
find the times of oscillation. 

As in the last example, we put = Z12 sin /rt + 2JR' cos Kty 
where B and Bf are functions of a only. Substituting in equation (11) we see that 
2C=^h Bin Kt + 'Zk COB Kt where h and k are arbitrary constanta The equation to 

find JB becomes ^-3 + 4 f 1 + — j J2=- A. 

If we put X2 = 4 (1 + hic^lg) as before, we find J2 = - /i/X« + 1, sin (Xa + M). 



* The reader who may wish to see another method of discussing the small 
oscillations of a suspension chain may consult a memoir by Mr Bohrs in the ninth 
volume of the Cambridge Transactions. Mr Bohrs considers the chain to be homo- 
geneous, symmetrical about the vertical, and nearly horizontal from the beginning 
of the process. In the second edition of this treatise the small oscillations were 
also treated on the same hypothesis, but in a different manner. That method, 
however, is not nearly so simple as the one here given in which the approximate 
oscillations for a catenary are deduced from the accurate ones for a cycloid. 
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Thenoe taking the term of which contains sin Kt, 

^ hf — hbcos2a _ 26 ,. /x . »*\ • « « • /* ■■*•» a > 

. = „ +^^a — I {^cos(^a + -5f)sm2a-2sm (Xa+JIf)oos2a}, 

sin /ct A A — 4 

where h* is an arbitrary constant introduced on integration. Substituting in 

equation (8), we find h'=-h (b+g/i^). Also, we have in the same way 

-T^=-^(2o+Bin2o) 

25 2b 

- I»,rj — J {X cos (\a+M) cos 2a+ 2 sin (Xa + 3f) sin 2a} - L — cos {\a+M)+H, 

If we suppose the two supports to be on the same horizontal line, we must have 
^=0 and 17=0, when a=±ao. These conditions may be satisfied if we take 
M=iir, H=Oj for then ^ becomes an even and rj an odd function of a. In this case 
17=0 at the lowest point of the chain. We have then two equations to find Lih, 
equating these values, we have ^ 

tanXoo X*-4 



2 tan 2€Lq - X tan Xoq - 



COS 2ao X X tan Xop tan 2ao + 2 



2ao + sm2ao ^ 7 1^ 

2cos»ao + ^^3-^ 

546. If oq be small, this equation is very nearly satisfied by \aQ=iir where 
i is any integer. In this case the complete expressions for ^ and 1; take the simple 

forms ^=SL^(cosXao-oosXo-XasinXo)sin ){^)^* + 4 

i7=2L^sinXosin j(4)*^* + 4 

547. TlTHinpliwi. Ex. 1. If we change the yariables from a, t to p, g where 

^ J \g COB aj ^ ^ J \g cos a/ * 

show that the ge&eral equation (10) of small oscillations takes the form 

^di"*-4\,S?+^^;^--2^' 

where fi^=g cos a/p and ip=fup\ 

Show also that the coefficient of 0' is a function of p + q, the form of the 
function depending on the law of density of the chain. 

This transformation may be useful, because it follows from Art. 540 that p is 
constant for the boundaries of a solitary wave travelling in one direction, and q for 
a wave travelling in the other direction. 

Ex. 2. A heavy string hangs in equilibrium under gravity in such a form that 

cos tL b^ 

itB intrineio equation b — = -«nM2«+c)^wh«re^6 and c are any constantB. 

Show that its law of density is given by m=«r -^~^ . If such a chain be 

set in motion in any symmetrical manner, prove that its motion is given by 

^ X • io . \ ir,f* cot(2a + c)\ . ./, .cot(2a + c)\l 
0=6sm(2a + c) ^F f^t L__^j +/|^e+ _V__;j| ^ 

Ex. 3. If in addition to gravity, each element of the chain be acted on by a 
small normal force' whose magnitude is Fg, prove that the equation of motion 

ofthechainis — ^-— ^-^-^<f>-2C= 1-+2 I da» 

g cos a dt^ da? cos a da, J cos a 
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If the chain is nearly horizontal, so that a is very small, and if Fs=fan(at - ca), 
prove that the denominator of the corresponding term in the expression for </> is 
p(c*-4)-po'. 

Ex. 4. A heavy chain of length 21 is suspended from two points ^1, B in the 
same horizontal line whose distance apart is not very different from 22. Eacli 
particle of the chain is slightly disturbed from its position of rest in a direction 
perpendicular to the vertical plane through AB, Find the small oscillations of the 
chain. 

Ex. 5. A heavy string is suspended from two fixed points A and B and rests 
in equilibrium in the form of a catenary whose parameter is c. Let the string 
be initially displaced, the points of support A^ B being also moved, so that 

= <r (1 + cos 2a) + (t' sin 2a, 
where <r and </ are two small quantities and the other letters have the same 
meaning as in Art. 541. If the string be placed at rest in this new position, prove 
that it will always remain at rest. 

Small Oscillations of a Tight String, 

548. An elastic string whose weight may he neglected and whose unstretched 
length is 1 has its extremities fixed at two points whose distance apart is V. The 
string being disturbed so that each particle is moved along the length of the string, 
find the equations of motion. 

Let A be one of the fixed points, and let AB he the string when unstretched 

and placed in a straight line. Let the extremity B be pulled until it reaches the 

other fixed point B\ Let PQ be any element of the unstretched string, FQ' the 

same element at the time t. Let AP=x and let the abscissa AF^hex^, Let T and 

T+ iT be the tensions at P' and Q'. Let M be the mass of the whole string, m the 

mass of a unit of length of unstretched string. The mass of an element is mdx, 

and the effective force on it is therefore (mdx) {d^x'jdt^). The difference of the 

tensions at the two extremities of the element is dT, Equating these, we find that 

d^x^ dT 
the equation of motion is ^It^^H^ ^^^* 

If £ be the modulus of elasticity, we have by Hooke's law 

s=^+i <2). 

Ehmmatmg T, we have -j-^ = --r-o- (3). 

dt* mda? ^ ' 

If we put E=ma^t the integral of this equation is 

{icf=f(at-x)+F{at+x), 
where/ and JP are two arbitrary functions. 

The discussion of this equation may be found in any treatise on Sound. The 
result is, that a function of the form <p (at - x) represents a wave which travels with 
a velocity equal to a. In the case therefore of the string, the motion will be repre- 
sented by a series of waves travelling both ways along the string with the same 
velocity. This velocity is such that the time of traversing a length I of unstretched 
string or a length V of stretched string is I (mjE)^, It should be noticed that this 
tims is independent both of the nature of the disturbance^ and the tension of the 
string. 

It should also be noticed, that assuming as usual the truth of Hooke's law, the 
equation (3) and these results are not merely approximations, but are strictly 
accurate. 
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It is often more convenient to select some particular state of the string as a 
standard of reference and to express the actual position of any particle at the time 
t by its displacement from its position in this standard. Thus if the unstretched 
state AB of the string be chosen as the standard of reference, we put x'—x + j^t so 
that ^ is the displacement of the particle whose abscissa in the unstretched state 
is X, The equation of motion now takes the form 

and the integral may be obtained as before. 

549. An elastic string being stretched as in the last proposition is slightly dis- 
turbed in any manner , find the equations of motion. 

Following the same notation as before, let {xf, y\ z') be the co-ordinates of "P, 
Proceeding exactly as in Art. 515, we may form the equations of motion. Since 
the mass of an element is mdx instead of m<2s, these equations will be 

dV d i d:^\ - 



«.^' 
'^w 



"^df^ 



'i-U^^ «• 



where ds^ is the length of the element FQ\ If E be the modulus of elasticity we 

ds' T 
have by Hookers law — =1 + — (4). 

Since the disturbance is very small dy'jds' and dz'Ids' are very small and da/ Ids' 

is very nearly equal to unity. Hence the first equation takes the form 

dV _ dT 

"^Wdi' 

dx' T 
and Hookers equation takes the form 3- = 1 + ^ * 

which are the same equations as in the last proposition, so that when the disturb- 
ance is small the longitudinal motion is independent of the motion transverse to 
the string. 

In the second equation we may regard T as constant, its small variations being 
multiplied by the small quantity dy'jds'. Hence we may put T=^Tq where 

T,=E{l'-l)lL 

This gives by equation (4) ds'ldx = VjL The equation of motion therefore becomes 

^_'r^l^' 
dt^" mV da?' 

The third equation may be treated in the same way. 

The velocity of a transverse vibration measured in units of length of unstretched 

string is therefore {TJilmV)^, The time of traversing a length I of unstretched string 

or V of stretched string is (mll'IT^^, This velocity is independent of the nature of 
the disturbance but depends on the tightness or tension of the string. 

If the string be very slightly elastic we may, in this last formula, put V=l, In 
this case we obtain the results given in all treatises on Sound. 

550. There are two modes of applying the equations of motion to actual cases. 
We shall first illustrate these by solviag a simple example by both methods, and we 
shall then make some remarks on the results. 
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An elastie string whose unstretched length is I rests on a perfectly smooth table 
and has its extremities fixed at two points A, B' whose distance apart is l\ where V is 
greater than L The extremity B' is suddenly released^ find the motion, 

flointloii by dtaeoi&tlniiovui fkuncttons. Following the same notation as in 
Art. 548, the motion is given by the equation 

^=/ (at -x)+F{at+ x), 

where ( is the displacement of the particle whose abscissa in the unstretched string 
is X, The conditions to determine / and F are as follows. 

1. When «=0, {=0 for all values of t 

2. When x=l, T=0 and .•. d^ldx=0 for all values of t, 

8. When t=b, ^=rx from 05=0 to x=l, where l'=(r+ 1) I, 
4. When t=0, d^ldt=0 from x=0 to x=l. 

From the first condition it follows that the functions F and / are the same with 
opposite signs, ^om the second condition we have /' [at+l) = -/' (at - Q, so that 
the values of the function /' recur with opposite signs when the variable is in- 
creased by 2^ If then we knew the values of f(z) for all values of z from z=Zq io 
2=2^0 + 2Z where Zq has any value, then the form of the function is altogether known. 
Now the third condition gives f(-x)-f(x)=rx and the fourth gives f'{—x) =/' (x) 
from »=0 to x=L Hence f*{x) = ^ir from x = -l to x=l. It foUows that 
/' (z) = - }r from « = - Z to Z, /' («) =4r from z=l to SI and so on changing sign every 
time the variable passes the values I, Bl, 5Z, &o. Let us consider the motion of any 
point P of the string whose unstretched abscissa is x. Its velocity is given by the 
formula vja—f (at -x)-f' (at + x). Since x<lwe have vja = - Jr + Jr = ; hence the 
particle does not move until at+x=l. The second function then changes sign and 
we have v/a = - Jr - Jr = - r. The particle continues to move with this velocity until 
at - x= I, when the first function changes sign and so on. Let ^B be the unstretched 
string, and let a point R starting from B move continually along the string and 
back again with velocity a. Then it is easy to see that when R is on the same side 
of P as the loose end of the string, P will be at rest, and when R is on the same 
side of P as the fixed end, P will be moving with a velocity alternately equal to 
±ra. The general character of the motion is; the equilibrium of the string being 
disturbed at B, a wave of length U travels along the string, so that P does not 
begin to move until the wave reaches it. This wave is reflected at A and returns. 

551. Bolntlon by Trlsonometrleal serle*. The second method of conduct- 
ing the solution is as follows. Taking as before the expression 

^=f(at-x)-\-F(at + x)y 

let us expand each function in a series of sines and cosines, so that we have 

^=S [u4 sin {n (at-x) + a}-{-B sin {n (at+x)+p)], 

where 2 implies summation for all values of n, and A, P, a and p are constants 
which are different in every term and may conveniently be regarded as functions 
of n. 

Since the motion is oscillatory, we may suppose that all the values of n are real, 
and it is clear that without loss of generality we may restrict n to be positive. We 
do not propose to discuss the circumstances under which these suppositions may be 
correctly made. For these we must refer the reader to Fourier's theorem. We 
'may here regard the assumptions as justified by the result, because we can thus 
satisfy all the data of the question. 

The four conditions of the problem enable us to determine the constants. From 
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the first condition we have p=a + Kir, B=(-l)*+^i4 where k is any integer. It 
easily follows, by expanding, that ^ may be written in the form 

^= 2 ((7 sin nat + D cos nat) sin nx, 
where C and D are to be regarded as functions of n. From the second condition we 
have cosnZ=0, hence nZ=J(2i+l)ir where i is any positive integer. The periods 
of the principal oscillations (Art. 53) of the string, with proper initial disturbances, 
one end being fixed and the other loose, are therefore included in the form 
4Z/(2i + l)a. 

The initial disturbance is given by the third and fourth conditions. We have 

2D sin na;=ra!, 2C7nsinna;=0. 
To find the value of 2> in any term we multiply the first equation by the ooefficient 
of D in that term and integrate throughout the length of the string, i.e. from 
a;=Otoa;=Z. This gives 

r.1 /•' . J sinnZ 
2 Jo n^ 

The other terms all vanish since /©sin tuk sin n'xdx=Of when n and n' are numerically 

unequal. This follows also from the rule given in Art. 398. 

Treating the second equation in the same way, we find C=0. Hence the 

.... V > •^2rsinnZ ^ . 

motion IS given by | = ^- ^ cos nat sm nx. 

Writing for % its values 1, 2, 3, <&o. successively, this equation becomes when 
written at length 

. Sri { vat . irx 1 Sirat . 3iraj 1 Swat . Birat „ ) 

*= 1? r" IT '"" 21 - p "^^ -2r "° ■2r + p *"" -ar "" ^ -*•'•[ ■ 

This is a convergent series for {, and it may be a sufficient approximation to the 
motion to take only the first few terms. For example, suppose we reject all beyond 
the first two terms, and in order to compare the result with that obtained in the 
first solution let us put at=il. If we trace the curve whose ordinate is - d^/dt and 
abscissa x, we find that it resembles {=0 for small values of x, then rises with a 
point of contrary flexure an/d becomes nearly horizontal as x approaches I, This 
agrees very well with the former result. 

552. If we examine these solutions, we shall see that we have two kinds of 
conditions to determine the arbitrary functions; (1) There are the conditions at 
the two extremities of the string. The peculiarity of these is, that they hold for all 
values of t, (2) There are the initial conditions of motion. The peculiarity of 
these is, that they do not hold for all values of x, but only for all values within a 
certain range limited by the length of the string. The first set of conditions is 
used to determine the mode in which the values of the functions recur, so that 
when their values are known through a certain limited range, they will become 
known for all those values of the variable which occur in the problem. The second 
set of conditions is used to determine their values during this limited range. 

The functions were found to be discontinuous. It may be objected that no 
notice was taken of any possible discontinuity in forming the equations of motion ; 
and that therefore these equations cannot be applied, without further examination, 
to any cases which require the arbitrary functions introduced into the solution to be 
discontinuous. This question has been much discussed, but we have not space here 
to enter into it. We must refer the reader to De Morgan's Differential Calculus, 
Chap. xxi. Art. 92, where both a short history of the dispute between Lagrange 
and D'Alembert and a discussion of the difficulty may be found. See also the 
Micanique Analytique, Seconde Partie, Sect. vi. § iv. 
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In the second form of the solntion we replace the arbitrary fanctions by a 
convergent series of harmonic vibrations. Taking a finite number of terms as an 
approximation, we have a perfectly continuous solution whose initial conditions 
differ but slightly from those of the proposed problem. This difference is less and 
less, the more terms of the series are included in the solution. 

In comparing the two results, we see that each form has its advantages. The 
first determines the motion by a simple formula. The second is more convenient 
when the harmonic periods are required. 

553. Tl^ampliw, Ex. 1. A heavy elastic string AB whose unstretched length 
is I is suspended from a point A under the action of gravity. If ^ be the vertical 
displacement of any point whose distance from Aibx when the string is unstretched, 
and if a be the velocity of a wave measured in units of unstretched length, prove 

that f=.g + ^+/(orf_^) _/(<,«+:,), 

where / (z) recurs with an opposite sign when z is increased by 21. If the string 
is initially unstretched and at rest, prove that 

the upper sign being taken when z lies between - 1 and 0, and the lower when z 
lies between and I. Thence show that the whole length oscillates between 
I and I + flfl'/a*. 

Taking the other form of solution, show that the harmonic periods are 

P = iTT' — TT— where i is any integer. Show also that 
^ (2t + l)a 

the summation extending from i=:0 to t=Qo . 

Ex. 2. A string infinite in length in both directions has its initial state deter- 
mined by ^=f{x) and d^ldt—F (x). Show that the displacements at the time t are 

given by ^=y(x-\-at) + \f(x-'at) + — / F(\)d\. 

Biemann's Partial Differential Equations. 

Ex. 3. A string AB is stretched at a tension such that the velocity of a wave is 
equal to a. One extremity A is fixed, while the other B is agitated according to 
the law y=C sin pat. If A be the origin show that the forced vibration is 

y=C-7—^Bi6.pat. If the string start from rest the additional free vibrations are 

" sm pi 

y = 1M sin mx sin mat where ml = irr and M {p^l^ - i'lr^) = - 2Cpl ( - 1)*. The S 
implies summation for all integral positive values of i. 

Ex. 4. If, as in the last example, the string start from rest and have the 
extremity A fixed, but the extremity B agitated according to the law y —f (t) prove 

,, . 27ra* — ^ .. -^. . i-KX iirat /»' \ ^ivat r^... ivat ,) , 

that y='--p-^^(-^yBm—-coB—— J Isec^ —— f {t) cob -- dt^ dt, 

for all values of x between and I, the latter being excluded. Show also by an 
application of Fourier's theorem that the result of the last example follows from 
this. 
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554. 8«v«iral strliiflpi. Three elastic strings AB, BC, CD of different materials 
are atta^ihed to each other at B and C and stretched in a straight line between two 
fixed points A, D. If the particles of the string receive any longitudinal displace- 
ments and start from rest^ find the subsequent motion. 

Let A be the origin, AB the direction in which x is measured. Let the on- 
stretched lengths of AB, BG, CD be ^, 22» ^s* ^^®* ^v -^a* ^3 ^® their respective 
coefficients of elasticity, m^, m^ m, the masses of a unit of length of each string. 
For the sake of brevity let E^^m^a-^, E^^m^, E^=m^a^, Let the rest of the 
notation be the same as before. 

When the string is stretched in equilibrium between the two fixed points A and 
D, let 2*1, be the tension of the string. In this position the displacements of the 
elements of each string from their positions when unstretched may be written 

At the time t after the equilibrium has been disturbed, let these displacements 
be respectively li + l/, ^+^2'* ^s + ^s'- We then have as in Art. 651 

^i = SLj sin (n^x + Mi) cos WjOif , 
^2' = SLg sin { »2 (oj - y + 1/2 } cos n^Oi^y 
1^3'= 2L3 sin { ng (aj - 1^ - y + M^} cos n^a^tf 
where 2 implies summation for all the harmonics. The terms containing sin nia^t, 
sin n^at2i &g. are omitted because the string starts from rest, and therefore d^ijdt^ 
d^^'l^^i ^^- must vanish with t. 

In order to compare the coefficients of the same harmonic we must suppose 
iiiai=n<fl^=:n^=2'irl Pf where p is the period of the harmonic. To find the con- 
stants we have the conditions 

when aj=0, a:=Zi, aj=ii+.Zj, x=li + li+l^, 

li'=0, ^,'=^2', ^2'=&'. f8'=0, 

^^'^-^'~dx* ^'-d^-^'^di' 

These give Mi=0 

1*2 sill ^2 = Li sin (n^^ + Mj) \ 

E^JLi2 cos M^—E^n^Li cos {n^li-^- M^ \ ' 
1*8 sin ilf, = Lg sin (n2^2 + ^a) \ 

E^n^Lg cos ilfg = E^n2L2 cos {nji^ + M^ S ' 
= I13 sin (»3^ + Ji/g) . 

These give the following equations to find the ilf' s; 
0-lf tan M2 _ tan (nj^^ +M1) tan ilfj _ tan (Wg^g + -^tfg) ^ tan (n.^ ?3 + ilfg) 

1' E^2 " E^rii ' 15:3^ ~ E^^ ' " iglij • 
Solving these we find 

tan rirjri tan nji^ t*^ ^J'z _ / p \s *®^ '^i^i *^^ "s^a ^^-^ ^s^s 

Substituting for Wj, n^, Wg in terms of p we have an equation to find the period p 
of any principal oscillation. 

555. The values of p being known, it is clear that the preceding equations 
determine all the constants except ij. We have therefore one constant undeter- 

R. D. IL 21 
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mined for each hannouio fanction of t. To find these w« mnat have lecoiurse to 
the initial conditiont. The rule to effect this has been fully giyen in Art. 399. 
The equations may be written in the forms 

^i as ZP^ cos nat, it^^^Qn oos ^^h I3 = -^n <^<^ ^>^^ 

where P^j Q^ and R^ stand for the coefficients as exhibited in the last article. The 
first of these three equations represents in a typical form the motion of any x>article 
in the string AB^ the second represents the motion of any particle in BC and so on. 
Referring to Art. 399, the three sets of multipliers may be typically represented hy 

fOidxP^i frij^dxQ^t m^R^, 

The summations spoken of in Art. 899 are here integrations and extend over the 
lengths of the three strings respectiv^y. 

Suppose now that we have initially {i'=/i(x), ^^^/^{x)^ ^z—U W- ^® easily 
find 

J ni^dxfi (x) P^ + / w?,rfx/a {x) Q^+ J m^dxf^ {x) R^ 

= / m^dxP^-\- j vi^dxQ^+ / m^dxR^. 

These integrations can be effected when the forms of /^ (x), f^ (x) and /, (x) are 
given. Thus we have an additional equation to find the L which coirepponds to 
any value of p. 

556. Bzamplea. Ex. 1. If the three strings vibrate transversely, and o^, a^ 
a, be the velocities of a wave along them measured in units of length of unstretched 
string, prove that the periods of the notes are given by the equation 
tann^^i tanng'i i2knnj[^_^ ^tannj^i isjinj^ tanngZ, 

«! «9 «8 »j «2 "3 

where n^o^=n^^=n^^=2irlp. If the initial disturbance is given show how to find 
the subsequent motion. 

Ex. 2. Two heavy strings AB^ BC of different materials are attached together 
at B and suspended under gravity from a fixed point A, Prove that the periods of 
the vertical oscillations are given by the equation 

the notation being the same as before. If the two strings be initially unstretched, 
find their lengths at any time. 

Ex. 3. Two strings AB^ BC of different materials are attached at B to a particle 

of mass M, while their other extremities A and C are fixed in space. If the particles 

of the system vibrate along the length of the straight Hne ACy prove that the 

period p of any principal oscillation is a root of the equation 

,, 2ir E. ^ 2irU E^ . 2ir/2 

Jtf — =5 — ^ cot "-^ + — * cot , 

p Oi a^pi Og aaj)j 

where li , 2, are the unstretched lengths of the strings, E^ E^ their elasticities, 

and a^, a, the velocities of a wave measured in units of unstretched length. The 

values of p obtained by equating (when possible) both the cotangents simultaneoxrsly 

to infinity are to be included. 

If the system make small oscillations transverse to the straight fine AC, the 

periods will be givea by the same equation if we replace Ei, E^hy T^ the tension of 

the string when in equilibrium. 

Ex. 4. A particle is suspended from a fixed point by an elastic string and 
performs small oscillations in a vertical direction, supposing the string uniform in 
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its natural state and of small finite mwa show that the time of a small oscilUtion 
will be approximately the same as if the string were without weight and the mass 
of the particle were increased by one third that of thd string. (Smith's Prize.) 

Ex. 5. Two uniform heavy elastic beams AS, CD 6qual in every respect are 
connected by a light inextensible string BC; the beam AB lies unsttained on a 
smooth horizontal table while CD is suspended at vest under the aetioh of gravity 
by a string whieh, being held at B passes over a smooth pulley P at the edge 6f 
the table, PBA being a straight line. Investigate the motion of the dtring when set 
tree; prove that its tension after being instantaneously diminished by one half, 
remains constant and that its velocity receives equal increments at equal intervali<j. 
(Math. Tripos.) 

Ex. 6. A particle is fixed to the middle point of a heavy string, which id 

stretched to double its length between two fixed points on a smooth horizontal 

table. The nnstretched length of the string is 22, its modulus is n times, and the 

weight of the particle is r times the weight of the string. The particle is then 

moved through a distance \l towards one of the fixed points, and wh^n the string 

has been reduced to rest the particle is set free. Show that there ate sufficient 

conditions to determine completely the four arbitrary functions, and indicate how 

they are to be employed. Prove that the velocity of the particle during the first 

21 -•* 

interval — is Xa (l-e"'*), where a?^2gnl and i is the time from rest. (Caius 

Coll., 1871.) 

557. Snergy of a strinCr An elastie itring i$ stretched between two fixed 
points A and B' and U set in vibration, it is required to find the energy. 

Let the notation be the same as that used in Arts. 548 and 549. 

First let the vibratiom be longitudinal. The equation of motion is 

V -I 
Hence we have ^= -— a: + 2 [A sin {n (at-x) ■\-a\-\-B sin {n (at + «) +^}]. 

Since ^ must vanish when a;=^0 and bd equal to V-l when a; =^2 we find, as 

V -I 
in Art. 551, ^=»— r— a;+2CsinTOa;Bin(«af + 7), 

where nl=iir and Z implies summation for all positive integer values of i. The 
letters C and y are constants which may be different in every term and which de- 
pend on the initial disturbance. The kinetic energy of the whole string id 

/I \ fd^\^ /*' 1 
^«i<icf — J =/ ^mdx {2 Cna sin no; cos (nat+ 7)}'. 

Now f sin nx B\Tin'xdx=0 when n and if^ ard numerically uneqiial since ni and 
n'l are both integer multiples of r. Hence, when the square of the series is ex- 
panded, the integral of the product of auy two t^rms is 2ero. 

Since J J An?nxdx=\ I, the kinetic energy becomes = \mla} ZC^n* cos^ {nat + 7). 

To find the potential eiiergy; we notice that the work done in stretching an 
element itom its unstr^tched length dx to its length dx-i-di is (see Vol. i.) equal 

to ^ E f -p j dx. Hence the whole work done in stretching the string is 

fil /d^\' /"' 1 iV-l )• 

— j -Eda;(-pj =1 ^Edx\— J— + "SCn Goanx sin (nat + y)> . 

21—2 



13 



324 MOTION OF A STRING. 

Now J' oosfUB 008 n'xdx=0 or^l according as n and n' are numerically uneqoal 
or equal to each other; also T cosnxdx=0. Hence as before, the integral becomes 

= ^ E i^^^* + 1 J5:i2 CV Bin2 (nat + 7). 

The first term is the work done in stretching the string from the nnstretchei 
length I to the stretched length l\ If we refer the potential energy to the position 
of the string when stretched in eqnilibriom between the extreme points A and B 
as the standard position, we retain the latter term only. 

The energy is the sum of the kinetic and potential energies. Since E=ma^, 
this becomes energy = } mla^l, G^n\ 

This result might have been deduced more simply from Art. 72, where it 
is shown that the energy of a compound vibration is the sum of the energies of the 
simple Tibrations into which it may be resolved. The kinetic energy of any single 
harmonic is easily seen by integration to be ^mla^Chi^ cos^ {nat+y). Hence the 
whole energy is J mto*SC*/i^. 

We may also notice that, as in Art. 73, the mean kinetic energy is equal to the 
mean potential energy, the means being taken for any very long period. 

558. Next, let the vibrations he transversal. 

Following the notation of Art. 549, the motion is given, as before, by 

y ' = ZC sin no; sin (nat + 7), 
where nZ=tV and Z implies summation for all positive integer values of i. 
The kinetic energy by the same reasoning as in Art. 557 is equal to 

J mla^'LCW cos* (nat + 7). 
To find the potential energy, we notice that the work done in stretching an 
element from its unstretched length dx to its stretched length ds' is (see Vol. i.) 

equal to ^E {^^l^dx. Now {ds')'^=:(dxy+{dyy=i^jd3^+dy'\ 

Bemembering that, by Art. 649, wmi*=E (V-tJiV; we find that the whole work 
done in stretching the string is | ^ <?^ 1^ ( —7— ) + wi^^t' ( ^ ) I • 
Substituting for y' and integrating we find that the work is equal to 

ijS (Lzil! + imZa«2C2n2sin«(na«+7). 

If we take the position of equilibrium of the string when stretched between the 
extreme points A and B' as the position of reference, we find that the 

energy = J mte^SC^n'. 
This we may call the energy of the disturbance. 

Prof. Donkin in his treatise on Acoustics, page 128, has found the energy of a 
string vibrating transversely, by an ingenious application of the method of sub- 
tractions. 

Ex. An elastic rod AB has the end A fixed and B free. Being placed on a 
perfectly smooth table, it vibrates longitudinally. Show that the energy of a disturb- 
ance represented by ^=2C7sinru:sin(na< + 7) where nl=i{2i + l)ir ia JwiZa^SC^n^ 
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MOTION OF A MEMBRANE. 



The transverse Oscillations of a plane Membrane. 

559. Let ns take as the subject of consideration a plane membrane equally 
stretched throughout, whose boundaries are either fixed or subject to given condi- 
tions. Let this plane be called the plane of xy. Suppose this membrane to be 
disturbed so that its particles are slightly displaced parallel to the axis of z. The 
membrane will now make smaU oscillations about the plane of xy. It is the laws 
of these oscillations which we wish to discover. 

Let w be the displacement at the time t of a particle P whose co-ordinates when 
undisturbed are Xj y. Taking an elementary area dxdy at the point P, let pdxdy be 
its mass ; thus if the membrane be homogeneous, p is the mass of a unit of area. 
The oscillations being transversal the effective force on the element will be 

pdxdy d^wjdt^. 

Let us now consider the action across any side, as dy, of the elementary area. 
In the general case of a lamina this might consist of a force and a couple. But 
since a membrane like a string can be folded in any manner and can only exert a 
force along its length, it is implied that the couple is zero and that the force acts in 
the tangent plane. Further the membrane being equally stretched in all directions, 
this force acts perpendicular to the side across which it acts. Let us represent this 
force by Tdy^ then T is called the tension referred to a unit of length and sometimes 
briefly the tension. 

The actions across the two sides of the rectangular element which are parallel 
to the axis of y have to be resolved parallel to the axis of z. These resolved 

parts are clearly -^^V^' ^"^^ (sF + S '^) ' 

The resultant of these two is T -r-^ dxdy. In the same way the resultant of the two 

dhv 
actions across the sides parallel to x is T-^-^ dxdy. Taking both these resultants, 

and equating them to the effective forces we have the equation of motion* 

^W Xdx^'^dy^J' 

* The reader will find a more complete discussion of those principles of the 
theory of elasticity on which this equation is founded in the Lemons sur la thiorie 
Mathimatique de Vilasticiti des corps solides par M. G. Lam4. The equation itself 
was first given by Poisson in his Mirrvoire sur Viquilibre et le mouvement des corps 
elastiqiies in the eighth volume of the Mimoires de VInstitut 1828. The oscillations 
of a rectangular membrane (Art. 562) were also first discussed by him. 
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560. Since the axes of oo-ordinates may be any wLateTer provided they are 
reotangnlar, this equation mast be the same whatever be the directions of the axes. 
If the membrane be referred to oblique axes inclined at an angle c, we may show 
that the equation of motion is 

'^ dt "^ b.u* c \dj^ dxdy dy^ J ' 

661. To obtain a solution of this equation of motion we notice that if we dis- 
regard the boundaries, it must be possible for the membrane to vibrate as if it were 
constructed of a series of strings laid side by side whose lengths are all parallel to 
any fixed direction we please. Let a be the angle this fixed direction makes with 
the axis of x. Then putting T^m^p, one solution of the equation is certainly 

tr=/(xcosa + y sin o-mt) + i*' (xcosa + ysin a + mt), 
where a is any arbitrary constant, and f, F are two arbitrary functions which may be 
continuous or disQontinuous as explained in Art. 552. Either of these functions 
with a given value of a represents a wave travelling in the direction defined by a 
with a front which is always parallel' to the straight hue 4;co8a+ysin<i=0. A 
more complete solution may then be found by summing these for all values of a. 

Since the motions under consideration are oscillatory, it will be more convenient 

to expand the functions / and F in sines and oosines. Taking only a principal 

oscillation we write ir = P sin pmt + Q cos pmt, 

where P and Q may be written in either of the following equivalent forms but with 

different constants, 

Z {A Binp (xcosa-hy 8ina) + Pcosp (xcoua-k-y sin a)} 

+ 2 {Csinp (xcosa-y sina) + 2>cosj7(xcosa-^Bina)} 

__sin, xSin. t V 

= 2L (j»xcos a) (py sin a). 
cos COS 

The positive values of a are included in the first line and the negative values ia 
the second line. It follows that the S here implies summation for all positivo 
values of «. 

562. Tlentingnliir Mmalirane. To find the oscUlations of a homogeneous rect- 
angular membrane whose four boundaries are fixed. 

Let OACB be the membrane and let the sides OJ, OB, be taken as the axes of 
X and y. Let OA=ay OB = b, Then we have to find a solution which (1) makes 
ir=0 when x=0 and when x=a independently of any particular values of y and 
(2) makes k;=0 when ^?=0 and when y=b independently of any particular valuer 
of X. Such a solution can be at once selected from the general form given in Art. 
561, viz. IT » SL sin {px cos a) sin (py sin a) oos prnt, 

with a similar expression to contain sin pmt. Here .we must have 

pa cos 4 -= iiTi pb sin a = i V, 
where i and i' are any two integers. The periods (viz. 2wlpm) are therefore given by 



(!)'= ©•-©■■ 



The question arises whether this solution is perfectly general or not. The 

solution satisfies the equation of motion and all the boundary conditions. If then 

it can be made to satisfy the initial conditions of the membrane it will certainly 

include every case. Let the initial displacement be ws^ (x, y); then putting t=0 

, / V «■.. . ir/x . tri'u 

we have ^(x, y)==SXBm — sin -7^ , 

for all values of x and y respectively less than a and b. But by an extension of 
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Fourier's theorem sach an expaneion as this is always possible. The solution is 
therefore perfectly general. 

Ex. The weight TF of a rectangular membrane and its tension T referred to a 
unit of length are both giren. Show that the gravest note is given when the 
membrane is square, aD4 in this case the period of the note is {2WlgT)^* Thus the 
period is independent of the area. Poisson^s Theorem. 

563. When the period of vibration of a rectangular membrane is given by some 
value of Pf all the possible modes of vibration are included in the form 

in til a similar term containing Binpmt In this form, t and i' represent any 

integers which satisfy (-j +(r) =() • 

If two sets of values of i and V can satisfy the last equation, it easily follows 

that the squares of the sides are in the ratio of two integers. Supposing this 

condition not to be satisfied each oscillation will be of the form 

. •# 

w = sin — sin —r^ IL cos pmt + Z' sin pmt)^ 
a 

and will contain just two constants, viz. L and L' . In this case it will be seen that 

each of these oscillations will be a principal oscillation and aU the periods will b& 

different. 

But if several sets of values of i and i accompany the same period there will be 

more than two constants in the expression for each oscillation. In this case it 

appears there are several ways in which a membrane may be set in vibration so 

that the periods of oscillation may be the same. It follows therefore that the 

Lagrangian equation (Art. 57) giving the periods of the principal oscillations has a 

number of equal roots. 

564. The riodal lines are those lines on the membrane which remain in their 

positions of equilibrium during the whole motion. If the period be such that the 

oscillation is accompanied by only one set of values of i and i\ the nodal lines for 

that oscillation are of course given by 

. ivx . t'iry ^ 

sm — sm — r- = 0. 

a 

These values of x or y make the coefficients of both cob pmt and sin pmt equal to 

zero. The nodal lines are therefore straight lines parallel to the sides. But, if 

there are several sets of values of i and i' wliich give the same p^ and if the initial 

conditions are such that the corresponding coefficients in the coefficients of gob pmt 

and Bmpmt have the same ratio, the nodal lines will be given by the equation 

2L sm — sm -^ =0. 
a 

They may assume a great variety of forms depending on how many terms there are 

in the series and what arbitrary values are given to the coefficients represented by 

the letter L. Lam^ in his Theory of Elasticity gives a brief sketch of these. 

Another analysis is given in Biemann's Partial Differential Equations, They both 

remark that if we take only two terms in the series of the form 

, . iirx . i'lry _ . i'lrx . iwy ^ 

L sm — sm -r^ - 1« sm am -y=^ =0, 

a a 

one nodal line will be the diagonal xja — yjb. Here the integers i and i' have been 

interchanged in the two terms. But since the equation connecting these integers 
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with the given value otp mnBt also be satisfied, we have 

(i/a)«+(i76)'=(t7a)3 + (i/6)«, . 

which requires that a=&. The rectangle must therefore be a square. 

From this we may deduce that the oscillations of a membrane bounded by an 

isosceles right-angled triangle are given by 

__ r . itrx . i'tv . i'lrx . tirwT 
tr=ZL I sm — sm — - - sm — sm — - I coBpmt, 
\_ a a a ^t J " 

with a similar term containing sinpmt, there i and i' are integers connected by the 

equator t> + i'* = (apl%Y, 

and a is a side of the square. See Lord Bayleigh's Sound, 

Ex. 1. If the squares of the sides of a rectangular membrane do not bear to 
each other the ratio of any two integers, prove that the nodal lines of a rectangular 
membrane must be straight lines parallel to the sides. Poisson's Theorem. 

Ex. 2. If the sides of a rectangular membrane are such that two sets of values 
of i and i' give the same period of vibration, then by proper initial conditions 
a nodal line may be made to pass through any given point on the membrane. 

565. Ex. M«n&1nraii« boundtd by an •qvllataral triaagle. A membrane is 
bounded by an equilateral triangle and its boundaries are fixed. If ^, 17, j* be the 
trilinear co-ordinates of any point within the triangle, show by actual substitutiou 
that the equation of motion is satisfied by 

_-. . »T^ . tin; . tirf 
w = 2L sm -r^ sm -r^ sm -r* cos pmt, 
h h h '^ 

where p=2iTrlh, Here h is the altitude of the triangle and i is any integer. 

This result follows at once from the trigonometrical theorem that if the sum 
of three angles is equal to tir, the sum* of the products of their cotangents taken 
two and two is equal to unity. 

This is not however the most general form of solution because we have only 
one independent arbitrary integer, viz. t. We cannot therefore satisfy all the 
possible initial values of tr. 

It is shown in Lamp's Theory of Elasticity that a more general expression for 

the period is given by p = (2ir//t) {^ + 1'* + «')*, 

which contains the two arbitrary integers i and i\ 

566. Ex.1. Loaded Memteane. A uniform rectangular membrane whose sides 
are a and h and mass M has a finite mass equal to /a attached to it at the point 
whose co-ordinates are h, k when referred to the sides as axes. Show that the 
periods {2frlpm) of the small transversal vibrations are given by 

. ^iirh . A'irk 
sm* — sm*-:;- 



M 1 ^™ a b 

7t^ 



'*'"^-(5-S)V 



where the 2 implies summation for all values of the integers i and i', and m (as 

before) is the ratio of the tension to the density of the membrane. 

To prove this we shall suppose the mass fi to be distributed over a small area 

equal to a/3. Let W be the displacement of this small area at the time t. The sum 

of the resolved tensional forces round the perimeter of this area is equal to 

cPW 
fjt.-T—-=-R. We have therefore to find the motion of a membrane acted on by a 

periodical force J2 at a given point /t, k. Let us replace this single force by a 
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■ continuous force Zdxdy which acts at every point of the membrane, such that 

Z= 2C sin {iirxla) sin (tVy/6). 

Since Z vanishes all over the membrane except in the immediate neighbourhood of 
the point h, k\ and at this point Za^=^ -fuPWldt*; we have by Fourier's theorem 

d^W . irh . i'lrh , ^ ^ 
dv* a 6 * 

The equation of motion of the membrane is now 

a 

To solve this we put w=f{x, y)co^'pmL 

Substituting we find by Theorem ni. of Art. 265 

. iirx . f'iri/ . irh . i'rrJc 
- , - , V sm — sm -,- - Bin — sm —r- 
M f [xi/) _, a o» a 



4/ii)2 / (hk) 



= 2 



'^IFSP 



The form of the function / corresponding to any value of p has now been found* 
Putting x=h, y = ky we have an equation to find p. 
Another solution is added in a note. 

Ex. 2. A rectangular membrane of mass M is oscillating with a period (2T/pm) 
such that only one set of values of t, i' accompany this value of p, A small load of 
mass fA is placed at any point (h, k)y prove that the new period of vibration, viz. 
(2ir/g/n), is given by . 






This follows from the result given in the last example, for only one denominator on 
the right-hand side will be small. Rejecting all the terms except this one, we have 
the result. 

Ex. 3. A membrane of mass M is bounded by two concentric circles whose 
radii are a and b and the density varies inversely as the square of the distance from the 

centre. The period P of any symmetrical oscillation is given by Paa- f —^ ^^^h) » 

where g = /ir if both the boundaries are fixed in space. But if the outer boundary 
only is fixed in space while the inner is attached to a ring of mass /x, then q is given 
by qia,nq = Mlfi, 

If the ratio ajb is not very great this membrane may be regarded as nearly 
homogeneous, with the inner parts slightly denser than the outer. 

567. Ex. Mein1»ran« acted on by a given periodical force. A rectangular 
membrane is bounded by the co-ordinate axes and the straight lines a;=a, y = b, 
A finite accelerating force acts at the point (/i, k) and is represented by A sin rt. 
Show that the forced vibration is represented by 

. ivh . i'lrk . iirx . iVw . 
. , sin sin —i- sm — sm -. sm rt 

where S implies summation for all values of the positive integers i and i'. 
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Motion of a heterogeneous membrane. 

568. We propose to show in this section how by the use of the theoiy of con- 
jogate functions we may dedaoe the motion of certain heterogeneous membranes 
from the corresponding motions of homogieneous membranes. The corresponding 
theorems for a network of particles are briefly given in Art. 421. 

We shall begin by giving a list of those theorems on conjugate functions which 
we shall afterwards require, and in the next article we shall consider their application 
to the motion of membranes. 

If we have two variables ^, Ji connected with x^ y so that 

where / is any real functional symbol, then {, i; are called conjugate functions. 
See Art. 421, Ex. 8. 

By taking the first differential coefficients of this equation with regard to x and 
y and comparing the coefficients of the imaginary quantity we arrive at the well- 
known results 3^ = ^ I "7^ = - -7- • 

ax ay ay ax 

Since we have also x+y\/''l=F{^+rfy/-l)it follows in the same way that 

dx _dy a dy _ d^ 

d^ dti di dtf ' 

We may also show by a simple transformation of variables that 

dr* dy* ( af* drf*) i\dxj \dyj ) 
Since we may interchange x, y and (, 17 in this formula, it easily licdlows that 

We shall also require a geometrical theorem. IJet us draw two diagrams each 
referred to a set of rectangular axes. In ime let ^, 17 be the co-ordinates of a point 
which we shall call II, in the other let j^ ^ be the co-ordinates of a point which we 
shall call P. These points are eaid to correspond. In one diagram the loci defined 
by ^=a, 17=6, where a «iid h are constants, are straight lines parallel to the axes. 
In the other, where { and 17 are regarded as functions of x and y given above, the 
loci will in general be curved lines. In the same way the equation 17=^^) will 
re pg e s e nt two corresponding curves one on each diagram. Let the tangents to these 
curves at corresponding points II and P make angles e and e with the axis of x, then 
.t&n €=drfld^ and taji e^dyjdx. Through P draw the curve 17=6, where b has its 
proper constant value, and let the tangent to this curve make an angle A with the 
axis of X. Then denoting differential coefficients with regard to x and y by suffixes, 
we have 17^5 -1-17^ tan ii = 0. We also have, as proved above, ^3c=i7y and |y= -rjjg. 

Since tane=l? = Yf^'!'^^ ^ - ta° ^ +tep e 

we see that e=e^A. It immediately follows that the angle made by any two curves 
which meet at P is equal to the angle between the corresponding curves which meet at 
n. In other words corresponding angles are equal. 

If we draw two corresponding networks, one on each diagram, and if the meshes 
of each be infinitely small triangles, it follows from the equality of the angles that 
the networks are similar to each other at corresponding points. The scale or ratio of 
the networks is not however the same all over the diagrams. 

It also follows from the equality of the angles that the curves defined by ^=a, 
17=6 cut at the same angle in each dia^^sm. They therefore cut each other at right 
angles. 
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569. Suppose we know the motion of a homogeneous membrane with given 
bounding oonditionB vibrating transvereely, say ir » ^ (^, 17, t), where w represents the 
displacement of a point whose co-ordinates are (^, 17). Then this value of w satisfies' 






where Z>e is the density and T is the tension of the membrane. 

liet a;, ^ be the oo-ordinates of a point on another membrane which has sand 
strewed over it and fastened to it, so that the sand vibrates with the membrane. 
Let the density D of this heterogeneous medium be given by 






Then the equation of motion of this new membrane is 

But since ^, 17 are known functions of x^ y, we obtain, by substitution in the equation 
tr = (^, 97, t)j the new relation w=*^{x, y, t), which is the solution of the equation 
of motion of the new membrane. 

T^hus the motion of the new membrane is deduced from that of the first with 
corresponding bounding conditions. 

570. Generally, we do not want the actual motion of the membrane, but only 
its possible periods of vibration and nodal lines. We may notice that these two 
membranes have the same periods of vibration and corresponding nodal lines. 

571. In this tranuformation it is necessary that only one point of each mem- 
brane should correspond to any single point of the other membrane within the area 
considered. If this be not attended to, some difficulties in interpretation may 
occur. 

572. The new membrane is of course heterogeneous, and it may be objected 
that the cases now considered are not such as occur in nature. If, however, the 
density is not very variable over the membrane, the results will nearly represent 
the motion of a homogeneous membrane. At the same time we must remember 
that the results to be obtained are not merely approximations, but are accurate 
solutions of the equations. Such a solution, if short, and obtained by some simple 
process, is sometimes preferable to one obtained by a long approximation, even 
though the latter may appear to be more directly applicable. 

To take a simple example, the oscillations of a homogeneous loose heavy chain, 
suspended from two fixed points, can be found only by very troublesome algebraical 
approximations. But if we suppose the chain to be heterogeneous, we may obtain 
an accurate solution of the equations. This solution leads to nearly the same 
results as the approximate investigations for a homogeneous chain. See Art. 544. 

To take another example, we may notice that the motion of a homogeneous 
membrane bounded by two radii vectores and two circular arcs, can be expressed by 
the help of Bessel's functions. But the motion of a membrane bounded in the 
same way and of the proper density, can be expressed by ordinary sines and cosines. 
This is much simpler than a solution in Bessel's functions, and helps us to under- 
stand the nature of the motion. 

573. We may, if we please, express all this in geometrical language. 
Consider first a heterogeneous membrane with any fixed boundary which vibrates 

according to the law to=\ff{x, y, t), 

where w is the displacement of the point P whose Cartesian co-ordinates are x^ y. 
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Trace on the membrane the two sets of curves whose equations are / (x, y) = ^ 

and F (x, y) = i;, where { and 17 are two parameters. These curves are to be sucb 

that, when the parameters (, tj increase by a constant increment d^=a or drj^a, 

the two sets of curves divide the membrane into elementary squares. That the 

corresponding increments of { and 17 should be equal when these curves form 

squares, follows from the proposition/ that the small corresponding figures formed 

on the two membranes by the method of conjugate functions are similar. It may, 

however, also be deduced from the relations mentioned in Art. 568. If ABCD be 

one of these squares, draw a parallel to the axis of x through any comer A^ and 

then draw perpendiculars BM and DN from the two adjacent corners on this 

parallel. We have thus two equal triangles ABM^ ADN; the sides in each triangle 

being the dx and dy produced by varying first ^ only, and then 17 only. It follows 

djc dv dx dv — 

from this that ^zd^ = -- drt and ,- ^17= -~d^. We therefore infer from Art. 568 
dl di7 di) ' d^ 

that d(=di7. 

The area of one of these squares is (^ ^ ~ TT ^) ^^' 

Thus, since the density D is given by ~n~ (dB} "'"l^)' 

it follows tlmt the mass of each elementary square is the same. 

Next, consider the corresponding homogeneous membrane. Draw on the mem- 
brane straight lines parallel to the axes of ^, 17 at a distance a from each other, so 
that each straight line corresponds to one of the curves drawn on the heterogeneous 
membrane. Let a new boundary be drawn which cuts these straight lines at the 
same angles which the boundary of the heterogeneous membrane cuts the corre- 
sponding curves. 

Then the motions of these two membranes are the same at corresponding 
points. We may consider each to be given by w—yj/ (x, y^ t), 

according as we express w in terms of ^, 17 or x, y, 

574. We may notice that the two membranes are so related that the masses of 
corresponding squares on the heterogeneous and homogeneous membranes are equal to 
each other. Thus the whole masses of the membranes are the samcy but differently 
distributed. 

575. Similar theorems apply in changing from one heterogeneous medium to 
another, but as this case does not present any novelty, and is not so simple as the 
one just considered, we need not discuss it minutely. 

576. Having traced on the membrane the two orthogonal sets of curves 
f{x, 3/)=f, F{Xj y)=')7, where ^ and rj are constants, and the functions both satisfy 
Laplace's equation, we may trace a third set of curves given by 

These are, of course, the curves of constant density. 

A curve of constant density which passes through any point will cut the two 
members of the two orthogonal sets which pass through the same point at comple- 
mentary angles. Then we may show that the sines of these angles are as the radii of 
curvature of the two members at that point. 

To prove this, let us find tan 0, where is the angle the curve of equal density 
makes with the curve / («, y) = ^. By simple differentiation, we find 



tan = 



2M/;.+(/;-^-//)/« 
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where suffixes, as usual, imply differential coefficients. Since f,=Fy and fy=-F^ 
we see, by substituting in the numerator, that 

sin(9_ {F,*-FJ^)F„ + 2F,F^F^ 
sin^'" 2/j;/^+(/.' -/,«)/„ • 

But the radius of curvature p of the curve/ is given by 

sin p 
Hence, we see that . -; — ^= — -, . 

577. It is not every heterogeneous medium whose motion can be deduced from 
that of a homogeneous one. If we eliminate ^ between 



\dx) '^\dyj Do' 






we easily obtain — ^ + — , .^ =0. 

It immediately follows (from Art. 568) that 

(PlogD dMogD 

The density of the heterogeneous membrane must, therefore, be such that its logarithm 
satisfies Laplace's equation, 

578. For convenience of reference, let (a?, y) be the Cartesian co-ordinates, (r, 6) 
the polar co-ordinates of a point P on the heterogeneous membrane; (^, 17) the 
Cartesian, (/>, ta) the polar co-ordinates of the corresponding point H on the homo- 
geneous membrane. Suppose we take as our relation between the two points. 

x-¥ysj -1 



^ + 17 ^-l = clog 



/3 



f 
Then we find f =c log ^ , yi=cO. 

P 

Thus straight boundaries on the homogeneous membrane parallel to the axis of ^ 
correspond to straight boundaries on the heterogeneous membrane which pass 
through the origin. At the same time, straight boundaries parallel to the axis of i; 
correspond to circles whose centre is at the origin. 



K.edenBii7DU given by | =(§)'+ (^^)'= g)'. 



If r vanish, we have D infinite ; it will therefore be necessary to exclude the origin 
from the area of the membrane. 

579. If, then, we know the motion of a membrane bounded by a rectarigle, this 
transformation immediately gives the motion of a heterogeneous membrane bounded by 
two circular arcs and any two radii vectores. 

Example, — The motion of a rectilinear homogeneous membrane bounded by the 
straight lines ^=Ai, ^=^3; 17=^1, i7=ifc2, is known to be given by the type 

w=ABiniir ^ — * sm iV r — ^ cos pmt, 

where the integers t, i' are any which satisfy r- ^^. , -I- jr — 7772 ~ "a » 

and where m' = T/Do* 

It immediately follows that the motion of a heterogeneous membrane bounded by 

the arcs of concentric circles, whose radii are h\ and h'^, and by two radii vectores 
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Ossai and ^=303, it given by 

IT = ^ Bin ( IT , -"^, — r^^f ) Bin ( tV ^ ] cos pmt, 

\rhere the integers i and i' latisly r, — 7-. — , — yt\9 + / tq = —3^ » 

^ ^ (log /I'a - log ;*'i)« (ttj-a,)a »« 

and the density D of the membrane is given by tT ~ \ ~ ) ' 

580. Another useful relation between the corresponding points P and n is 

This gives ^=c (- j cosfi^, ''~*^(") ^inn^; 

and therefore, in polar co-ordinated, pa:«f-\, (a=n9. 

By this transformation all radii vectores are turned round the origin and altered 
in a known manner. 

2) /y\2(l»-I) 

Also, the density Z> of the heterogeneous membrane is given by yr- =n^ f - j 

Since ^=: constant makes (i»=a constant, we see that straight lines through the 
origin correspond to straight lines through the origin. Also, circles whose centres 
are at the origin correspond to circles whose centres are at the origin. 

If we choose n= - 1, we have the ordinary case of inversion; thua 

T 

In this case any circle inverts into a cireleir The density of tiie membrane is then 

J) /c\* 
given by — ss ( - ] . As this ts infinite when r is zero, the centre oi inversion must 

be external to the membrane. 

681. Example, — The density of a membrane bounded by two concentric fixed 
circles of radii a and h at any point distant p from the centre is Ajp^, Let it 
vibrate symmetrically so that the nodal lines are concentric circled, then by Ex. 8, 

Art. IS^, the possible periods of vibration are 2T(if /p*T)^, where p is such that 
p (log a - log h) = iir, where % is any integer. 

Let us invert this with regard to an extemiJ point. We immediately have this 
theorem. 

A heterogeneous membrane is bounded by two fixed circles, centres C and C, 
Let be that point which has a common polar line in both circles, and let this polar 
line cut the straight line OCC in the point R, Let the density of tbis membrane 

(OR \* 
OF Rp ) ' 
Then thia membrane can vibrate so thai the nodal lines are circles, and the possible 

periods of vibration are 2ir ( -^7^ ) > ^l^ere p is such that p log ,^— ^=tV, 
and where a and a' are the radii of the circletf whose centres are C and C 

58S. ExamipU, — The motion of a rectilinear memlaxae bounded by the axes of 

I and ri and the straight Knes ^=/i, 17=^, is known to be given by the type 

. . iv^ . tVij 
w—Amny^sm -^ eosptntf 
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|-i {'« ^z 
where i and i' are any integers which satisfy Ta "^ m ~ ^ • 

n K TT 

Let ns invert this with regard to the origin, we see that — 

The motion of an infinite memhrane bounded by the axes of x and y, and the 

arcs of two circles whose diameters are /t\ k\ and which touch the axes of x, y at the 

.... V ., . . . irh* cos . i'xk' sin $ 
origin, IS given by the type ii;=il sm sin cob pmt, 

T T 

where the integers i and i' satisfy the equation i^h'^ + i'^k'^=.^ c*, 

©4 y 
.—a , 
Jltr 

where T= tension of the membrane. 

583. Example, — ^If we transform the same theorem with n=2, we see that — 

The motion of a finite membrane bounded by two straight lines OA = h\ OB = h\ 

inclined at an angle ir/4, and by two rectangular hyperbolas passing respectively 

through A and B, and having OB and OA for asymptotes, is given by the type 

, . 2Vr«coB2tf . i'irr^Bm2e 
w=A sm p^ — sm ■ coaprnt, 

where i and i' are connected by tto + 773 = ^ -, i 

A** AT* ir^ c' 



provided its density is given by D=4(-J. — . 



584. Suppose, in an infinite homogeneous membrane, a very small circular 
area of radius c to become rigid, and to be constrained to move transversely with a 
motion given by tr =^ cos^^m^ Then waves^ will spread out equally in all directions, 
and when the motion has become steady, the vibration at any point distant p from 
the centre of disturbance is given by w=Jq{pp) A oob pmt. 

Here we have supposed c to be so small that J^(pc) = l. Such a small circular 
vibrating area may, for convenience, be called a source of disturbance, or more 
shortly a source. 

1i we transform this theorem by the method of conjugate ftmctions, we see, for 
the reason to be given in Art. 580, that the infinitely small circle will transform into 
a similar figure, i.e., into another circle. 

585. Example. — The vibrations of an infinite homogeneous membrane bounded 
by a fixed straight line taken as the axis of x^ and acted on by a source at some 
point fe, i7i), are given by w-{Jf^{pp)-jQ{jpp')}AQOBpmt^ 

where f^=(k'^if + {n-ni)\ 

and p''=tt-«*+('? + '»i)*. 

so that p, p' are the distances of the point (^, 17) from the source, and its image on 

the other side of the axis of ^. 

Hence we infer that the vibrations of an infinite heterogeneous membrane 
bounded by two fixed radii vectores forming a comer of angle ir/n, and acted on by a 
source at a point r^^i, are given by 

w = { Jq (pB) - J"o {P^')\ ^ cos V^U 
whore <5*»->i2»=r«»+ri2»-2r«ri»cos«(d-^i) 

jy /,.\W»-1) 

provided the density of the membrane is given by n" ~ ^' ( ~ I 

Here r, are the running cb-ordinatea of any point of the medium, and w is the 
transverse displacement at the point p, <a and Dq is a constant. 
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Art. 23. lAom.'WlXWu fbrm of thd aquattons of motion of a duunglns body. 

M. Liouville has also given in his Journal, Vol. m. 1858, the equations of motion of 
a body which is changing its shape by cooling or by some other cause without 
assuming the body to be symmetrical like the ellipsoid discussed in Art. 23. 

Let hif h^^ h^ be the angular momenta of such a body about the instantaneous 
positions of the axes Ox, Oy, Oz moving about a fixed origin O with angular 
velocities $1^ $21 B^ about themselves. Then exactly as in Art. 19, we may show that 
the equations of moments become 

-^-h^e^+h^e^^L (I.) 

with two similar equations. 

Let (xyz) be the co-ordinates of a particle of mass m of the body referred to the 
moving axes. Let u, v, w be its resolved velocities in space. Then by Art. (4), we 
have u=dxldt-y0^ + zd^ v=dyldt-zd^ + x6^^ <fec, 

also Tig = Zm (an; - yu) . 

Writing H^=^'2^m{xdyldt-y dx/dt) (11.), 

we find h^=H^'\-C0^-Ee^-D02 (HL), 

where ABCDEF are, as usual, the moments and products of inertia about the axes. 
By similar reasoning we find hi and ^3, and substituting these in equations (I.), we 
deduce Liouville*s equations of motion. 

If the moving axes be so chosen that they are always the principal axes at the 
origin, the products of inertia DEF are all zero, and the equation III. takes the 
simple form ^3=^3 + 0^3 (IV.) 

If the body be symmetrical about the principal axes and remain so throughout 
the changes of structure, as in the case of the ellipsoid discussed in Art. 23, we have 
lfi=0, ^2=0, ^8=0. The equations then take the simple form 

^^(B0,)-(C-A)0^0i = 3I, 

^(C0,)-(A-B)0i0,=N. 

We have supposed the body to be changing its shape by some such cause as 
a change of temperature. The quantities H^, H^, H^ are the angular momenta 
produced by these changes about the instantaneous positions of the axes. If we 
take the centre of gravity of the body as origin and the principal axes as the axes of 
reference, these quantities will be given functions of the time when the changes are 
given. If the body were rigid they would obviously be zero, and will therefore 
in general be small quantities. In the same way the principal moments will also be 
given functions of the time. Thus Liouville's equations may be used to determine 
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the motion of Buoh a body as the earth, taming abont its centre of gravity as a fixed 
point, and at the same time altering its form and structure in a given manner. As 
an example of this the reader may consult an article by Prof. Darwin, On the 
influence of geological changes on the Earth's axis of rotation, in the Philosophical 
Transactions for 1876. 

Art. 56. Tranafiormatlon to prlnelpal co-ordinates. This method of trans- 
forming any co-ordinates 6, <p, &c. to the principal co-ordinates (, 17, <&c. may be 
presented in a purely Mathematical form. Let us first assume the transformation 
to be possible, so that we have 

2T+A^i0* + 2A^4>+ =011^+022172+ ) ... 

2D'=Cu^+2Ci2^0 + =Ciif»+C2,i7»+ ] ^^^' 

where the accents have been dropped from the co-ordinates in 2T as being 
unnecessary for our present purpose. We have also omitted Uq from the second 
equation for the sake of unity. Let the formulsB of transformation, which we have 
to find, be, as in Art. 69, 

^=Wif+mji7+...( (2). 

&c. = <&c. ) 

Let us eliminate ^ from the equations (1) and differentiate the result with 
regard to $. Putting p^^ = - c^Ja^^ we have 

~(Tp,^+U) = (a^i^+c^VpQ + {a;^' + eJi:^+ (3). 

This vanishes when we put 17=0, ^=0, (fee. whatever ^ may be. Hence if the 
transformation be possible we have after substitution from (2) 

(^iil'i'+Cii)^i + Mi2Pi*+Ci2)»ni+ =0 (4). 

Li the same way by differentiating with regard to 4> we have when 17=0, f =0, <&c. 

UnPi^+0i2)li + {A^^^+G^)mi+ =0. 

Thus we see that pi^ is one value of p^ obtained from Lagrange's determinantal 
equation as given in Art. 58, while the values of Z^, m^, <&c. are proportional to the 
minors of the determinant. Eliminating -f, ^, &o. in turn from the equations (1), 
the same argument applies to each of the other columns of coefficients in the 
formula of transformation (2). Thus we obtain the rule given in Arts. 53 and 56. 
The formula of transformation are written at length on page 36. We see that 
the coefficients of x, y, (fee. are the values of the minors Inip^), &o. 

If there were on the right-hand side of the equations (1) any term such as ^17, 
this product would give on the right-hand side of (3) a term (a^^Pi^ + Cj^ ^drjldd 
when we eliminate {' and differentiate with regard to 6, It would give 
("hsPt'^^i^vdJildO when we eliminate 1^ and differentiate with regard to 6^ Now 
the differential coefficients of ^ or 17 with regard to the co-ordinates $, 0, ^, &q, 
cannot be all zero, for this would make ^ ori7 independent of all the co-ordinates. 
Also if Lagrange's determinantal equation have all its roots unequal, the coefficients 
a]2i>i'+<^is ft^cl Oi2l'2^+Cis cannot both vanish. Hence in this case, when the right- 
hand sides of (3) are made to vanish, there cannot be any products of co-ordinates 
in either of the expressions on the right-hand side of (1). 

If Lagrange's equation have equal roots we know by Art. 61 that all the minors 
will be zero. The ratios of Z, m, &c. found by the preceding rule will therefore be 
nugatory. To simplify the argument let us suppose that the equation has two equal 
roots and let these be p^ and p^. The ratios of the coefficients in the third and 
following columns of (2) may be found as before because they depend on unequal 
roots in Lagrange's determinant. Since the first minors are zero for the equal roots 

R. D. II. 22 
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the equations (4) to determine the coefficients of either of the first two columns of 
(2) are not independent. Bejecting any one of these equations (as in Art. 273) we 
obtain by using the second minors all the letters in the first colnmn in terms of any 
two, say li and m|. The letters in the second column are found in terms of l^ and 
fiti by the same formulie. Thus we have two independent coefficients in each of 
these columns instead of one as before. 

But if we use these formule of transformation without further limitation, we are 
not sure that terms containing the product {17 may not enter into the two right-hand 
sides of the expressions (1) provided they enter both with coefficients in the ratio 
Pi^ : 1. To secure the absence of such terms, it will be sufficient to make the 
coefficient of ^17 in either of the coefficients T ox U equal to zero. If we choose T, 
we have by substituting from (2) in (1) 

^iiVj + ^u(^i»»8+^'"i) + = 0» 

or as it is written in Art. 816 

Regarding then l^m^ and ^ as arbitrary we have sufficient linear equations of the 
first order to find all the other coefficients of the two first columns in the formulsd 
of transformation. Thus we have three arbitrary constants instead of two. 

Art. 60. Tl&e oondltloiui tliat a qnadrie aliould be one-sisiied. The con- 
ditions briefly quoted from Williamson's Differential Calculus have reference to the 
quadiic T, which is to be a positive one-signed function and it is meant that the 
successive discriminants should all be positive. 

If we assume that the sign of the discriminant is not altered by any linear trans- 
formation of the co-ordinates we may obtain an easy proof of this proposition. Let 

the quadric be 2T = A^^0^ ^-'HA^^'^tp + A^<t^ ■{■ Aa » (1), 

and to simplify the argument let there be only four co-ordinates 6^ 0, \^, X' ^^^ -^ 
be the discriminant, D^ the discriminant when any one co-ordinate, say x* is put equal 
to zero, D, the discriminant when two co-ordinates, as x and ^, are both put equal 
to zero, Dg the discriminant when three co-ordinates, Xi ^ and 0, are put equal 
to zero and so on. 

Collecting all the ^'s together, then the 0's and so on, we may write T in the form 

where all the English letters on the right-hand side are rational functions of 
-^11^ IS) ^* A^^ tlierefore are real. 

We may now write this expression in the form 

2r=BiJca+5s2/2+5,«9 + B4t/« (2), 

where tt = Xi «=^ + <?3Xi ^^^ so on. 

Since (1) and (2) may be derived from each other by a linear transformation, 
their discriminants have the same sign. Hence the product B^B^B^B^h.2k^ the same 
sign as D. Again, putting ti=x=0 and repeating the argument, the product B^JB^ 
has the same sign as D^. Similarly the product BjB^ has the same sign as D, and 
B^ has the same sign as D3. Thus Bj, Bj, Bj, B4 are positive when the discriminants 
D, Dj, Dj, Dg are all positive and not otherwise. 

The conditions that T should be a one-signed positive quadric follow im- 
mediately. The conditions that T should be a one-signed negative quadric may be 
deduced from these by changing the signs of all the coefficients A^j Ai^, <fec. in the 
expression for T. 

That the discriminants of (1) and (2) keep the same sign may be shown by the 
method indicated in Art. 71. Taking the second expression let us write 
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• 1 

f ... y 



(3). 



Sabstitatiiig in (2) we obtain a qnadrio expression whose discriminant is easily seen 
to be 

JBiy + B2ffii'+... BiV,+Bjmifi4+... Ac. 

Bj l^l^ + B^mjTn^ + . . . Bi V + ^i^t + • • • *°- 



<fto. 
This is obviously the sqnare of 

s/Bil^ \/B^2 



(feO. 

sJB^^j &o. 

\/B^n^ &o. 

<feo. &o. 



&c. 



The discriminant of T when expressed as a function of $, 0, &o. is therefore equal to 



B-^B^o<^. . . 



'. 



"hi 



<fec. 



7W, 



2» 



<&C. 

(&C. 

<&C. &c. 

The sign has therefore not been altered. 

The determinant on the right-hand side is the Jacobian of as, ^, <feo. with regard 
to dt i/>y &o. We may therefore also immediately deduce from this result by a 
double transformation the theorem quoted in Art. 69. 

Art. 138. Tlie r ^pra a entative point. The statement in page 73, Hue 5, 
admits of some exceptions. To prove this let us suppose that the system has two 
co-ordinates x and y. Let the two principal oscillations be represented by the two first 
terms of the expressions for x and y given in Art. 115. Taking the first principal 
oscillation alone and eliminating t from the resulting expressions for x and y, we of 
course find a quadratic relation between x and y. Thus the representative particle 
describes an ellipse. The same remark applies to the second oscillation. We have 
therefore two representative particles, one for each oscillation. These describe two 
concentric ellipses in one plane with periodic times respectively equal to 27r/pi and 
27r/2>2* The co-ordinate x of the system is the sum of the absciss® of these particles, 
the co-ordinate y is the sum of their ordinates. 

These two ellipses will intersect in four points real or imaginary, viz. 2), D\ 
E, E'y where DD\ EE' are diameters. The co-ordinates x and y will simultaneously 
vanish only when the two representative points are at opposite extremities of the 
diameters DD\ EE', 

Let the particles start from the opposite extremities of DD\ Then, the periods 
not being commensurable, they cannot again be at the opposite extremities of this 
diameter. If however the initial conditions of the system and the periods happen 
to be such that the time from D to E or E' in one 'ellipse is equal to the time from 
D' to E' or E in the other ellipse, then the representative points will be simul- 
taneously at the opposite extremities of the diameter EE'. But if this be so, it 
cannot happen again. Thus when the system is disturbed from its steady motion, it 
may happen once again that its position coincides with the position it would have 
had at that instant if it had not been disturbed. 

If however the two ellipses are coiucident, every diameter is a common diameter. 
Since the representative points describe this ellipse in different times, they will 
obviously pass the opposite extremities of some diameter at a constant interval 
equal to irliPi-p^). In this special case the position of the system will coincide 
with the corresponding position in the steady motion whenever the time is an 
integer multiple of this interval. 
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Art. 451. OatrosnUUky on Um mSaiaMim of JLdt. Lagrange's eqnationa 
are the ordinary equations sapplied by the Calculas of VariationB when we make 
flM a minimnm nnder known conditions. Sir W. Hamilton put these equations 
under a form (see Vol. i.) which is very nseful in Dynamics. It is an interesting 
question to determine what is the corresponding transformation when Ir is a 
function of differential coefficients higher than the first. This was considered by 
Ostrogradsky in the Memoir referred to in Art. 449. This Memoir is rather 
difficult on account of the immense length of the algebraical transformations. The 
following short account may therefore prove useful. 

Let L be a function of t and of m variables, of which q is any one, and let it be 
a function of the first n differential coefficients of q with regard to t. 

Let Qt stand for the partial differential coefficient of L with regard to d^qjd^^ 

and let V*=Q.- Q'm+QVi- , 

where, as usual, accents denote differential coefficients with regard to t, and let k 
accents be denoted by (k). The relations between these variables are, therefore, 

Qo^dLldq-li\, Q.^dLldq' ^Q'^ Ac. (1), 

and BO on up to Qn-i - dLldq^""-^^ - Q',, 

and the last is Q^= dLfd^^'K 

By the principles of the Calculus of Variations, the minimum is given by the 

^ical equation Qo=0> 

When L contains no differential coefficient above the first, Sir W. Hamilton 
eliminated the m first differential coefficients typified by q' by introducing m new 
variables typified by Qi=dLldq, Let us in the same way eliminate the highest 
differential coefficients typified by q^*> and introduce instead the m new variables 

typified by Q,. Let H=L - 2 (g,g'+'5,g"+ ... + g««<"^), 

where the 2 refers to summation for all the q^B. Let g^") be found firom the equa- 
tion Q^=dLldq^''^ and let its value be substituted in this expression for H so that H 
is now a function of f, g, q\..q^*~^\ Q^t QaJ-'Q*' Since L was originally a function 

of t, g, g'...g<*> it is now a function of t, g, g'...g^*~*^ and Q«. 
We have by differentiation 

J^= -«<-«= -^!'»> (2). 

provided ik + 1 is not n. Li that case 

dQ. d^-'dQ. ' ^* <!<?.• 
but the first and third of these terms destroy each other, so that the theorem (2) is 
also true when k + l=n. Also 

dH_dL dL^dgW _ _ dg^«) 

dgW "■ dg<*> "*" dg<"> <igW -Qk-Qn ^gC*) • 

Here the second and fourth terms destroy each other. The first and third, by 
(1), become ^'4+1 or j- Qk+i. Thus all the equations may be written in the typical 

Hamiltonian form 

J^^^d ^,^ dH _d ^ 

dQ^i" dt^ ' d^*>^di ^*+*' 

which are true for all values of k from k^iOto k=n-l. Thus there are 2n equa- 
tions corresponding to each g. 
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We may show in the same way as in Vol. i., that the total differential coeffi- 
dent of H with regard to t is eqnal to its partial differential coefficient. So that 
when Z, and therefore H, are not explicit functions of f, we have as one integral 
H^h^ where ^ is a constant. Writing this at length it becomes 

which is the integral continually used in the Calculus of Variations. We see that 
this integral corresponds to the equation of Vis Yiva in Dynamics. 

Art. 566. Loaded BKonlnrauMa. We may also deduce this result from the 

formuliB in Arts. 76 and 77. We shall begin by referring the unloaded membrane to 

principal co-ordinates. To effect this we write (see Art. 56) the complete expression 

for w given in Art. 563 in the form 

. Trix , iri'y . . iijx , in'y . 
w=sm — sm— r^f+sm-^ sm-^-^w+Aa, 
a a h ' 

then the quantities {, ti, &c. are principal co-ordinates. 

The vis viva of the membrane is easily seen to be 

//(dwldt)^pdady=ipab (f'-l- V'+ ••.) 
where accents denote differential coefficients with regard to the time. If we now 
form Lagrange's determinant, every constituent will be zero except those in the 
leading diagonal. If qi\ q^^ &c. be the roots of the determinant and M=pdb, these 
constituents will be ^M (q^ - q^% ^M (q^ - qj)^ (fee. Here q stands for the quantity 
represented by pm in Art. 563 ; the roots g^, q^ &c. are all found in that Artide and 
are expressed by giving i and t' all integer values. 

Placing now a mass ^ at the point (/i, h) its displacement will be given by 

_- , irih . ink . ^ 
jr=sm — sm -r-^ + Ao.- 
a 

which we may abbreviate into 

There will now be an additional term in the expression for the vis viva, while the 
force-function will be the same as before. This additional term will be 

There will therefore be an additional term to every constituent of Lagrange's 
determinant. The determinant will be 

tiafiq* iM(q^- qf) + /i/3*3« &c. 

&Q, <&C. <feC. 

Expanding this, and remembering that by Art. 76 only the first powers of n can 
enter into the expansion^ we have 

Dividing by the first term we have 



+ A:o. 



Substituting for a, /3, <&c. their values given above and writing g=pin, we have 
the result given at length in Art. 566. 

This method is clearly general and will apply, when the proper values of a, /3, &c. 
are substituted, to membranes of other forms. 

Art 568. Ooflijiisato Fnnetloiis. The application of the theory of conjugate 
functions to Hydrodynamics is probably well known to the student. By that theory 
the potential of a complicated fluid motion can sometimes be made to depend on 



842 NOTES. 

that of some simpler motion. But this of coarse is beyond the scope of the present 
work. We may however notice some propositions which appear to be new. 

When one flmd motion is changed into another by a n^thod analogous to that 
described in Art 569 for membianes, the kinetic energies of the two flnids whi<di 
occapy corresponding elementary areas are equal. Thus the whole kinetic energies 
of the two motions are equal, but differently dittributed over the areas of moitUm, 
This corresponds to the theorem proved in Art. 573 for membranes. 

Suppose a vortex n of strength m to exist in one fluid at a point whose co- 
ordinates are ((, if). Then there will be a vortex P of equal strength at the corre- 
sponding point (x, y) of the other fluid. But these will not continue to move so as 
to occupy corresponding points. We may, however, infer the motion of P from that 
of n by the following rule. Let % (^i ^) ^ a current function {not the current function 
of the fluid) giving the motion of the vortex H so that its velocities resolved parallel 

dv dv 

to the axes of ^ and iy are respectively -p and - ^ , Then the motion of P is given 

by a current function 

X'(^y)=x(f,'?)-im%;i, 

dv' dv' 

i,e, its velocities resolved parallel to the atees of x and y are respectively -=^ and - -^ , 

and its path is found by equating x' ^o a constant. Here /i^ is the quantity called 
D/Dq in Art. 569. Generally we may say that the current function of P is obtained 
from that of TL ly subtractifig imlog/i, where 

M«=(d^/dx)» + (d|/dy)'= (di7/dy)a + (di,/dx)«. 

In using this rule the strength m of a vortex is to be considered positive when 
the vortex rotates in the direction opposite to the hands of a watch, that is from the 
positive direction of ^ to the positive direction of rj. 

As an example of this rule, let us investigate the path of a vortex P swimming 
in the comer formed by two straight lines inclined at an angle equal to jr/n. This 
problem is discussed by Prof. Greenhill in the Q^arterly Journal, Vol. xv. Let us 
first suppose a vortex 11 to swim in the infinite space bounded by the axis of |. 
Placing an image on the negative side of this axis, we see that the vortex 11 moves 
parallel to the axis of ^ with a velocity m/217. Its stream function is therefore ^ m log 17. 
Taking any point on the axis of ^ as origin, we shall turn the negative side of the 
axis round the origin until it makes an angle equal to ir/n with the positive side. 
To express this we use the formulas of transformation given in Art. 580. We thus 
have 17 = c (r/c)* sin n^. The value of fjt. is therefore w(r/c)'^^ According to the 
rule the stream function which gives the motion of the vortex P in the corner is 

x'=Jmlogi7-41ogAi 
= imlog(r8in7i^}. 

The path is therefore given by r sin n^=c where c is a constant. It may be noticed 
that n need not be an integer. 

If two circles intersect in A and P, we may find, by inverting this result, the 
motion of a vortex V in the space between the circular boundaries. Let be the 
angle the circle through A, B and the vortex V makes with either circular boundary, 
and let a be the angle between the circular boundaries. Then the current function 
of the vortex V is found by subtracting Jtti log /a from the value of x' given above, 

where A*-(-) > as shown in Art. 580. The current function of the vortex V is 



therefore x = « ^^8 ( -^ ^ • ^^ • sin 



?)• 



% 
I 
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The path of the vortex is given by the equation AV»BV. sin — = (7, 

where C is a constant. 

The chief objection to nsing the method of conjugate functions in Hjdrodynamical 
problems is the diflGlculty of finding the proper formulas of transformation. But to 
discover these we have a convenient rule, viz., that if we know the motion of a fluid 
within the space bounded by one or two infinite curves^ we can in general find the 
motion with the $ame boundaries when complicated by the presence of sources and 
vortices. To prove this, let | and if be the velocity and stream potentials of this 
motion. Then if is constant along the boundaries. If we use (, 17 as our formulas 
of transformation, the given boundaries will transform into straight lines parallel to 
the axis of ^. The motion due to vortices and sources in this space has already 
been investigated. Hence the motions in the more general spaces may be deduced. 

We may regard any closed curve, such as an ellipse, as a section of an infinite 
cylinder. If we know its potential at any external point when charged with a 
given quantity of electricity, we may immediately deduce the motion of a fluid with 
vortices and sources outside this curve from the corresponding motion round a 
circle. 

For these theorems, as well as for the application of conjugate functions to 
membranes, we refer the reader to a paper by the author published in the twelfth 
volume of the Proceedings of the Mathematical Society y 1881. 
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